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Abstract—We consider a mathematical model of decision making by a company attempting to
win a market share. We assume that the company releases its products to the market under the
competitive conditions that another company is making similar products. Both companies can
vary the kinds of their products on the market as well as the prices in accordance with consumer
preferences. Each company aims to maximize its profit. A mathematical statement of the decision-
making problem for the market players is a bilevel mathematical programming problem that reduces
to a competitive facility location problem. As regards the latter, we propose a method for finding
an upper bound for the optimal value of the objective function and an algorithm for constructing
an approximate solution. The algorithm amounts to local ascent search in a neighborhood of
a particular form, which starts with an initial approximate solution obtained simultaneously with
an upper bound. We give a computational example of the problem under study which demonstrates
the output of the algorithm.

DOI: 10.1134/S199047891002002X

Key words: market competition, maximal profit, competitive facility location problem, bilevel
programming problem, upper bound, approximate solution

INTRODUCTION

The monograph [1] on the market economy represents market competition by means of a multi-stage
decision-making model. This model, also called the Stackelberg game, describes a situation of market
competition in which, at the first stage, the leader company makes a decision and, at the second stage,
the follower company takes that into account while deciding. Both companies pursue their own goals
that are different in general.

In this article we propose a mathematical model of competition on a market for products of several
kinds made by the two manufacturers, the leader company and the follower company, as they enter
the market successively, under the assumption that the kinds of products and all prices are discrete.
This model represents decision making by the market players as a multi-stage process. At the first
stage, the leader company decides which products to offer and sets their prices. At the second stage,
taking the decision of the leader company into account, the follower company makes its choice trying
to offer more appealing products, possibly at lower prices, in order to capture some consumers. Finally,
at the third stage, every consumer, basing on his own goals or preferences, buys some products and
brings profit to either company. The goal of the leader company is to make a decision that yields the
greatest profit on assuming that the follower company also tries to maximize its profit and captures
some consumers. In the economics literature (see [2]) similar models are more often considered in
the continuous formulation and studied primarily with the goal of finding the qualitative properties of
solutions which enable the market players to reach an equilibrium.

We state the decision-making problem for the leader company as a bilevel integer programming
problem that amounts to the well-known competitive facility location problem. The literature on
this problem and its particular cases may presently be regarded as extensive [3—10]. Among these
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148 BERESNEV, SUSLOV

publications we should mention the article [5] which deals with the facility location with fixed cost. At the
same time, few articles go beyond discussing the statements and propose methods for constructing
optimal solutions or upper bounds for the values of the objective functions. We should note the articles
[3, 9] which propose some algorithms for solving the problem under the assumption that the number of
objects opened by the follower company is small or even equal to 1.

A method is proposed in[11]for computing an upper bound for the “linear” version of the competitive
facility location problem. We extend the method to the general case of an competitive facility location
problem. The algorithm for finding an upper bound reduces to solving the classical facility location
problem. Also we propose an algorithm for constructing an approximate solution to the problem under
study. The algorithm amounts to local ascent search in a neighborhood of a particular form. The output of
this procedure is an approximate solution in the form of a local maximum. The procedure starts searching
from an initial approximate solution obtained simultaneously with the upper bound.

Section | presents the mathematical model of market competition in the framework of which we
formulate the decision-making problem for the leader company. This problem is stated as a well-known
bilevel mathematical programming problem, i.e., the competitive facility location problem. Section 2
is devoted to studying the competitive facility location problem and constructing an algorithm for
calculating an upper bound for the optimal value of the objective function. An algorithm for finding
an approximate solution to the problem is described in Section 3. Section 4 contains a computational
example of the proposed model which illustrates the algorithms for calculating an upper bound and
constructing an approximate solution to the problem under study.

1. THE MATHEMATICAL MODEL

Let us construct a mathematical model that reflects the competition on the market of several products
offered by the two companies, the leader and the follower. In this competition all market players make
decisions: the leader company, the follower company, and the consumers of the products in question. It is
convenient to express this decision making as the following three-stage process:

At the first stage, the leader company decides which products to offer and sets their prices. At the
second stage, taking the decision of the leader company into account, the follower company makes its
decision on the kinds of products to offer on the market and their prices. Finally, at the third stage,
every consumer has the possibility to satisfy his demand by the products of both companies, buys some
products and brings profit to either company, or satisfies his demand on a different market.

