ŘŐŚŚĹĽŚŁĂ§ ĂŁĂĎĚŇĹ§ ŊĂŞŁ ŚĹĄĹŘŚŁŐĚ ŐŠĎĚŃĚŊĹĚ ĹŊŚŠĹŠŞŠ ŇĂŠĚŇĂŠĹŁĹ ĺň. Ś.Ń.ŚŐĄŐŃĚĆĂ

Ŋă ŕàăćăå àãłőŕĺáĺ

ŔŃ§ŚŞŊŐĆ Ăńěłáăŋďà Ćńăďĺňĺàőćĺç

ĞĂĎĂŮĹ ĎĆŞŢŞŘŐĆŊĚĆŐČŐ ŔŘŐČŘĂŇŇĹŘŐĆĂŊĹ§, ŔŐŃĹŊŐŇĹĂŃĲŊŐ ŘĂĞŘĚŸĹŇŻĚ ĎĚŁŐŇŔŐĞĹŰĹĚĽ ŐĄŃĂŚŠĹ ĎŐŔŞŚŠĹŇŻŢ ŘĚŸĚŊĹĽ

(01.01.09 { ďĺáłàěâŋăï ňăâěňăâĺłă ĺ ňăâěňăâĺçěáłăï łĺąěàŋěâĺłă)

Ďĺááěàâăæĺï ŋă áőĺáłăŋĺě ãçěŋőľ áâěŕěŋĺ łăŋďĺďăâă äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł

Ŋăãçŋëě àãłőćőďĺâěńĺ ď.ä.-ň.ŋ., ŕàőäěááőà Ć.Ń.Ąěàěáŋěć ł.ä.-ň.ŋ., ďőæěŋâ đ.Ă.Łőçěâőć

Ŋőćőáĺąĺàáł { 2001 č.

ŐČŃĂĆŃĚŊĹĚ

áâà.

Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 4 xČńăćă 1. Ńĺŋěľŋëě ňőďěńĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 19 1.1. Őáŋőćŋëě őŕàěďěńěŋĺï : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 20 1.2. Ğăďăçă á ńĺŋěľŋëň àăŋæěň ŋă ŋĺęŋěň ãàőćŋě : : : : : : : : : : : : 24 1.3. Ğăďăçă á ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ : : : : : : : : : : : : : : :29 1.4. Ğăďăçă á ňŋőčőĺŋćăàĺăŋâŋëň àăŋæěň ŋă ŋĺęŋěň ãàőćŋě : 31 Čńăćă 2. Ŋěńĺŋěľŋëě ňőďěńĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 41 2.1. Ŕőáâăŋőćłă ğăďăçĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 42 2.2. Ŋěćëàőęďěŋŋëľ áńãçăľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 45 2.2.1. Ťãŋłæĺï ćőğňãéěŋĺï ğăďăçĺ ŊĞŘ(y) : : : : : : : : : : : : : : : : : : : :45 2.2.2. Şáńőćĺï őŕâĺňăńìŋőáâĺ ďńï ğăďăçĺ ŊĞŘ(y) : : : : : : : : : : : : 54 2.2.3. Ďěłőňŕőğĺæĺï ĺ ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ 57 2.3. Ćëàőęďěŋŋëľ áńãçăľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 62 2.3.1. Ťãŋłæĺï ćőğňãéěŋĺï ğăďăçĺ ŊĞŘ(y) : : : : : : : : : : : : : : : : : : : :62 2.3.2. Ďěłőňŕőğĺæĺï ĺ ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ 66 Čńăćă 3. Ůăáâĺçŋő-æěńőçĺáńěŋŋëě ňőďěńĺ : : : : : : : : : : : : : : : : : : 74 3.1. Ğăďăçă ćëąőàă àïďă ĺğďěńĺľ á çăáâĺçŋëň ćŋěèŋĺň äĺŋăŋáĺàőćăŋĺěň : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 75 3.2. Śćěďěŋĺě ł ğăďăçě ćëąőàă àïďă ĺğďěńĺľ : : : : : : : : : : : : : : : : : : 77 3.3. Ńĺŋěľŋăï ğăďăçă : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 84 3.4. Ğăďăçĺ ŋă ňăłáĺňãň : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 87

3.5. Ćëàőęďěŋŋëľ áńãçăľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 95 Ğăłńîçěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ?? Śŕĺáőł ńĺâěàăâãàë : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 98

Ććěďěŋĺě

Ğăďăçĺ ňŋőčőãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï ŕőïćĺńĺáì ć áćïğĺ á ŕàőąńěňăňĺ ãŕàăćńěŋĺï ŕàőĺğćőďáâćěŋŋëňĺ, íłőŋőňĺçěáłĺňĺ, áőæĺăńìŋëňĺ ĺ ďàãčĺňĺ áńőęŋëňĺ áĺáâěňăňĺ. Šàăďĺæĺőŋŋőě ňőďěńĺàőćăŋĺě âăłĺå ŕàőæěááőć őáŋőćëćăěâáï ŋă ŕàěďŕőńőęěŋĺĺ, çâő ĺňěěâáï őďŋő ńĺæő, ŕàĺŋĺňăîéěě àěèěŋĺě. Ŕőďőąŋëľ ŕőďåőď ĺčŋőàĺàãěâ ďàãčĺå ãçăáâŋĺłőć ŕàőæěááă ãŕàăćńěŋĺï, ĺňěîéĺå áćőĺ ŕàěďŕőçâěŋĺï ĺ áâàăâěčĺĺ ćëąőàă. Ŕőíâőňã ć àăğŋëå őąńăáâïå çěńőćěçěáłőľ ďěïâěńìŋőáâĺ ćáě çăéě áâăńĺ ŕőïćńïâìáï áåěňë ŕàĺŋïâĺï àěèěŋĺľ, ŕőğćőńïîéĺě ãçěáâì łőŋäńĺłâŋëě áĺâãăæĺĺ, åăàăłâěàŋëě ďńï áőćàěňěŋŋőčő őąéěáâćă. Šăł łăł âěŕěàì ăŕàĺőàĺ ŕàěďŕőńăčăěâáï ŋăńĺçĺě àăğŋőàőďŋëå ĺŋâěàěáőć ĺńĺ äăłâőàőć, ŕńőåő ŕőďďăîéĺåáï ŕàïňőňã łőŋâàőńî, âő ć łăçěáâćě ŕőďåőďïéěľ ňăâěňăâĺçěáłőľ ňőďěńĺ ŕàĺŋïâĺï àěèěŋĺľ ňőčńĺ ąë ĺáŕőńìğőćăâìáï áĺáâěňë őŕâĺňĺğăæĺőŋŋëå ňőďěńěľ âăł ĺńĺ ĺŋăçě áćïğăŋŋëå ďàãč á ďàãčőň. Łőčďă àăááňăâàĺćăîâáï áåěňë ŕàĺŋïâĺï àěèěŋĺľ, áőčńăáőćëćăîéĺě ŕàőâĺćőàěçĺćëě ĺŋâěàěáë, âő ćőğŋĺłăîâ ğăďăçĺ àăćŋőćěáŋőčő ŕàőčàăňňĺàőćăŋĺï [2]. Ć íâĺå ğăďăçăå ć łăçěáâćě àěèěŋĺľ ĺáŕőńìğãîâáï ŋěŕőďćĺęŋëě âőçłĺ ĺńĺ àăćŋőćěáŋëě àěèěŋĺï.

Ğăďăçĺ ňŋőčőãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï çăéě ćáěčő ćőğŋĺłăîâ ŕàĺ ňőďěńĺàőćăŋĺĺ ŕàőæěááőć ãŕàăćńěŋĺï ć ĺěàăàåĺçěáłĺå áĺáâěňăå. Ćěàåŋĺľ ãàőćěŋì ć âăłĺå áĺáâěňăå (æěŋâàăńìŋőě ŕàăćĺâěńìáâćő, àãłőćőďáâćő łőàŕőàăæĺĺ ĺ â.ŕ.) ŋě őŕàěďěńïîâ ŕőńŋőáâìî ŕőćěďěŋĺě ŋĺęŋĺå ãàőćŋěľ ĺěàăàåĺĺ (ňěáâŋëě őàčăŋë áăňőãŕàăćńěŋĺï, ĺŋőčőàőďŋĺě äĺńĺăńë ĺ â.ŕ.). Ş łăęďőčő ãàőćŋï ĺěàăàåĺĺ ĺňěěâáï ćőğňőęŋőáâì âőńìłő ćńĺïâì ŋă àěèěŋĺï ŋĺęŋĺå ãàőćŋěľ. Űěńĺ àăğŋëå ãàőćŋěľ, łăł ŕàăćĺńő, ŋě áőćŕăďăîâ. Ŕàőæěáá ŕàĺŋïâĺï àěèěŋĺľ ć âăłĺå áĺáâěňăå ćëčńïďĺâ áńěďãîéĺň őąàăğőň. Ŕěàćëň ŕàĺŋĺňăěâ àěèěŋĺě ćěàåŋĺľ ãàőćěŋì ĺěàăàåĺĺ. İâő àěèěŋĺě ŕěàěďăěâáï ŋĺęěáâőïéĺň ãàőćŋïň ĺ ãęě ŋě ňěŋïěâáï. Łăęďëľ ãàőćěŋì ĺěàăàåĺĺ, ŕőńãçĺć àěèěŋĺï ćëèěáâőïéĺå ãàőćŋěľ, ŕàĺŋĺňăěâ áćőě àěèěŋĺě. Őŋ ŕàěáńěďãěâ áćőĺ æěńĺ ĺ ĺáŕőńìğãěâ ĺňěîéĺěáï ã ŋěčő ćőğňőęŋőáâĺ ĺ àěáãàáë. Ďěïâěńìŋőáâì ćáěľ áĺáâěňë ŋăŕàăćńěŋă ŋă ďőáâĺęěŋĺě őŕàěďěńěŋŋőľ čńőąăńìŋőľ æěńĺ. Řěğãńìâăâ ďěïâěńìŋőáâĺ ĺěàăàåĺçěáłőľ áĺáâěňë ğăćĺáĺâ őâ àăąőâë ćáěå ãàőćŋěľ ĺěàăàåĺĺ. Ğăďăçă áőáâőĺâ ć âőň, çâőąë ŋăľâĺ âăłőě àěèěŋĺě ćěàåŋěčő ãàőćŋï, łőâőàőě ŕàĺćőďĺâ áĺáâěňã ł ďőáâĺęěŋĺî čńőąăńìŋőľ æěńĺ.

Ěáńĺ ćěàåŋĺľ ãàőćěŋì ŕőńŋőáâìî őŕàěďěńïěâ ŕőćěďěŋĺě ŋĺęěáâőïéĺå, âő ňőďěńĺàőćăŋĺě ŕàőæěááőć ŕàĺŋïâĺï àěèěŋĺľ ãŕàőéăěâáï. Ć íâőň áńãçăě ćőğŋĺłăîâ łńăááĺçěáłĺě ğăďăçĺ ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï, ć łőâőàëå őąńăáâì ďőŕãáâĺňëå ğŋăçěŋĺľ ğăďăěâáï ŋăąőàőň àăćěŋáâć ĺ ŋěàăćěŋáâć. Ěáńĺ ęě ćěàåŋĺľ ãàőćěŋì ňőęěâ âőńìłő ćńĺïâì ŋă àăąőâã ŋĺęŋĺå ãàőćŋěľ, âő ćőğŋĺłăěâ ŋőćëľ łńăáá ğăďăç. Őąńăáâì ďőŕãáâĺňëå ğŋăçěŋĺľ ć ďăŋŋőň áńãçăě ğăďăěâáï á ŕőňőéìî ćáŕőňőčăâěńìŋëå (ćŋãâàěŋŋĺå) ğăďăç, ňőďěńĺàãîéĺå ŕőćěďěŋĺě ŋĺęŋĺå ãàőćŋěľ ĺěàăàåĺĺ. Řěèěŋĺï ćëèěáâőïéĺå őàčăŋőć ćëáâãŕăîâ ć íâĺå ğăďăçăå ć łăçěáâćě őčàăŋĺçěŋĺľ.

Ć àïďě àăąőâ [34, 82], őąìěďĺŋïîâáï ğăďăçĺ ňŋőčőãàőćŋěćőčő ĺ àăćŋőćěáŋőčő ŕàőčàăňňĺàőćăŋĺï. Ć âăłĺå ŕőáâăŋőćłăå ćěàåŋĺľ ãàőćěŋì őąëçŋő àăááňăâàĺćăěâáï łăł ăàąĺâà, ă ŋĺęŋĺě ãàőćŋĺ łăł ĺčàőłĺ. Ŕőď àěèěŋĺěň ŕőŋĺňăěâáï àăćŋőćěáŋőě àěèěŋĺě, â.ě. ŋěŕőďćĺęŋăï âőçłă. Łőčďă ĺčàőłĺ ĺňěîâ őďĺŋăłőćëľ áâăâãá, âő ĺáŕőńìğãîâáï ďćãåãàőćŋěćëě ŕőáâăŋőćłĺ. Ěáńĺ ĺčàőłĺ ŕőďçĺŋěŋë ĺěàăàåĺçěáłĺň őâŋőèěŋĺïň ćěàåŋĺľ-ŋĺęŋĺľ, âő àăááňăâàĺćăîâáï ňŋőčőãàőćŋěćëě ŕőáâăŋőćłĺ. Łőčďă őčàăŋĺçěŋĺï, őŕĺáëćăîéĺě áâàăâěčĺĺ ĺčàőłőć, ĺ æěńěćëě äãŋłæĺĺ ńĺŋěľŋë, âő ć âăłĺå ğăďăçăå áãéěáâćãîâ àăćŋőćěáŋëě (őŕâĺňăńìŋëě) ŕő Ŋíèã àěèěŋĺï [34]. Ňěâőďë àěèěŋĺï ŕőďőąŋëå ğăďăç ŕàěďńăčăîâáï ć ãęě æĺâĺàőćăŋŋëå àăąőâăå [34, 82]. Ďńï àěèěŋĺï ğăďăç àăćŋőćěáŋőčő ŕàőčàăňňĺàőćăŋĺï ć [2, 37, 38] àăğćĺćăîâáï ăńčőàĺâňë čàăďĺěŋâŋőčő âĺŕă.

Ćŕěàćëě ğăďăçĺ ňŋőčőãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï ć ĺčàőćőľ ŕőáâăŋőćłě àăááňăâàĺćăńĺáì Ÿâăłěńìąěàčőň [81]. Łăł áăňőáâőïâěńìŋőě ŋăŕàăćńěŋĺě, őąőąéăîéěě ňăâěňăâĺçěáłőě ŕàőčàăňňĺàőćăŋĺě, ňŋőčőãàőćŋěćőě ŕàőčàăňňĺàőćăŋĺě ćŕěàćëě àăááňăâàĺćăńőáì ć [52]. Ć Řőááĺĺ ŋăď íâĺňĺ ğăďăçăňĺ àăąőâăńĺ Čěàňěľěà ĺ ěčő ãçěŋĺłĺ [6]. Őďĺŋ ĺğ ŕěàćëå ăńčőàĺâňőć àěèěŋĺï ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, łőâőàëľ ïćńïěâáï ňőďĺäĺłăæĺěľ áĺňŕńěłá-ăńčőàĺâňă, ąëń ŕàěďńőęěŋ ć [81].

Ğăďăçĺ, ć łőâőàëå àăááňăâàĺćăîâáï âőńìłő ďćă ãàőćŋï ĺěàăàåĺĺ, ŋăğëćăîâáï ğăďăçăňĺ ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï. Ĺå őąńăáâì ŕàĺňěŋěŋĺï çàěğćëçăľŋő èĺàőłă:

{ ğăďăçĺ áâàăâěčĺçěáłőčő ŕńăŋĺàőćăŋĺï [56]; { ăŋăńĺğ ďĺŋăňĺłĺ àěčãńĺàãěňőľ íłőŋőňĺłĺ [52]; { ãŕàăćńěŋĺě àěáãàáăňĺ ć ďěæěŋâàăńĺğőćăŋŋőľ äĺàňě [31, 42]; { ćëąőà łőŋäĺčãàăæĺĺ áěâĺ ďőàőč ć âàăŋáŕőàâŋëå áĺáâěňăå [48, 74]; { ŕàőĺğćőďáâćő íńěłâàőíŋěàčĺĺ ĺ âěŕńă [35];

{ àăğňěéěŋĺě ŕàőĺğćőďáâćă [9, 10, 11, 13, 15, 16, 17, 30, 32, 35]; { çĺáńěŋŋőě àěèěŋĺě ğăďăç ňěåăŋĺłĺ âćěàďőčő âěńă ĺ čĺďàőďĺŋăňĺłĺ [71, 72, 73];

{ àăğňěéěŋĺě áĺáâěň ćőőàãęěŋĺï [51] ĺ â.ď.

Ňěâőďőńőčĺï ďćãåãàőćŋěćőčő ĺ àăćŋőćěáŋőčő ŕàőčàăňňĺàőćăŋĺï ĺáŕőńìğőćăńăáì ďńï ăŋăńĺğă ňěęďãŋăàőďŋëå łőŋäńĺłâőć [34]. Ć łăçěáâćě ňőďěńĺ àăğàěèěŋĺï łőŋäńĺłâă ŕàěďńăčăěâáï ďćãåãàőćŋěćăï ňőďěńì, ć łőâőàőľ ćěàåŋĺľ ãàőćěŋì ďěľáâćãěâ łăł ăàąĺâà áàěďĺ łőŋäńĺłâãîéĺå ĺčàőłőć. Ŕőńãçěŋŋëě àěğãńìâăâë ĺáŕőńìğőćăńĺáì ďńï ăŋăńĺğă łőŋäńĺłâă, ćőğŋĺłèěčő ňěęďã Ĺŋďĺěľ ĺ Ąăŋčńăďěè ğă őąńăďăŋĺě ćőďŋëňĺ àěáãàáăňĺ. Ąëńő ŕőłăğăŋő, çâő őąě áâőàőŋë ŕőńãçăîâ ŋăĺńãçèĺě ãáńőćĺï, ěáńĺ áőčńăèăîâáï ŋă ăàąĺâàăęŋőě ãŕàăćńěŋĺě âàěâìěľ ŋěğăĺŋâěàěáőćăŋŋőľ áâőàőŋőľ.