The decision-making problem for the leader company amounts to choosing a decision that yields the
greatest profit on assuming that the follower company also tries to maximize its profit and captures some
consumers. We assume further that the leader company, when making its decision, has a precise forecast
concerning the kinds of products the follower company can offer and the range of possible prices for each
kind. Moreover, we assume that both companies know the preferences of all consumers which take the
prices into account.

Stating this problem formally, we use the following additional assumptions: assume that the profit
of a company for each type of product is formed from the revenue minus the expenses from selling this
type of product minus the so-called fixed expenses related, for instance, to logistics, advertisement, and
so on. The revenue for the product of a given kind is determined by the number of the items sold and their
price. Assume that the price range for the products of either company is not too wide; in fact, restricted
to a few values, for instance, a low, an average, and a high price.

Let I ={1,...,m} denote the set of kinds of product on this market. Each ¢ € I corresponds to
a certain kind of product sold on the market at a particular price. We refer to this kind of product as type i.
Therefore, if two types are products of the same physical kind but have different prices then different
elements represent these types in I.

Let I, and Ir denote the subsets of I consisting of the types offered by the leader company and the
follower company respectively. Assume that I, U Ir = I, butin general I, N Ip # @.

Suppose that the following quantities are known for all ¢ € I:

e the price ¢; at which type i products are sold;

e the specific expenses a; related to making and selling type i products;

e the fixed cost f; of the leader company related to making and selling type @ products (assume that

fi=ociori ¢ Ip);
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A MATHEMATICAL MODEL OF MARKET COMPETITION 149

e the fixed cost g; of the follower company related to making and selling type ¢ products (assume that
gi = oo fori ¢ Ip).

Let J = {1,...,n} denote the set of consumers. Each element j € J stands for some consumer
called consumer j. Assume that every consumer chooses products on the market to satisfy his demand,
based on his own preferences. These preferences are determined by a linear order »~; on I. The relation
i »=; kfori, k € I means thatif type ¢ and k products are present then consumer j prefers type ¢ products.
Assume also that, for all i, k € I, the relation i >=; k means that eitheri ~; k ori = k.

Given i € I and j € J, let ¢;; denote the number of units of the type ¢ product that consumer j
needs to satisfy his demand. Assume that ¢;; = 0 if the type ¢ product is not fitting for consumer j.
For i e I and j € J, let p;; denote the quantity ¢;;(c; — a;) equal to the profit of the leader company
or the follower company if consumer j chooses the type 7 product. For every j € J, let A; denote the
set {i € I'| pi; > 0} of types of products admissible for consumer j. Assume that the market under
consideration satisfies the demand of consumer j if at least one type of product in A; is available.

In order to state the problem formally, introduce the following variables:

x; shows whether the leader company offers products of type i € I; here z; = 1 if the answer is
affirmative, and z; = 0 otherwise;

x;; shows whether the product of type 7 € I offered by the leader company is the most preferable
product for consumer j € J among all types offered by the leader company; here x;; = 1 if the answer is
affirmative, and x;; = 0 otherwise;

z; shows whether the follower company offers products of type i € I; here z; = 1 if the answer is
affirmative, and z; = 0 otherwise;

z;; shows whether the product of type ¢ € I offered by the follower company is the most preferable
product for consumer j € J among all types offered by both companies; here z;; = 1 if the answer is
affirmative, and z;; = 0 otherwise.

Using this notation and variables, we can state the decision-making problem for the leader com-

pany as
max{ Zfza:2+z<2pzjxm>< Z%-)}, (1)

(%3),(wiz)

el jedJ el el
v+ Y ap <1, i€l jel, (2)
k‘?}-]'k
wzzxzja ’iEI, jEJ, (3)
Ilfi,xije{o,l}, iEI, j€J7 (4)
((Zi), (Zi5)) is the optimal solution to (6)—(8), (5)
max { Zgzzz—l—Zmezm} (6)
(2:),(245) iel jeJ iel
mi—i-zi—l—szjgl, iEI,jEJ, (7)
k|i>-jk
27,222]7 ’iEI, jEJ, (8)
2, Zij € {O, 1}, 1el, je . (9)