Ŕőŋïâì ŕőáâăŋőćłã ğăďăç ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï ňőęŋő ŋă ŕàĺňěàě áńěďãîéěľ ĺčàë. Ć ŋěľ ãçăáâćãîâ ĺčàőł ĺ ĺčàőćőľ ăćâőňăâ. Ĺčàőł ŋăğëćăěâ ăćâőňăâã n çĺáěń. Ăćâőňăâ ćëçĺáńïěâ ŕő ŋĺň ŕăàăňěâàë őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ, ŋăåőďĺâ őŕâĺňăńìŋőě àěèěŋĺě ĺ ćëďăěâ őâćěâ. Ěáńĺ őâćěâ ĺ ŋăğćăŋŋëě ĺčàőłőň çĺáńă ãďőćńěâćőàïîâ ãáńőćĺïň ĺčàë, âő áçĺâăěâáï, çâő ĺčàă áőáâőïńăáì. Ć íâőň áńãçăě ŕőďáçĺâëćăěâáï ćëĺčàëè, ğăćĺáïéĺľ őâ åőďă ĺčàőłă ĺ őâćěâă ăćâőňăâă. Ć ŕàőâĺćŋőň áńãçăě áçĺâăěâáï, çâő ĺčàă ŋě áőáâőïńăáì. Űěńì ĺčàőłă | ŋăľâĺ åőď (ŋăąőà n çĺáěń), łőâőàëľ ŕàĺćőďĺâ ł ňăłáĺňăńìŋőňã ćëĺčàëèã.

Ćëąĺàăï åőď, ĺčàőł ğăďăěâ ŕăàăňěâàë őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ ăćâőňăâă. Şáńőćĺï ğăďăçĺ ěňã ĺğćěáâŋë. Ć íâőň áňëáńě ďăŋŋăï ĺčàă ïćńïěâáï ĺčàőľ á ŕőńŋőľ ĺŋäőàňăæĺěľ. Ěáńĺ őŕâĺňĺğăæĺőŋŋăï ğăďăçă ăćâőňăâă ďńï ńîąőčő åőďă ĺčàőłă ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě, âő ňőęŋő áçĺâăâì, çâő ĺčàőł ćáěčďă ğŋăěâ áőáâőĺâáï ĺčàă ĺńĺ ŋěâ, ă ěáńĺ áőáâőĺâáï, âő łăłőć ąãďěâ ćëĺčàëè. Ć íâőň áńãçăě ã ŋěčő ĺňěěâáï ŕàĺŋæĺŕĺăńìŋăï ćőğňőęŋőáâì ŋăľâĺ ŋăĺńãçèĺľ åőď ĺńĺ ãąěďĺâìáï, çâő ĺčàă ŋě áőáâőĺâáï ŋĺ ŕàĺ łăłőň åőďě. Łőčďă őŕâĺňăńìŋëå àěèěŋĺľ ŋěáłőńìłő, âő áńěďãěâ àăğńĺçăâì ŕő łàăľŋěľ ňěàě ďćě áĺâãăæĺĺ. Ěáńĺ ćëąőà ĺğ ňŋőęěáâćă őŕâĺňăńìŋëå àěèěŋĺľ ŕàěďŕĺáăŋ ğăàăŋěě ĺ ĺğćěáâěŋ ĺčàőłã, âő áĺâãăæĺï áâăŋőćĺâáï âăłőľ ęě łăł ĺ ć ŕàěďëďãéěň áńãçăě. Ěáńĺ ęě ăćâőňăâ ňőęěâ ŕàěďêïćĺâì ńîąőě ĺğ őŕâĺňăńìŋëå àěèěŋĺľ, ćëąàăŋŋőě, ŋăŕàĺňěà, áńãçăľŋëň őąàăğőň, âő áĺâãăæĺï ňěŋïěâáï. Ć ŕőŋïâĺě ŋăĺńãçèěčő åőďă ĺčàőł ňőęěâ ćłńăďëćăâì àăğŋëľ áňëáń. Őŋ ňőęěâ ŋăğćăâì őŕâĺňăńìŋëň ńîąőľ åőď, ďăîéĺľ èăŋá ŕőńãçĺâì ňăłáĺňăńìŋëľ ćëĺčàëè á àĺáłőň ŋě ŕőńãçĺâì ŋĺçěčő ĺńĺ ŕőńãçĺâì ćëĺčàëè ğŋăçĺâěńìŋő ňěŋìèě őęĺďăěňőčő. Ďàãčőľ ŕőďåőď áőáâőĺâ ć âőň, çâőąë áçĺâăâì őŕâĺňăńìŋëň âăłőľ åőď, łőâőàëľ ďăěâ ŋăĺąőńìèĺľ čăàăŋâĺàőćăŋŋëľ ćëĺčàëè ŕàĺ ńîąőň őâćěâŋőň åőďě ăćâőňăâă. Őąă íâĺå ŕőďåőďă ąãďãâ ĺáŕőńìğőćăŋë ŋĺęě ďńï őŕàěďěńěŋĺï őŕâĺňăńìŋőčő ĺ ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋëå àěèěŋĺľ.

Ŕàĺćěďěň ňăâěňăâĺçěáłãî äőàňãńĺàőćłã ďćãåãàőćŋěćëå ğăďăç ĺ ďăďĺň łàăâłĺľ őąğőà őáŋőćŋëå àěğãńìâăâőć ĺå ĺááńěďőćăŋĺï.

Őąőğŋăçĺň çěàěğ x ∈ R^n åőď ĺčàőłă, ă çěàěğ y ∈ R^m { őâćěâŋëľ åőď ăćâőňăâă. Ŕãáâì b_1; b_2 { ćěłâőàă, f_1(x; y); f_2(x; y); g_1(x; y); g_2(x; y) { ŋěłőâőàëě äãŋłæĺĺ őâ x ĺ y. Ąãďěň áçĺâăâì, çâő ćěńĺçĺŋë y ŕàĺ ğăďăŋŋőň x őŕàěďěńïîâáï ĺğ àěèěŋĺï áńěďãîéěľ őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ ăćâőňăâă (A(x)): max_y {f_2(x; y) | g_2(x; y) ≤ b_2}:

Ąãďěň čőćőàĺâì, çâő ĺčàă áőáâőïńăáì, ěáńĺ ŕăàă (x; y) ãďőćńěâćőàïěâ őčàăŋĺçěŋĺî g_1(x; y) ≤ b_1. Ć íâőň áńãçăě ćěńĺçĺŋă f_1(x; y) őŕàěďěńïěâ ćëĺčàëè ĺčàőłă. Ěáńĺ ęě ŕăàă (x; y) ŋě ãďőćńěâćőàïěâ ďăŋŋőňã őčàăŋĺçěŋĺî, âő áçĺâăěň, çâő ĺčàă ŋě áőáâőïńăáì ĺ ğŋăçěŋĺě ćëĺčàëèă ŋěőŕàěďěńěŋő. Űěńì ĺčàőłă | ŋăľâĺ âăłőľ åőď, łőâőàëľ ŕàĺćőďĺń ąë ł ňăłáĺňăńìŋőňã ćëĺčàëèã, ńĺąő ćëïáŋĺâì, çâő ĺčàă ŋě áőáâőĺâáï ŋĺ ŕàĺ łăłőň åőďě. Ś ĺáŕőńìğőćăŋĺěň ććěďěŋŋëå őąőğŋăçěŋĺľ ğăďăçă ĺčàőłă ňőęěâ ąëâì ğăŕĺáăŋă áńěďãîéĺň őąàăğőň:

max_x f_1(x; y) (0.1)

g_1(x; y) ≤ b_1; (0.2) čďě y | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ A(x)

max_y f_2(x; y) (0.3)

g_2(x; y) ≤ b_2: (0.4) Şłăğăŋŋãî ğăďăçã ąãďěň ŋăğëćăâì ğăďăçěľ ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï (ĎŔ). Ŋăŕőňŋĺň őŕàěďěńěŋĺï ŕőńãďőŕãáâĺňőčő, ďőŕãáâĺňőčő ĺ őŕâĺňăńìŋőčő àěèěŋĺľ ďńï íâőľ ğăďăçĺ. Ćěłâőà (x; y) ŋăğőćěň ŕőńãďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ ĎŔ, ěáńĺ ďńï ŋěčő ćëŕőńŋïîâáï őčàăŋĺçěŋĺï ćěàåŋěčő ĺ ŋĺęŋěčő ãàőćŋěľ. Ćěłâőà (x; y) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ĎŔ, ěáńĺ őŋ ïćńïěâáï ŕőńãďőŕãáâĺňëň àěèěŋĺěň ĺ y | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ A(x): Šőčďă őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ íâő ěáâì ďőŕãáâĺňőě àěèěŋĺě, ŋă łőâőàőň ďőáâĺčăěâáï ňăłáĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ f_1(x; y) ŋă ňŋőęěáâćě ćáěå ďőŕãáâĺňëå àěèěŋĺľ. Łăł ãęě őâňěçăńőáì ćëèě, ěáńĺ ćŋãâàěŋŋïï őŕâĺňĺğăæĺőŋŋăï ğăďăçă ĺňěěâ ŋěáłőńìłő őŕâĺňăńìŋëå àěèěŋĺľ, âő ěáâěáâćěŋŋő ććěáâĺ ŕőŋïâĺï čăàăŋâĺàőćăŋŋőčő ĺ ŋăĺńãèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺľ. Ďőŕãáâĺňőě àěèěŋĺě (x; y) ŋăğőćěň čăàăŋâĺàőćăŋŋëň, ěáńĺ ďńï ńîąőčő őŕâĺňăńìŋőčő àěèěŋĺï —y ğăďăçĺ A(x) ćěłâőà

(x; —y) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ ĎŔ ĺ f_1(x; y) ≤ f_1(x; —y). Čăàăŋâĺàőćăŋŋőě àěèěŋĺě ŋăğëćăěâáï ŋăĺńãçèĺň, ěáńĺ ŋă ŋěň ďőáâĺčăěâáï ňăłáĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ f_1(x; y) ŋă ňŋőęěáâćě ćáěå čăàăŋâĺàőćăŋŋëå àěèěŋĺľ.

Ğăďăçă ĎŔ ŋăğëćăěâáï ŋěćëàőęďěŋŋőľ, ěáńĺ ńîąőě ďőŕãáâĺňőě àěèěŋĺě ïćńïěâáï čăàăŋâĺàőćăŋŋëň. Ć íâőň áńãçăě ňŋőęěáâćő őŕâĺňăńìŋëå àěèěŋĺľ áőćŕăďăěâ á ňŋőęěáâćőň ŋăĺńãçèĺå čăàăŋâĺàőćăŋŋëå àěèěŋĺľ. Őąëçŋő [47, 78], ć łăçěáâćě ďőáâăâőçŋőčő ãáńőćĺï ŋěćëàőęďěŋŋőáâĺ ĺáŕőńìğãěâáï ŕàěďŕőńőęěŋĺě ő ěďĺŋáâćěŋŋőáâĺ őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ A(x) ŕàĺ ćáěå x; ďńï łőâőàëå íâă ğăďăçă àăğàěèĺňă. Ć ćëàőęďěŋŋőň áńãçăě, łőčďă áàěďĺ ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ ĎŔ ěáâì ŋěčăàăŋâĺàőćăŋŋëě, ňŋőęěáâćő őŕâĺňăńìŋëå àěèěŋĺľ ňőęěâ ŋě ĺňěâì őąéĺå âőçěł á ňŋőęěáâćőň ŋăĺńãçèĺå čăàăŋâĺàőćăŋŋëå àěèěŋĺľ.

Ŕàěďŕőńőęĺň, çâő ć łăçěáâćě ćŋãâàěŋŋěľ ğăďăçĺ A(x) ĺáŕőńìğãěâáï âàĺćĺăńìŋăï ğăďăçă, ĺňěîéăï ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě y = 0 ďńï ńîąőčő x: Šőčďă ćőğŋĺłăěâ ěáâěáâćěŋŋőě ćńőęěŋĺě łńăááĺçěáłĺå ğăďăç ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï ć ğăďăçĺ ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï. Ć [47] ŕàĺ ďőáâăâőçŋő őąéĺå ŕàěďŕőńőęěŋĺïå ŕàĺćőďĺâáï áćěďěŋĺě ďćãåãàőćŋěćëå ğăďăç ł ŋěńĺŋěľŋëň ğăďăçăň łńăááĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï. İâő áćěďěŋĺě őáŋőćëćăěâáï ŋă ãáńőćĺïå őŕâĺňăńìŋőáâĺ Łãŋă - Šăłłěàă ďńï ğăďăçĺ ŋĺęŋěčő ãàőćŋï, łőâőàëě ćłńîçăîâáï ć őčàăŋĺçěŋĺï ćěàåŋěčő ãàőćŋï.

Ŋă ŕàăłâĺłě, ŕěàěåőď őâ łńăááĺçěáłĺå őŕâĺňĺğăæĺőŋŋëå ňőďěńěľ ł ňŋőčőãàőćŋěćëň áĺáâěňăň ňőďěńěľ őŕâĺňĺğăæĺĺ áďěàęĺćăěâáï őâáãâáâćĺěň ďőáâăâőçŋő àăğćĺâëå çĺáńěŋŋëå ňěâőďőć ĺå àěèěŋĺï. Ŕàőčàěáá ć íâőľ őąńăáâĺ, ďőáâĺčŋãâëľ ć ŕőáńěďŋĺě čőďë, ŕőğćőńïěâ ŋăďěěâìáï ŋă ąőńěě èĺàőłőě ĺáŕőńìğőćăŋĺě íâĺå ňőďěńěľ.

Ňěâőďë, ĺáŕőńìğãěňëě ďńï àěèěŋĺï ğăďăç ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï, ňőęŋő àăğąĺâì ŋă áńěďãîéĺě čàãŕŕë:

1. Ňěâőďë, ć łőâőàëå ďćãåãàőćŋěćăï ğăďăçă áćőďĺâáï ł àěèěŋĺî ŋěńĺŋěľŋőľ ğăďăçĺ łńăááĺçěáłőčő ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï. Ďńï ńĺŋěľŋëå ğăďăç ŕőďőąŋëě ăńčőàĺâňë àăááňăâàĺćăńĺáì ć [44, 62, 65, 70], ă ďńï ŋěńĺŋěľŋëå ğăďăç ć [39, 41, 44, 47, 50, 59, 62]. Ďńï ďćãåãàőćŋěćëå çăáâĺçŋő - æěńőçĺáńěŋŋëå ğăďăç áőőâćěâáâćãîéĺě ăńčőàĺâňë àăááňăâàĺćăńĺáì ć [41, 45]

2. Ňěâőďë, őáŋőćăŋŋëě ŋă ŕàőáňőâàě ňŋőęěáâćă łàăľŋĺå âőçěł ňŋőčőčàăŋŋĺłă ŕőńãďőŕãáâĺňëå àěèěŋĺľ. Šăłőľ ŕőďåőď ŕàĺňěŋïěâáï ďńï àěèěŋĺï ğăďăç ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ĺ ćëŕãłńőčő ŕàőčàăňňĺàőćăŋĺï [50, 53].

3. Ňěâőďë èâàăäőć [31, 34, 66, 79, 80, 83]. Ć [83] ďńï àěèěŋĺï ńĺŋěľŋëå ğăďăç ć łăçěáâćě èâàăäă, łőâőàëľ ćŋőáĺńáï ć æěńěćãî äãŋłæĺî ćěàåŋěčő ãàőćŋï, ĺáŕőńìğãěâáï àăğŋőáâì ňěęďã ŕàïňëň ĺ ďćőľáâćěŋŋëň àěèěŋĺïňĺ ğăďăçĺ ŋĺęŋěčő ãàőćŋï.

4. Ňěâőďë ŕőłőőàďĺŋăâŋőčő áŕãáłă ďńï ğăďăçĺ ćěàåŋěčő ãàőćŋï á ĺŋäőàňăæĺěľ ő čàăďĺěŋâě, ŕőńãçăěňőľ àăğŋëňĺ áŕőáőąăňĺ ĺğ ğăďăçĺ ŋĺęŋěčő ãàőćŋï [43, 60, 68, 78, 83, 84].

5. Ňěâăíćàĺáâĺłĺ: ŕőĺáł á ğăŕàěâăňĺ [63], ĺňĺâăæĺï őâęĺčă [33], čěŋěâĺçěáłĺě ăńčőàĺâňë [33, 76] ĺ ňěâőďë, ĺáŕőńìğãîéĺě àěèěŋĺï, őŕâĺňăńìŋëě ŕő Ŕăàěâő [40].

Ŕěàěçĺáńěŋŋëě ăńčőàĺâňë ŕàěďŋăğŋăçěŋë ďńï àěèěŋĺï őąéĺå łńăááőć ğăďăç ďćãåãàőćŋěćőčő ŋěńĺŋěľŋőčő, ćëŕãłńőčő, ńĺŋěľŋőčő ĺ çăáâĺçŋőæěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï. Ŋăłőŕńěŋŋëľ ćëçĺáńĺâěńìŋëľ őŕëâ àěèěŋĺï ğăďăç ňăâěňăâĺçěáłőčő ŕàőčàăňňĺàőćăŋĺï ŕőłăğëćăěâ, çâő ć ŋăáâőïéěě ćàěňï ŋěĺğćěáâŋő íääěłâĺćŋëå ăńčőàĺâňőć àěèěŋĺï ďőáâăâőçŋő őąéĺå łńăááőć ŋěńĺŋěľŋëå ĺńĺ ďĺáłàěâŋëå íłáâàěňăńìŋëå ğăďăç. Šăł łăł áãéěáâćãěâ ćńőęěŋĺě íâĺå łńăááőć ğăďăç ć áőőâćěâáâćãîéĺě ďćãåãàőćŋěćëě ğăďăçĺ, âő âàãďŋő őęĺďăâì áãéěáâćőćăŋĺï íääěłâĺćŋëå ăńčőàĺâňőć àěèěŋĺï ĺ ć ďćãåãàőćŋěćőčőň áńãçăě. Ŕőďőąŋëě ăàčãňěŋâë "ŋě àăąőâăîâ"ć ńĺŋěľŋőň áńãçăě. Ŕőáńěďŋěě áćïğăŋő á âěň, çâő ďńï ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï áãéěáâćãîâ íääěłâĺćŋëě ăńčőàĺâňë àěèěŋĺï [29].