The objective function (1) of this problem expresses the profit of the leader company taking into
account the loss of revenue due to the follower company capturing part of consumers. The inequality (2)
guarantees the fulfilment of the rule for consumer j choosing products to satisfy his demand. The same
inequality guarantees that consumer j may choose at most one type of product. The restriction (3) means
that consumer j may choose the products by the leader company only of type i present on the market. The
objective function (6) and the restrictions (7) and (8) have similar meanings. The objective function (6)
expresses the total profit made by the follower company, and (7) guarantees the fulfilment of the rule that
consumer j chooses the best type of product among all types offered by both companies. Aside from that,
(7) shows that products of the same type cannot be offered by both companies.
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150 BERESNEV, SUSLOV

The mathematical statement (1)—(9) of the decision-making problem for the leader company in
market competition amounts to the well-known competitive facility location problem [11]. This model
is a bilevel integer programming problem [12]. Like every bilevel programming problem, it includes the
upper level problem (1)—(4) called problem L, and the lower level problem (6)—(9) called problem F.

Let X = ((;), (z4;)) denote an admissible solution to problem L. Given a fixed admissible solu-
tion X, denote the optimal solution to problem F by Z = ((5;), (Zi5)); and the set of optimal solutions to
problem F, by O(X). Let L(X, Z) be the value of the objective function of problem L at an admissible
solution X and an optimal solution Z € O(X).

[f we assume that, given an admissible solution X, an optimal solution Z is uniquely determined,

i.e., O(X) is a singleton, then L(X,Y") is found uniquely for every admissible solution X. In this sense
the problem (1)—(9) is well-posed, and the question never arises whether that is the optimal solution to
problem L. An admissible solution X* to problem L is an optimal solution to problem L whenever, given
an admissible solution X, we have

LIX*Y*)>L(X,Y), Y*eOX"), YeoX).

However, if, for some admissible solutions X, the set O(X) contains more than one element, and
distinct Z; € O(X) and Zy € O(X) satisly L(X, Z1) # L(X, Z3), then the formulation (1)—(9) of the
decision-making problem for the leader company is not well-posed. In order to make it well-posed,

we must refine and reflect in the model the rule for choosing an optimal solution Z € O(X) by the
follower company. Assume that in this situation of market competition the follower company behaves

noncooperatively: from all possible optimal solutions Ze O(X) it chooses the solution which yields
the smallest value L(X, Z) of the objective function of problem L.

In the case of the noncooperative behavior of the follower company, we obtain a formulation of the
decision-making problem for the leader company differing from (1)—(9) only in the condition (1) which

becomes
o i) { 2 it ) (Zpijxij> <1 - Zél‘j) } )
T;),(Tij) (%i),(Z4j

icl jeJ el iel

The problem (1), (2)—(9) is a maximin bilevel integer programming problem. In this case, the optimal
solution to the upper level problem L’ is determined as follows:

Refer as an admissible solution to (1'), (2)—(9) to the pair (X, Z), where X is an admissible solution

to problem L’ and Z € O(X) is an optimal solution satisfying
L(X,Z)= min L(X,Z).
ZeOo(X)

An admissible solution (X*, Z") to (1'), (2)—(9) is called optimal whenever L(X*, Z") > L(X, Z) for
every admissible solution (X, Z). Then an admissible solution X* to problem L’ is an optimal solution
to this problem if we can find Z* € O(X*) such that the pair (X*, Z") is an optimal solution to (1'),
(2)—(9).

An admissible solution X to problem L’ is called an approximate solution to problem L’ whenever

we can find Z € O(X) such that the pair (X, Z) is an admissible solution to (1), (2)—(9). It is clear
that every admissible solution X can serve as an approximate solution to problem L’. The corresponding

optimal solution Z € O(X) to problem F'is determined using an algorithm consisting of the two stages:

At stage 1, for a fixed solution X, we solve problem F and calculate some optimal solution Z =
((fi), (EZ])) to problem F.
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At stage 2, for fixed solutions X and Z, we solve the auxiliary problem

2,5 (Erm) (- 5)
zi),(%ij

JjeJ el iel
Titat Y my<l, i€l jel, (11)
kli-jk
2 > zij, 1€1, j€J, (12)
=D gim YY) iz = — Y giE+ YD pijEi, (13)
icl jed iel il jed iel
zi,zijE{O,l}, i1el, je€J (14)

An optimal solution Z = ((Z;)(Z;;)) to this problem is a required optimal solution to problem F'.