Ć [53] àăááňăâàĺćăńăáì ńĺŋěľŋăï ğăďăçă ĎŔ ąěğ őčàăŋĺçěŋĺľ ćěàåŋěčő ãàőćŋï. Şáâăŋőćńěŋő, çâő ć íâőň áńãçăě ďőŕãáâĺňăï őąńăáâì ňőęěâ ąëâì ŋěćëŕãłńőľ, ŋő ïćńïěâáï áćïğŋőľ ĺ áőćŕăďăěâ á őąìěďĺŋěŋĺěň ŋěłőâőàőčő ňŋőęěáâćă čàăŋěľ ňŋőčőčàăŋŋĺłă, łőâőàëľ őŕàěďěńïěâáï őčàăŋĺçěŋĺïňĺ ŋĺęŋěčő ãàőćŋï. Ć őąéěň áńãçăě, łőčďă ěáâì ńĺŋěľŋëě őčàăŋĺçěŋĺï ŋă ćěàåŋěň ãàőćŋě, íâő ňŋőęěáâćő ňőęěâ őłăğăâìáï ďĺáłàěâŋëň [42]. Ŕőíâőňã ŋěãďĺćĺâěńìŋő, çâő ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï ïćńïîâáï NP-âàãďŋëňĺ [49]. Ŋěáłőńìłő ŕőğďŋěě, ć [65] ąëńő ďőłăğăŋő, çâő íâőâ łńăáá ğăďăç ïćńïěâáï NP-âàãďŋëň ć áĺńìŋőň áňëáńě. Ŋăłőŋěæ, ć [17] ąëńő ãáâăŋőćńěŋő, çâő ğăďăçă ŋăåőęďěŋĺï ďőŕãáâĺňőčő àěèěŋĺï âăłęě ïćńïěâáï NPâàãďŋőľ ć áĺńìŋőň áňëáńě. Őâňěâĺň âăłęě, çâő ŕàőćěàłă ńőłăńìŋőľ őŕâĺňăńìŋőáâĺ ďőŕãáâĺňőčő àěèěŋĺï ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï őâŋőáĺâáï ł łńăááã NP-âàãďŋëå ğăďăç [84].

Ąěğãáńőćŋő âàãďŋő ďăâì őŕàěďěńěŋĺě íääěłâĺćŋőčő ăńčőàĺâňă, łőâőàëň ňőęŋő ąëńő ąë ćőáŕőńìğőćăâìáï, łăł ć ŋěŕàěàëćŋőň áńãçăě, âăł ĺ ć ďĺáłàěâŋőň. Őďŋăłő ďńï ğăďăç, àăááňăâàĺćăěňëå ć ďăŋŋőľ àăąőâě, ďőáâăâőçŋő őŕàěďěńěŋĺï íääěłâĺćŋőčő ăńčőàĺâňă łăł ăńčőàĺâňă, ćàěňěŋŋăï áńőęŋőáâì łőâőàőčő őčàăŋĺçěŋă áćěàåã ŋěłőâőàëň ŕőńĺŋőňőň őâ ďńĺŋë ğăŕĺáĺ ćåőďŋőľ ĺŋäőàňăæĺĺ ğăďăçĺ. Ć âěőàĺĺ ćëçĺáńĺâěńìŋőľ áńőęŋőáâĺ, ŋăçĺŋăï á àăąőâ İďňőŋáă [58], Ńěćĺŋă [20], Łăàŕă [14] ĺ Łãłă [18], èĺàőłő ĺáŕőńìğãěâáï áőčńăèěŋĺě, áőčńăáŋő łőâőàőňã ğăďăçă ŋě áçĺâăěâáï "åőàőèő àěèăěňőľ"ďő âěå ŕőà, ŕőłă ďńï ŋěě ŋě ŕőńãçěŋ ŕőńĺŋőňĺăńìŋëľ ăńčőàĺâň. Ŕőíâőňã ğăďăçã ŋăğëćăîâ âàãďŋőàěèăěňőľ, ěáńĺ ďńï ěě àěèěŋĺï ŋě áãéěáâćãěâ ŕőńĺŋőňĺăńìŋőčő ăńčőàĺâňă. Ć łăçěáâćě äőàňăńìŋőčő ãâőçŋěŋĺï íâőčő ĺŋâãĺâĺćŋőčő ŕőŋïâĺï ďńï łőňąĺŋăâőàŋëå íłáâàěňăńìŋëå ğăďăç áńãęĺâ łńăáá NP-âàãďŋëå ğăďăç [29]. Ŋă ŕàőâïęěŋĺĺ ďěáïâĺńěâĺľ ňŋőčĺě ňăâěňăâĺłĺ ąěğãáŕěèŋő ŕëâăńĺáì ŕőáâàőĺâì ŕőńĺŋőňĺăńìŋëě ăńčőàĺâňë àěèěŋĺï ğăďăç ĺğ íâőčő łńăááă. İâő ďăěâ őáŋőćăŋĺě àăááňăâàĺćăâì NP-âàãďŋëě ğăďăçĺ łăł ďěľáâćĺâěńìŋő âàãďŋőàěèăěňëě. Ŕőíâőňã ňăńőćěàőïâŋő, çâő ďńï ğăďăç ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï ĺńĺ ďńï ďőáâăâőçŋő őąéĺå ŕőďłńăááőć ŋěńĺŋěľŋëå, ćëŕãłńëå, ńĺŋěľŋëå ĺńĺ çăáâĺçŋő-æěńőçĺáńěŋŋëå ğăďăç ãďăáâáï ŕőńãçĺâì íääěłâĺćŋëě ăńčőàĺâňë àěèěŋĺï. Ć íâőľ áĺâãăæĺĺ ěáâěáâćěŋŋő áőáàěďőâőçĺâì ãáĺńĺï ŋă áńěďãîéĺå ŋăŕàăćńěŋĺïå:

{ ćëďěńěŋĺĺ ŕőńĺŋőňĺăńìŋő àăğàěèĺňëå łńăááőć ğăďăç; { őæěŋłě âàãďőěňłőáâĺ ĺ âőçŋőáâĺ ĺğćěáâŋëå ăńčőàĺâňőć, ŋăŕàĺňěà, ăńčőàĺâňă ŕőłőőàďĺŋăâŋőčő áŕãáłă;

{ àăğàăąőâłě ăńčőàĺâňőć, ĺáŕőńìğãîéĺå őáőąěŋŋőáâĺ łőŋłàěâŋëå łńăááőć ğăďăç;

{ àăğàăąőâłě ňăńőâàãďőěňłĺå ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć àěèěŋĺï á ăŕàĺőàŋëňĺ (čăàăŋâĺàőćăŋŋëňĺ) őæěŋłăňĺ âőçŋőáâĺ.

Ĺááńěďőćăŋĺï ć íâĺå ŋăŕàăćńěŋĺïå âőńìłő ŋăçĺŋăîâáï [9, 10, 11, 13, 15, 73, 19, 28, 30].

Őáŋőćŋőě áőďěàęăŋĺě ďĺááěàâăæĺőŋŋőľ àăąőâë áőáâăćńïîâ àěğãńìâăâë ĺááńěďőćăŋĺľ áćïğăŋŋëå á ćëďěńěŋĺěň ŕőńĺŋőňĺăńìŋő àăğàěèĺňëå łńăááőć ğăďăç ĺ àăğàăąőâłőľ ňăńőâàãďőěňłĺå ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć àěèěŋĺï á ăŕàĺőàŋëňĺ őæěŋłăňĺ âőçŋőáâĺ. Ć őáŋőćě ŕőńãçěŋŋëå àěğãńìâăâőć ńěęĺâ ŕőďåőď, łőâőàëľ őłăğăńáï ŕőńěğŋëň ŕàĺ ŕőáâàőěŋĺĺ ŕőńĺŋőňĺăńìŋëå ăńčőàĺâňőć àěèěŋĺï ŋěłőâőàëå ğăďăç ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï. Ěčő ĺďěï áőáâőĺâ ć áńěďãîéěň. Ŕàěďŕőńőęĺň, çâő ĺňěěâáï àăğąĺěŋĺě ňŋőęěáâćă ďőŕãáâĺňëå àěèěŋĺľ ŋă ŕőďňŋőęěáâćă, ć łăęďőň ĺğ łőâőàëå ĺáåőďŋăï ğăďăçă ĎŔ áćőďĺâáï ł àěèěŋĺî ąőńěě ŕàőáâőľ ğăďăçĺ. Ěáńĺ çĺáńő íâĺå ŕőďňŋőęěáâć ŋěćěńĺłő ĺ ŋă łăęďőň ĺğ ŋĺå áőőâćěâáâćãîéăï ğăďăçă àěèăěâáï íääěłâĺćŋëň ăńčőàĺâňőň, âő ŕőńãçăěň ňăńőâàãďőěňłĺľ ăńčőàĺâň ĺ ďńï ĺáåőďŋőľ ğăďăçĺ ĎŔ. Ćŕěàćëě íâőâ ŕőďåőď ąëń ŕàĺňěŋěŋ ł áńěďãîéěľ ğăďăçě őŕâĺňĺğăæĺĺ áőáâăćă áĺáâěň âěåŋĺçěáłĺå áàěďáâć [16]:

min_{v, y} {^∑_{i∈I} c_i v_i +^∑_{i∈I}^∑_{j∈J} c_{ij} y_{ij}} ∑ i∈I y_{ij} = 1; j ∈ J; ∑ j∈J p_{ij} y_{ij} ≤ v_i − w_i; i ∈ I;

v_i ≥ 0; y_{ij} ≥ 0; i ∈ I; j ∈ J;

čďě w | őŕâĺňăńìŋőě àěèěŋĺě ćŋãâàěŋŋěľ ğăďăçĺ:

max_w^∑_{i∈I} ¸_i w_i ∑ i∈I ˛_iw_i ≤ B;

0 ≤ w_i ≤ v_i; i ∈ I:

Şáâăŋőćńěŋő, çâő ğăďăçă ŕőńĺŋőňĺăńìŋő àăğàěèĺňă ć áĺńìŋőň áňëáńě, â.ě. âàãďőěňłőáâì ăńčőàĺâňă àěèěŋĺï őčàăŋĺçěŋă ŕőńĺŋőňőň őâ àăğňěàŋőáâĺ ğăďăçĺ. Šăň ęě ŕőłăğăŋő, çâő ğăďăçă őáâăěâáï ŕőńĺŋőňĺăńìŋő àăğàěèĺňőľ, ěáńĺ ććěáâĺ ďőŕőńŋĺâěńìŋőě őčàăŋĺçěŋĺě ŋă ćěàåŋěň ãàőćŋě_∑ i∈I ‚_i v_i ≤ V; čďě ‚_i ≥ 0; V ≥ 0:

İâő ŕěàćëě ŋěâàĺćĺăńìŋëě łńăááë ğăďăç ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï, ďńï łőâőàëå ąëńă ďőłăğăŋă ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì.

Ĺğńőęĺň łàăâłő àěğãńìâăâë ďĺááěàâăæĺőŋŋőľ àăąőâë, áőáâőïéěľ ĺğ ććěďěŋĺï, âàěå čńăć, ğăłńîçěŋĺï ĺ áŕĺáłă ńĺâěàăâãàë.

Ŕěàćăï čńăćă ŕőáćïéěŋă ďőłăğăâěńìáâćã ŕőńĺŋőňĺăńìŋőľ àăğàěèĺňőáâĺ ďćãå łńăááőć ğăďăç ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï.

Ć àăğďěńě 1.1 áőďěàęăâáï őáŋőćŋëě őŕàěďěńěŋĺï. Ŕàĺćőďïâáï ŕàĺňěàë, ĺńńîáâàĺàãîéĺě áćőľáâćă őŕâĺňăńìŋëå ĺ ŋăĺńãçèĺå čăàăŋâĺàőćăŋŋëå àěèěŋĺľ. Ŕőłăğăŋő, çâő ŕőĺáł ďőŕãáâĺňőčő àěèěŋĺï ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï ïćńïěâáï NP-ŕőńŋőľ ğăďăçěľ ć áĺńìŋőň áňëáńě. Ďőłăğăâěńìáâćő íâőčő äăłâă őáŋőćăŋő ŋă ŕáěćďőŕőńĺŋőňĺăńìŋőň áćěďěŋĺĺ ğăďăçĺ ő ňĺŋĺňăńìŋőň ŕőłàëâĺĺ ł çăáâŋőňã áńãçăî àăááňăâàĺćăěňőľ ďćãåãàőćŋěćőľ ğăďăçĺ. Šăł łăł ğăďăçă ŋĺęŋěčő ãàőćŋï ïćńïěâáï ŋěćëàőęďěŋŋőľ, âő ŋăåőęďěŋĺě čăàăŋâĺàőćăŋŋőčő àěèěŋĺï âăłęě ïćńïěâáï NP-ŕőńŋőľ ğăďăçěľ ć áĺńìŋőň áňëáńě. Śńěďőćăâěńìŋő, ğăďăçĺ ŋăåőęďěŋĺï őŕâĺňăńìŋőčő ĺ ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺľ ďńï ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï ïćńïîâáï NP-âàãďŋëňĺ ć áĺńìŋőň áňëáńě.

Ć àăğďěńě 1.2 àăááňăâàĺćăěâáï ğăďăçă ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï á őčàăŋĺçěŋĺïňĺ őąéěčő ćĺďă ŋă ćěàåŋěň ãàőćŋě. Ŋă ŋĺęŋěň ãàőćŋě àăááňăâàĺćăěâáï ńĺŋěľŋăï ğăďăçă ő àăŋæě á ŋěŕàěàëćŋëňĺ ŕěàěňěŋŋëňĺ. Ć ŋěćëàőęďěŋŋőň áńãçăě ãáâăŋőćńěŋő, çâő ğăďăçĺ ŋăåőęďěŋĺï őŕâĺňăńìŋőčő ĺ ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺľ ŕőńĺŋőňĺăńìŋő àăğàěèĺňë. Ć ćëàőęďěŋŋőň áńãçăě ďőłăğăŋő, çâő ňőęŋő á ŕőńĺŋőňĺăńìŋőľ âàãďőěňłőáâìî ńĺąő ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě ĺ ŕàőćěàĺâì, ïćńïěâáï ńĺ őŋő čăàăŋâĺàőćăŋŋëň, ńĺąő ãáâăŋőćĺâì ŋěàăğàěèĺňőáâì ĺńĺ ŋěőčàăŋĺçěŋŋőáâì ğăďăçĺ.

Ć àăğďěńě 1.3 ĺááńěďãěâáï ğăďăçă ĺğ ŕàěďëďãéěčő àăğďěńă á ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ ŋă ŋĺęŋěň ãàőćŋě. Şáâăŋőćńěŋő, çâő ğăďăçĺ ŋăåőęďěŋĺï őŕâĺňăńìŋőčő ĺ ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺľ ć íâőň áńãçăě ïćńïîâáï NP-âàãďŋëňĺ. Ďőłăğăâěńìáâćő őáŋőćëćăěâáï ŋă áćěďěŋĺĺ ğăďăçĺ ő àîłğăłě á ąãńěćëňĺ ŕěàěňěŋŋëňĺ ł çăáâŋőňã áńãçăî àăááňăâàĺćăěňőľ ğăďăçĺ.

Ć àăğďěńě 1.4 ĺááńěďãîâáï áćőľáâćă ğăďăçĺ, ã łőâőàőľ ğăďăçěľ ŋĺęŋěčő ãàőćŋï ïćńïěâáï ňőďĺäĺæĺàőćăŋŋăï ğăďăçă ő ňŋőčőćăàĺăŋâŋőň àăŋæě. Ŕőłăğăŋő, çâő ć ŋěćëàőęďěŋŋőň áńãçăě ğăďăçă ŕőńĺŋőňĺăńìŋő àăğàěèĺňă.

Ćő ćâőàőľ čńăćě àăááňăâàĺćăěâáï ğăďăçă ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï, ć łőâőàőľ őčàăŋĺçěŋĺï áőďěàęăâ ŋěńĺŋěľŋëě áńăčăěňëě áŕěæĺăńìŋőčő ćĺďă, ă ćŋãâàěŋŋïï ğăďăçă ïćńïěâáï ğăďăçěľ ő àăŋæě á ąĺńĺŋěľŋőľ æěńěćőľ äãŋłæĺěľ őâŋőáĺâěńìŋő ćáěå ŕěàěňěŋŋëå.

Ć àăğďěńě 2.1 ŕàĺćőďĺâáï ŕőáâăŋőćłă ğăďăçĺ ĺ ŋěőąåőďĺňëě őąőğŋăçěŋĺï.

Ć àăğďěńě 2.2 ďńï ŋěćëàőęďěŋŋőčő áńãçăï ŕàĺćőďĺâáï őŕĺáăŋĺě äãŋłæĺĺ ćőğňãéěŋĺï ćŋãâàěŋŋěľ ğăďăçĺ, ãáńőćĺľ őŕâĺňăńìŋőáâĺ ĺ ďőłăğëćăěâáï ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ ŋăåőęďěŋĺï őŕâĺňăńìŋőčő ĺ ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺľ.

Ć àăğďěńě 2.3 àăááňăâàĺćăěâáï ćëàőęďěŋŋëľ áńãçăľ. Ďőłăğăŋő, çâő ňőęŋő á ŕőńĺŋőňĺăńìŋőľ âàãďőěňłőáâìî ńĺąő ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě ĺ ŕàőćěàĺâì, ïćńïěâáï ńĺ őŋő čăàăŋâĺàőćăŋŋëň, ńĺąő ãáâăŋőćĺâì ŋěàăğàěèĺňőáâì ĺńĺ ŋěőčàăŋĺçěŋŋőáâì ğăďăçĺ.

Ć âàěâìěľ čńăćě ĺááńěďãîâáï çăáâĺçŋő-æěńőçĺáńěŋŋëě ğăďăçĺ ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï, áćïğăŋŋëě á ĺğćěáâŋőľ ğăďăçěľ ćëąőàă àïďă ĺğďěńĺľ [5, áâà. 95].

Ć àăğďěńě 3.1 ŕàĺćőďĺâáï ŕőáâăŋőćłă ğăďăçĺ ćëąőàă àïďă ĺğďěńĺľ á çăáâĺçŋëň ćŋěèŋĺň äĺŋăŋáĺàőćăŋĺěň. Ďőłăğăŋă ŕőńĺŋőňĺăńìŋăï áćőďĺňőáâì ğăďăçĺ ł m łńăááĺçěáłĺň ğăďăçăň ćëąőàă àïďă ĺğďěńĺľ. Şáâăŋőćńěŋő, çâő ğăďăçă ŕőńĺŋőňĺăńìŋő àăğàěèĺňă, ěáńĺ ć ŋěľ áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě áő áćïğŋëňĺ őąńăáâïňĺ ŕàĺňěŋěŋĺï.

Ć àăğďěńě 3.2 àăááňăâàĺćăîâáï çăáâŋëě áńãçăĺ ğăďăçĺ ĺğ àăğďěńă 3.1, łőâőàëě ŕőńĺŋőňĺăńìŋő áćőďĺâáï ńĺąő ł m ŕàőáâěľèĺň ğăďăçăň àăğňěéěŋĺï [5, 69], ńĺąő ł m ğăďăçăň ćëąőàă ĺğďěńĺľ ňŋőčőàăğőćőčő ŕàĺňěŋěŋĺï [5]. Ćëďěńěŋë ŕőńĺŋőňĺăńìŋő àăğàěèĺňëě ŕőďłńăááë.