2. AN UPPER BOUND FOR THE OPTIMAL VALUE
OF THE OBJECTIVE FUNCTION OF (1), (2)—(9)

Let us construct an approximate solution X to problem L’ for which L(X, Z) is close to the optimal
value of the objective function of (1), (2)—(9). In order to estimate this proximity, calculate an upper
bound for the optimal value of the objective function of (1’), (2)—(9).

Forevery 5 € J, put

b= e i
A trivial upper bound for L(X, Z) for every admissible solution (X, Z) with X = ((z;)(z;;)) and
Z = ((%)(%;)) follows from

gy _ 7. < p. )
(Zlhg%) <1 ZZU) = Pj iEIzI‘Xl?F?(IL Xy
iel i€l

for every j € J. This inequality holds since if z; = 0 for every i € A; N Iy then ), ; psjai; = 0.

For every j € J, define a set I; C A; N I, giving a similar but stronger inequality, which enables us
to obtain a sharper upper bound.

Takei € A; NIy, and consider the set

N(i) ={k e Aj | k>-j i},
J(@)={s€ J|ixmskforeveryk € A;\ N(i)}.

Observe that J (i) # @ since j € J(3).

If N(i) = @ then assume that ¢ € I; by definition. Suppose that N (i) # @. Given k € N(i) N I,
construct the set

J(k,i)={s e J@) |k >si}.

Assume that 7 € I; if

gk > Z Pks — Z HlaX{O; max (pls_pk:s)}

s€J (ki) s¢J () I€Ip\N(i)|k>=sl=si

for every k € N (i) N Ip. Observe that the set I; can be empty since, even for ig € A; N I, such that
ig = i forevery i € Aj N Iy, the set N(ip) can be nonempty, and there is k € N (ig) N Ir for which the
inequality is violated.

The significance of I; is clear from the following lemma, which establishes that if the leader company
plans to satisfy consumer j by its products, but fails to offer the type ¢ products for all ¢ € I}, then
consumer j will be captured by the follower company. In particular, if I; is empty then consumer j will
be captured by the follower company independently of the offers by the leader company.

Lemma 1. For every admissible solution (X, Z), X = ((x;)(zi5)), Z = ((Z:i)(Zi5)), to ('), (2)—(9)
and every j € J such that ), ; pixij > 0and x; = 0 for every i € I;, we have ), Zij = 1.
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152 BERESNEV, SUSLOV

Proof. Suppose that the required equality fails for some j € J and that z;,; = 1 for some 7y € I. Since
Pioj > 0, it follows that iy € A;. Consider the set N(ip) and observe that z, = 0 for every k& € N (ip).
Consider also the set J(iyp) and observe that, for every s € J(ip), the relation ig >5 ¢ holds for every
i € Agsuchthat z; = 1. Since x;, = 1, it follows that iy ¢ I;, and consequently, thereis k € N(ig) N Ir
for which there exists J(k,i9) C J(ip) such that

< s 0;
gk < Z Dk Z max{ erm i

I )Ii } .(pls_pks)}'
s€J(k,io) s€J (i) i0)|k> sl sio

Moreover, for every s € J(k,ip), we have k =g ip and iy > ¢ for every i € A such that z; = 1. Put
Iy={iel|x;+ %z =1}.Forevery s ¢ J(ip), leti(s) be an element kg € Iy such that kg =5 i for every
1 € Ip. Put

S={s¢ JGo) | k=si(s)}, Sp={s€S|zu=1}

/

Consider the solution 2’ = ((Z]

1), (2.,)) differing from the original solution z in that

z. =1, zZ, =1, s € J(k,ip), Z,=1, ses, zg(s)s =1, s€ Sk

The difference between the values of the objective function (6) at 2’ and the original optimal solution z
satisfies

— gk + Z Pks + Zpk:s - Z Pi(s)s > =gk + Z Pks — Z (pi(s)s _pks)

s€J(k,io) seS s€SF s€J(k,io) sESF
> =gkt Y Dhe— Y. max{0;  max (P —ps)} 0.
s€J(k,io) s¢J(io) €1p\N(io)|k>sl>=sio

This means that z’ is also an optimal solution. Moreover, L(X, Z,) < L(X, Z). This contradicts the
assumption that (X, Z) is an admissible solution. The proof of the lemma is complete.

Given ] c J’ put D= maXiEIj Dij- If I] = & then pj = 0.

Lemma 2. For every admissible solution (X, Z), X = ((x;)(xij)), Z = ((2:)(Zi5)), to (1), (2)—(9)
and every j € J, we have

e V[ 1 = 5\ <. N
<Zp2]$m>< Zzz]> > Pj rz%a[fl‘l

el el

Proof. 11 Y, ; pijzi; = 0 then the inequality holds. If p;jz;; > 0 for some 4 € I; then the inequality
holds as well. Suppose that ), ; pijzi; > 0and z; = Oforalli € I;. Then Lemma l yields >, ; Z;; = 1
and the required inequality holds. The proof of the lemma is over.

Define the matrix (hi;), 7 € I, j € J, by putting
0, ifielj,
hij = )
1 otherwise.

We have the following
Theorem 1. The quantity

ij — min { Z fixi + Z min pjhij}
jet @) Uit jeg =t
is an upper bound for the optimal value of the objective function of (1'), (2)—(9).
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Proof. Given an admissible solution (X, Z), X = ((z;)(z45)), Z = ((Z:)(Z5)), to (1'), (2)—(9), the
previous lemma and

max x; = max (1 — hyj)

i€l ilzi=1
yield
L(X,Z) = —waz‘ + Z <Zpij$ij> <1 - Z%)
i€l jeJ Niel i€l
<= fwi+ > p mMax &; = — > fimi+ > s max (1 — hij)
il jes T icl jeJ =1
=S (St X im ot )
jeJ i€l jei =

Hence, we deduce that

H&E}f{ > pi— <Zfz$z +) mifllpjhz‘j)} => - 1201) { RS ] inlpjhij}
Vo jed e el 7 Vier jel

ilxi=
el Jj€J ¢ i

is the required upper bound. The proof of the theorem is complete.

This form of the upper bound implies that its calculation reduces to solving the well-known facility
location problem [7, 13]. Thus, an algorithm for calculating the upper bound includes the two stages:
At the first stage, we construct the original data (determine the matrix (h;;), i € I, j € J) of the facility
location problem under study, and, at the second stage, we determine its optimal solution (a:;“), 1e€1.

The procedure for constructing (hy;), i € I, j € J, consists of n steps. At step j, for a fixed element
J € J, wehavem substeps of the same type. At substep ¢, we calculate h;;. In the beginning, put h;; = 0.
Ifi¢ Aj or fi = oo then put h;j = 1. Suppose that i € A; and f; # oo. First of all, for every s € J,
calculate the best element i of the set Ag \ N (i) with respect to >; i.e., the element satisiying is =5 k
forevery k € A; \ N(i). If Ag\ N (i) = @ then put i; = i. Furthermore, for every k € I, g # o0, such
that k >-; 4, determine s € J satislying i =, s and k >, ¢, which corresponds to constructing the set
J(k,i) ={s € J|izsis, k =5 i}. Simultaneously we verify the validity of the inequality

VS SRR DI S ] 3

l|i-51 00, k> sl>-si
S|’L'>;Sis,k>5i S‘is>5’i,k>s’i | J mgl;’é ) strms

If this holds for some k € I satislying g, # oo and k ~; i then put h;; = 1. Aiter that the next substep
starts.

[t is not hard to see that the fulfilment of one substep requires time O(mn). Thus, the time complexity
of the first stage of the algorithm for calculating the upper bound is O(m?n?).

At the second stage, in order to solve the facility location problem, we can use a whole series of
algorithms [7, 13] based on the ideas of implicit exhaustive search and local search methods, including
commercial software for solving integer linear programming problems.