Ć àăğďěńě 3.3 ĺááńěďãěâáï ňăłáĺňĺğăæĺőŋŋëľ ćăàĺăŋâ ğăďăçĺ. Ďńï ěě çăáâŋőčő áńãçăï | ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï á çăáâĺçŋëň ćŋěèŋĺň äĺŋăŋáĺàőćăŋĺěň ŕàěďńăčăěâáï ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á čăàăŋâĺàőćăŋŋőľ őæěŋłőľ âőçŋőáâĺ.

Ć àăğďěńě 3.4 ãáâăŋőćńěŋő, çâő ć ćëàőęďěŋŋőň áńãçăě ĺňěîâ ňěáâő àěğãńìâăâë, ŕőńãçěŋŋëě ć ŕàěďëďãéĺå ŕăàăčàăäăå, ěáńĺ ŕőď àěèěŋĺěň ğăďăç ŕőŋĺňăâì ŕőĺáł őŕâĺňăńìŋëå àěèěŋĺľ. Ŕàĺćőďĺâáï ŕàĺňěà ğăďăçĺ, ã łőâőàőľ ćáě őŕâĺňăńìŋëě àěèěŋĺï ŋě ïćńïîâáï čăàăŋâĺàőćăŋŋëňĺ.

Őáŋőćŋëě àěğãńìâăâë ďĺááěàâăæĺĺ őŕãąńĺłőćăŋë ć àăąőâăå [16, 17, 21, 22, 23, 24, 25, 26, 67, 77] ĺ ďőłńăďëćăńĺáì ŋă X Ąăľłăńìáłőľ èłőńě{ áěňĺŋăàě (č. Ĺàłãâáł, 1995), ŋă Śĺňŕőğĺãňăå ŕő ĺááńěďőćăŋĺî őŕěàăæĺľ (č. Ąàăãŋèćěľč, 1996 ĺ č. Ľěŋă, 1997), ŋă Ćâőàőň Śĺąĺàáłőň Łőŋčàěááě ŕő Ŕàĺłńăďŋőľ ĺ Ĺŋďãáâàĺăńìŋőľ Ňăâěňăâĺłě (č. Ŋőćőáĺąĺàáł, 1996), ŋă Ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ (č. Őňáł, 1997), ŋă Ňěęďãŋăàőďŋőľ Ąăľłăńìáłőľ łőŋäěàěŋæĺĺ (č. Ĺàłãâáł, 1998, 2001), ŋă Ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ "Ďĺáłàěâŋëľ ăŋăńĺğ ĺ ĺááńěďőćăŋĺě őŕěàăæĺľ"(č. Ŋőćőáĺąĺàáł 1998, 2000), ŋă áěňĺŋăàăå ć Ĺŋáâĺâãâě ňăâěňăâĺłĺ ŚŐ ŘĂŊ.

Řěğãńìâăâë ŕěàćőľ ĺ âàěâìěľ čńăć ŕőńãçěŋë áőćňěáâŋő á đ.Ă. Łőçěâőćëň. Ăćâőà ćëàăęăěâ ĺáłàěŋîî ŕàĺğŋăâěńìŋőáâì ŋăãçŋőňã àãłőćőďĺâěńî đ.Ă.Łőçěâőćã ğă ŕőáâőïŋŋőě ćŋĺňăŋĺě ĺ ćáěáâőàőŋŋîî ŕőďďěàęłã ŕàĺ ćëŕőńŋěŋĺĺ ďăŋŋőľ àăąőâë.

Čńăćă 1 Ńĺŋěľŋëě ňőďěńĺ

Čńăćă ŕőáćïéěŋă ĺááńěďőćăŋĺî ğăďăç ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï.

Ć àăğďěńě 1.1 ŕàĺćěďěŋë ŋěőąåőďĺňëě őŕàěďěńěŋĺï. Ŕàĺćőďĺâáï ŕáěćďőŕőńĺŋőňĺăńìŋőě áćěďěŋĺě ğăďăçĺ ő ňĺŋĺňăńìŋőň ŕőłàëâĺĺ ł ğăďăçě ŕőĺáłă ďőŕãáâĺňőčő àěèěŋĺï ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. Őâłãďă áńěďãěâ, çâő ŕőĺáł ďőŕãáâĺňőčő àěèěŋĺï ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï | NP-ŕőńŋăï ğăďăçă ć áĺńìŋőň áňëáńě.

Ć àăğďěńě 1.2 ďőłăğëćăěâáï ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï á őčàăŋĺçěŋĺïňĺ őąéěčő ćĺďă ŋă ćěàåŋěň ãàőćŋě, ć łőâőàőľ ğăďăçěľ ŋĺęŋěčő ãàőćŋï ïćńïěâáï ńĺŋěľŋăï ğăďăçă ő àăŋæě á ŋěŕàěàëćŋëňĺ ŕěàěňěŋŋëňĺ.

Ć àăğďěńě 1.3 àăááňăâàĺćăěâáï őąőąéěŋĺě ŕàěďëďãéěľ ğăďăçĺ, ć łőâőàőň ŋă ŋĺęŋěň ãàőćŋě ĺáŕőńìğőćăŋë ďőŕőńŋĺâěńìŋëě őčàăŋĺçěŋĺï áćěàåã ŋă ğŋăçěŋĺï ŕěàěňěŋŋëå. Ŕàĺćőďĺâáï ŕőńĺŋőňĺăńìŋőě áćěďěŋĺě ğăďăçĺ ő àăŋæě á ąãńěćëňĺ ŕěàěňěŋŋëňĺ ł çăáâŋőňã áńãçăî íâőľ ğăďăçĺ. Šăł łăł ĺáŕőńìğőćăŋŋăï ć áćěďěŋĺĺ ŕőďğăďăçă ïćńïěâáï ŋěćëàőęďěŋŋőľ, âő ŋăåőęďěŋĺě őŕâĺňăńìŋőčő ĺ ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺľ ć íâőň áńãçăě ïćńïîâáï NP-âàãďŋëňĺ ğăďăçăňĺ.

Ć àăğďěńě 1.4 ć ŕàěďŕőńőęěŋĺĺ ŋěćëàőęďěŋŋőáâĺ ďőłăğăŋă ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï á őčàăŋĺçěŋĺïňĺ őąéěčő ćĺďă ŋă ćěàåŋěň ãàőćŋě, ć łőâőàőľ ğăďăçěľ ŋĺęŋěčő ãàőćŋï ïćńïěâáï ňőďĺäĺæĺàőćăŋŋăï ğăďăçă ő ňŋőčőćăàĺăŋâŋőň àăŋæě.

1.1 Őáŋőćŋëě őŕàěďěńěŋĺï

Őâňěâĺň, çâő ć àăąőâăå [35, 78, 49] ğăďăçă ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï äőàňãńĺàãěâáï ć ąőńěě ŕàőáâőľ äőàňě, łőčďă őčàăŋĺçěŋĺï (0.2) őâáãâáâćãîâ. Ŋĺęě ąãďěâ ŕőłăğăŋő, çâő âăłőě ŕàěďŕőńőęěŋĺě áĺńìŋő ãŕàőéăěâ ğăďăçã ĎŔ.

Őŕàěďěńěŋĺě 1 [49] Ŕăàă (x; y) ŋăğëćăěâáï ŕőńãďőŕãáâĺňëň àěèě-

ŋĺěň ğăďăçĺ ĎŔ, ěáńĺ őŋă ãďőćńěâćőàïěâ őčàăŋĺçěŋĺïň (0.2),(0.4).

Őŕàěďěńěŋĺě 2 [49] Ŕăàă (x; y) ŋăğëćăěâáï ďőŕãáâĺňëň àěèěŋĺěň

ğăďăçĺ ĎŔ, ěáńĺ ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (0.2) ĺ y | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ A(x).

Ŕàĺćěďěň ŕàĺňěà ğăďăçĺ ĎŔ, ć łőâőàőň áãéěáâćãîâ ŕőńãďőŕãáâĺňëě àěèěŋĺï, ŋő ŋě áãéěáâćãěâ ďőŕãáâĺňëå àěèěŋĺľ. Ŕãáâì x ĺ y ïćńïîâáï áłăńïàŋëňĺ ŕěàěňěŋŋëňĺ ĺ ğăďăçă ĎŔ ĺňěěâ ćĺď:

max_x {x | 1 + y ≤ x ≤ 2; x ≥ 0};

čďě y | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ

max_y {y | y ≤ x; y ≥ 0}:

Řěèěŋĺě x = 2; y = 0 ïćńïěâáï ŕőńãďőŕãáâĺňëň àěèěŋĺěň. Őďŋăłő ŕàĺ ńîąőň ćëąőàě x ≥ 0 őŕâĺňăńìŋőě àěèěŋĺě y áőćŕăďăěâ á x, çâő ŕàĺćőďĺâ ł ŋăàãèěŋĺî ãáńőćĺï 1 + y ≤ x, â.ě. ğăďăçă ŋě ĺňěěâ ďőŕãáâĺňëå àěèěŋĺľ.