3. AN ALGORITHM FOR CONSTRUCTING
AN APPROXIMATE SOLUTION TO (1), (2)—(9)

We noted above that every admissible solution X to problem L' may serve as an approximate solution
to (1), (2)—(9). The value L(X, Z) of the objective function on the corresponding admissible solution
(X, Z) to (1'), (2)—(9) is uniquely determined by X. Moreover, the admissible solution X = ((x;)(xi;))
itself is uniquely determined by the (0, 1)-vector (x;). Thus, we can identify an admissible solution to (1’),
(2)—(9) with a (0, 1)-vector (z;). Every vector (z;) of this type uniquely determines the value L(X, Z) of
the objective function of the problem on the corresponding admissible solution (X, Z).
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Observe that simultaneously with calculating an upper bound for the optimal value of the objective
function of (1), (2)—(9) we determine the optimal solution (z}) to the corresponding facility location

problem. We can regard this optimal solution as an initial approximate solution to (1’), (2)—(9).
However, since we are interested in constructing an approximate solution with a nearly optimal value of
the objective function, we consider a procedure for improving the initial approximate solution.

This procedure is based on local search in some particular neighborhood. In the case of local search
in the set of (0, 1)-vectors & = (x;), it is customary to use the neighborhood

N(z)={y |d(z,y) <1 or d(x,y) <2, d(0,z) = d(0,y)},

where d(z,y) is the Hamming distance equal to the number of unequal coordinates of the (0,1)-
vectors z and y. The elements of this set result from = by changing the values of one or two coordinates
whose sum is equal to 1. In our case, searching in N(z) can be complicated; calculating for every

y € N(x)the corresponding admissible solution (X, Z) to the problem (1’), (2)—(9) can turn out a rather
laborious procedure at least because every time it requires us to solve two integer linear programming
problems. Thus, given a (0, 1)-vector x, define a neighborhood Ny(z) C N(z) containing only relatively
few most promising variations of x. As the main characteristic whose value is an estimate how expedient
it is to include (or exclude) products of this type in a prospective solution, we use the profit on the
products of this type made by the leader company. For an admissible solution X = ((;)(x;;)), this

quantity fori € I, z; = 1, is equal to
Zpijl’ij - fi-

jeJ

The set Ny(z) of promising local variations of z is constructed as follows: The number of elements
in No(x) is equal to the number of elements in k € I satisfying fj # oo. Let Ip(z) denote the set

{i € I|z; =1}, and, forevery k € I, fi, # oo, define a (0, 1)-vector 2% = (z¥) as follows:

[f x, = 1 then put xf = x; fori # k and xﬁ =0.

If z;, =0 then put azf = x; for i # k and azi = 1. Furthermore, construct an admissible solution
X* = ((«F) (#f;)) and calculate the profit on type k products equal to

> prjat; — fi.
=
[f it is nonnegative then, for every i € Iy(x), calculate the profit
> pigaly — fi.
=Y
Ii, for every i € Iy(z), the profit is nonnegative, i.e., the appearance of type k& products on the market
does not make other types unprofitable, then assume that the vector (xf) is constructed. However, if, for
some i € [y(x), the profit is negative then find ig € Iy(z) for which this quantity is smallest, put :rfo =0,
and complete the construction of (zF).
If
Zpkjl'ij - k<0
j€J
then choose among [ € Ip(x) an element [y such that the removal of type Iy products from the market
leads to the maximal increase in the profit on type k products. To this end, for every [ € Iy(z), consider
the (0, 1)-vector (yf), where y! = 2¥ for i # 1 and yf = 0. Construct the admissible solution Y! =
() (yf])), calculate the profit

> prjvh; — fr

jedJ
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on the type k products, and choose [y for which this quantity is greatest. After that put a;fo =0 and
assume that (zF) is constructed.

*

The algorithm for improving an original approximate solution z* = (xz) amounts to local ascent

search in the neighborhood No(z) from z* = () to a local maximum of L(X, Z). The algorithm
consists of a preliminary step and a number of main steps of the same type.

At the preliminary step, we have the vector (a:;“) The step amounts to constructing from this

*

vector an admissible solution (X, Z) and evaluating L(X, Z). To this end, from (z}) we construct

the admissible solution X = ((x}) (x;"])) to problem L’; then, for the fixed X, determine the optimal

solution Z to problem F’; and finally, for the fixed X and Z, determine the optimal solution Z to the
auxiliary problem (10)—(14) and evaluate L(X, 7). After that we assume that the initial admissible
solution (X, Z) is constructed, and start the first main step.

At every main step, we have the vector x = (z;), the corresponding admissible solution (X, Z), and
the value L of the objective function of the problem (1"), (2)—(9) at this solution. The step amounts
to successively inspecting the elements of Ny(z) and choosing among them the solution which yields
a better admissible solution than the current (X, Z). In order to find this solution forevery k € I, fi # o0,

we construct zF = (2F) and determine the corresponding admissible solution (X*, Zk) and the value L¥

of the objective function. To this end, from (zF) we construct the admissible solution X* = ((a}) (};))

to problem L'; then, for the fixed X%, determine the optimal solution ZF to problem F'; and finally, for

fixed X* and Z*, we determined the optimal solution 7" 1o (10)—(14) and evaluate L*. If L > L* then
we consider the next element k € I, fi # oo, and construct a new vector z* € No(z); otherwise we put

x=aF X = X* 7 = 7" I = ¥ and start the next step. If at this step L > LF forall k € I, f; # oo,
then the algorithm stops, and (X, Z) is the required approximate solution to the problem.

The running time of the algorithm depends on the number of steps necessary to construct the local
optimum and the time complexity of every step is determined by the time it takes to construct the
neighborhood Ny(x), which is O(mn), and the time necessary to solve problems F' and (10)—(14).
Meanwhile, observe that problems F and (10)—(14) are mixed linear programming problems since
in both problems the variables z;;, i € I, j € J, may be assumed nonnegative. Their values 0 and 1
guarantee the restrictions (7) and (11).

4. A NUMERICAL EXAMPLE

This example of a decision-making problem for the leader company includes 12 consumers and 12
types of products which can be offered to the market by both companies. The leader company makes the
types of products with indices from 1 to 6, while the follower company, from 7 to 12. Each pair of products
with indices ¢ and i + 1, where i is odd, corresponds to products with the same consumer properties, but
sold at different prices. Products with odd indices are sold at low prices, and those with even indices are
sold at high prices. The fixed cost f; of the leader company on the type ¢ products, 1 < i < 6, are equal to
40 for odd 7 and 35 for even . Similarly, the fixed cost g; of the follower company on the type i products,
7 < i <12, are equal to 35 for odd ¢ and 30 for even 4.

The sets A;, j =1,...,12, of admissible types of products for each consumer contain the following
elements in the order of the corresponding consumer’s preferences:
A; = {3,7,4,8,5}, A7 ={5,7,6,8},
Ay = {3,9,10,4, 1,2}, Ag = {11,12,7,8,1,2,5},
As ={9,10,1,2}, Ay = {5,11,12,6},
Ay =19,3,10,4}, Ao =1{3,7,8,4,5},
As = {7,8,5,6}, A ={1,11,2,5,12,6},
Ag = {7,5,8,6,1}, A = {5,3,9,6,10,4}.
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For the types of products in A;, j =1,...,12, the corresponding revenue of the manufacturer is
determined by
p31 =10, ps1 =12, p51 = 12; pra1 =96, pg1=12;
P12 = 15, poo =20, p3o =14, py2 = 16.8; P92 = 14.4, p1o2 = 16;
p1,3 = 18, pa3 = 24; pos = 14.4, pio3 = 16;
P34 =10, pgq =12 P94 = 10.8, p1o4 = 12;
P55 = 18, pejs5 = 22.5; prs =12, ps5 =15,
P16 = 18, pse = 14.4, pge = 18; pre = 14.4, pse = 18;
ps,7 = 8.4, per = 10.5, pr7=9.6, pg7=12;
p1s =12, pag =16, pss = 18; prs = 14.4, pss =18,
p11,8 = 15, p1ag = 18;
P59 = 16.8, pg o = 21; P19 = 15, pigg = 18;
p3,10 = 10, p410 =12, p510 = 12; pr10 =8, ps.1o = 10;
pr11 = 18, p211 =24, ps11 = 24, pg11 = 30; pi1,11 = 21, p1211 = 25.2;
p3,12 = 16, pa12 =19.2, p512 = 14.4, pg 12 = 18; p9,12 = 16.2, p1o12 = 18.

Using these quantities, we can easily calculate the profit made by each company for every decision
(x;) of the leader company. For instance, if the leader company makes the decision (x;) with z3 =1,
x5 = 1,and z; = O for¢ # 3 and ¢ # 5 then the corresponding optimal solution for the follower company
is the vector (z;) with zz = 1 and z; = 0 fori # 7. Meanwhile, the leader company serves the consumers
with indices 1, 2, 4, 7, 9, 10, 11, and 12, which yield to it 107.6 in revenue. The follower company serves
the consumers with indices 5, 6, 8, and collects 40.8 in revenue. The profit of the leader company is equal
to 27.6, and that of the follower company is 5.8. Observe that, in the solutions considered, consumer 3
remains unserved.

The sets I; and coefficients p;, j = 1,...,12, necessary for calculating an upper bound for the profit
of the leader company in this example are
L ={3,4}, p1 = 12 I; = {5,6}, pr = 10.5,
I2 = {3,4}, P2 = 16.8, [8 = {1}, ps = 12,
Iy ={1,2}, p3 = 24, Iy = {5,6}, py =21,
Iy = {3,4}, pa =12, Lo = {3,4}, p1o =12,
Is = {5}, ps = 18, Iy ={1,2,5}, p11 = 24,
Is = {5}, pe = 14.4, I, = {3,5,6}, p12 = 18.

The optimal value of the objective function of the corresponding facility location problem is equal to
111; thus, the value of the upper bound is UB = 194.7 — 111 = 83.7. This optimal value is attained at

the solution (x;“) equal to (0,0,0,1,1,0). Note that henceforth for the solutions (z;) we only indicate the
values of the first six components since the rest of them are always zero.

The algorithm for improving the original approximate solution = (0,0, 0, 1,1,0) consists of a pre-
liminary step and (in this case) three main steps.

At the preliminary step, we use x = (0,0,0,1,1,0) to determine z = (1,0,0, 1,0,0) and evaluate the
objective function L = —11.4. By analogy with (z;), for solutions (z;), we only indicate the values of the
last six components since the first six are always zero.

At the first main step, we have x = (0,0, 0, 1,1,0) with L = —11.4. The step starts with constructing
! =(1,0,0,1,1,0), calculating 2! = (1,0,0,1,0,0), and evaluating L' = —57.4. Since L' < L, we
continue by constructing 2% = (0,1,0,1,1,0), calculating 22 = (1,0,0,1,0,0), and evaluating L? =
—46.4. Since L? < L, we consider the next solution 22 = (0,0, 1,0,1,0). For this vector, we calculate
73 = (1,0,0,0,0,0) and evaluate L? = 27.6. Since L? > L, the second step starts.
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At the second main step, x =(0,0,1,0,1,0) with L = 27.6. The step amounts to a successive
construction of z*, calculation of the corresponding ¥, and evaluation of L¥. This yields

' =(1,0,1,0,1,0), L'=-04,
22 =1(0,1,1,0,1,0), L? =16.6,
23 =1(0,0,0,0,1,0), L3 = 38.

Since L3 > L, the third step starts.
At the third step, = (0,0,0,0,1,0) with L = 38. We consider the following vectors x* and the
corresponding values of the objective function L*:

zt = (1,0,0,0,1,0), L' = -8,
z? =(0,1,0,0,1,0), L* =3,

23 =(0,0,1,0,1,0), L3 =276,
z* =(0,0,0,1,1,0), L= —114,
z° = (0,0,0,0,0,0), L5 =0,

2% =(0,0,0,0,0,1), LS = —245.

Since LF < L for every k =1,...,6, the algorithm stops, and = = (0,0,0,0,1,0) is the required
approximate solution.

The solution « = (0,0,0,0,1,0) for the leader company corresponds to the optimal solution z =
(0,1,0,1,0,0) for the follower company. Meanwhile, the leader company serves the consumers with
indices 6, 7, 9, 11, and 12, making the profit of 38, and the follower company captures the remaining
consumers and makes the profit of 39.

Note that the resulting approximate solution, as it is easy to verify, is not only a local maximum, but
also the optimal solution in this example of a decision-making problem for the leader company.
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