Ŕãáâì äãŋłæĺĺ g_1(x; y); g_2(x; y) ĺ f_2(x; y) ïćńïîâáï ńĺŋěľŋëňĺ äãŋłæĺïňĺ á àăæĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ. Ŕàěďŕőńőęĺň, çâő őčàăŋĺçěŋĺï (0.2) ïćńïîâáï ŋěáãéěáâćěŋŋëňĺ ĺ ňőčãâ ąëâì őâąàőèěŋë. Šőčďă ŕőĺáł ďőŕãáâĺňőčő àěèěŋĺï ğăďăçĺ ĎŔ ïćńïěâáï ğăďăçěľ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. Ěáńĺ ęě őčàăŋĺçěŋĺï (0.2) ïćńïîâáï áãéěáâćěŋŋëňĺ, âő ŕőĺáł ďőŕãáâĺňőčő àěèěŋĺï áâăŋőćĺâáï NP -ŕőńŋőľ ğăďăçěľ ć áĺńìŋőň áňëáńě. Ďěľáâćĺâěńìŋő, ć íâőň áńãçăě á ŕőňőéìî ğăďăçĺ ŕőĺáłă ďőŕãáâĺňőčő àěèěŋĺï ňőęŋő àěèĺâì áńěďãîéãî ďĺáłàěâŋãî ğăďăçã ő ŕőłàëâĺĺ [12]. Ğăďăŋ ŋăąőà ŕőďňŋőęěáâć J_i ⊆ J; i ∈ I ĺ æěńőě ŕőńőęĺâěńìŋőě çĺáńő K ≤| I |. Šàěąãěâáï ŋăľâĺ âăłőě ŕőďňŋőęěáâćő I^′ ⊂ I, çâő | I^′ |≤ K ĺ ńîąőľ íńěňěŋâ j ∈ J ŕàĺŋăďńěęĺâ ŕő łàăľŋěľ ňěàě őďŋőňã ŕőďňŋőęěáâćã J_i; i ∈ I^′.

Řăááňőâàĺň áńěďãîéãî ğăďăçã ŕőĺáłă ďőŕãáâĺňőčő àěèěŋĺï. Ŋăľâĺ ŕăàã (x; y), ďńï łőâőàőľ ćëŕőńŋěŋë ãáńőćĺï: ∑ i∈I x_i ≤ K;^∑_{j∈J} y_j ≤ 0; 0 ≤ x_i ≤ 1; i ∈ I;

ĺ y ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ

max_y {^∑_{j∈J} y_j | y_j ≥ 0; y_j ≤ 1 − x_i; j ∈ J_i; i ∈ I}:

Şąěďĺňáï ć âőň, çâő ŕőďňŋőęěáâćő I^′ áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă ć ďăŋŋőľ ğăďăçě áãéěáâćãěâ ďőŕãáâĺňőě àěèěŋĺě.

Ŕàěďŕőńőęĺň, çâő âăłőě àěèěŋĺě áãéěáâćãěâ. Šőčďă ĺğ ãáńőćĺľ ∑ j∈J y_j ≤ 0; áńěďãěâ, çâő y_j = 0; j ∈ J. Šăł łăł y | őŕâĺňăńìŋőě àěèěŋĺě ćŋãâàěŋŋěľ ğăďăçĺ, âő ďńï ńîąőčő j ∈ J áãéěáâćãěâ âăłőľ ŋőňěà i ∈ I, çâő j ∈ J_i ĺ x_i = 1. Ŕőńăčăï I^′ = {i ∈ I | x_i = 1}, ŕőńãçăěň âàěąãěňőě ŕőďňŋőęěáâćő I^′.

Ŕàěďŕőńőęĺň âěŕěàì, çâő ć ğăďăçě ő ŕőłàëâĺĺ áãéěáâćãěâ ŕőďňŋőęěáâćő I^′ á âàěąãěňëňĺ áćőľáâćăňĺ. Šőčďă ŕőńăčăï

y_j = 0; j ∈ J; x_i =

1; ěáńĺ i ∈ I^′; 0; ěáńĺ i =∈ I^′;

ŕőńãçăěň ďőŕãáâĺňőě àěèěŋĺě.

Ŕãáâì ŕàĺ ŋěłőâőàőň ğŋăçěŋĺĺ x ğăďăçă A(x) ĺňěěâ ŋěáłőńìłő őŕâĺňăńìŋëå àěèěŋĺľ. Šőčďă ŋăàïďã á ŕőŋïâĺěň ďőŕãáâĺňőčő àěèěŋĺï ććěďěň ŕőŋïâĺě čăàăŋâĺàőćăŋŋőčő àěèěŋĺï.

Őŕàěďěńěŋĺě 3 Ďőŕãáâĺňőě àěèěŋĺě (x; y) ŋăğëćăěâáï čăàăŋâĺàő-

ćăŋŋëň, ěáńĺ ďńï ńîąőčő őŕâĺňăńìŋőčő àěèěŋĺï —y ğăďăçĺ A(x) ćěłâőà (x; —y) ãďőćńěâćőàïěâ őčàăŋĺçěŋĺïň (0.2) ĺ f_1(x; y) ≤ f_1(x; —y).

Ěáńĺ ŕàĺ ńîąőň x őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ A(x) ěďĺŋáâćěŋŋő, âő ńîąőě ďőŕãáâĺňőě àěèěŋĺě ïćńïěâáï čăàăŋâĺàőćăŋŋëň. Śńěďőćăâěńìŋő, ŕőĺáł čăàăŋâĺàőćăŋŋőčő àěèěŋĺï âăłęě ïćńïěâáï NP -ŕőńŋőľ ğăďăçěľ ć áĺńìŋőň áňëáńě. Ŕàěďŕőńőęĺň, çâő ďńï ŋěłőâőàőčő x ğăďăçă A(x) ĺňěěâ ŋěáłőńìłő őŕâĺňăńìŋëå àěèěŋĺľ. Šőčďă čăàăŋâĺàőćăŋŋőě àěèěŋĺě (x; y) áãéěáâćãěâ, ěáńĺ ŋĺ őďŋő ĺğ őŕâĺňăńìŋëå àěèěŋĺľ ğăďăçĺ A(x) ŋě ŋăàãèăěâ ãáńőćĺľ (0.2) ĺ áàěďĺ ŋĺå ãďăěâáï ŋăľâĺ àěèěŋĺě, ŋăĺåãďèěě á âőçłĺ ğàěŋĺï ĺčàőłă.

Őŕàěďěńěŋĺě 4 Ďőŕãáâĺňőě àěèěŋĺě (x^∗; y^∗) ŋăğëćăěâáï őŕâĺňăńì-

ŋëň, ěáńĺ ďńï ńîąőčő ďőŕãáâĺňőčő àěèěŋĺï (x; y) áŕàăćěďńĺćő ŋěàăćěŋáâćő f_1(x^∗; y^∗) ≥ f_1(x; y).

Őŕàěďěńěŋĺě 5 Čăàăŋâĺàőćăŋŋőě àěèěŋĺě (x^∗; y^∗) ŋăğëćăěâáï ŋăĺ-

ńãçèĺň, ěáńĺ ďńï ńîąőčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺï (x; y) áŕàăćěďńĺćő ŋěàăćěŋáâćő f_1(x^∗; y^∗) ≥ f_1(x; y).

Őŕàěďěńěŋĺě ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺï ćëâěłăěâ ĺğ áőďěàęăâěńìŋőčő áňëáńă ğăďăçĺ. Ěáńĺ ŕăàă (x; y) ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň, ŋő ŋě ïćńïěâáï ŋăĺńãçèĺň čăàăŋâĺàőćăŋŋëň àěèěŋĺěň, âő ćëąàăć áâàăâěčĺî x, ĺčàőł áőčńăèăěâáï ĺďâĺ ŋă àĺáł, áâàěňïáì ďőáâĺçì ňăłáĺňăńìŋőčő ćëĺčàëèă. Ŕàĺ ŕőĺáłě ŋăĺńãçèěčő čăàăŋâĺàőćăŋŋőčő àěèěŋĺï, ĺčàőł ĺáłńîçăěâ àĺáł ĺ áâàěňĺâáï ŋăľâĺ áâàăâěčĺî á čăàăŋâĺàőćăŋŋëň àěğãńìâăâőň. Řăááňőâàĺň áńěďãîéĺľ ŕàĺňěà:

max_x {x_1 + x_2 + y_1 + 2y_2 | x_1 + x_2 ≤ 1 − y_1; x_1 ≥ 0; x_2 ≥ 0}

čďě y = (y_1; y_2) | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ

max_y {y_1 + y_2 | y_1 + y_2 ≤ x_1 + 2x_2; y_1 ≤ x_2; y_1 ≥ 0; y_2 ≥ 0}:

Řěèěŋĺě x^∗ = (0; 1); y^∗ = (0; 2) ďőáâăćńïěâ ňăłáĺňãň æěńěćőľ äãŋłæĺĺ ŋă ňŋőęěáâćě ďőŕãáâĺňëå àěèěŋĺľ ĺ f_1(x^∗; y^∗) = 5. Šěň ŋě ňěŋěě íâő àěèěŋĺě ŋě ïćńïěâáï čăàăŋâĺàőćăŋŋëň. Ďńï x^∗ áãéěáâćãěâ y = (1; 1) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ A(x^∗), łőâőàőě ŋăàãèăěâ őčàăŋĺçěŋĺě x_1 + x_2 ≤ 1 − y_1. Řěèěŋĺě x = (0; 0); y = (0; 0) ïćńïěâáï čăàăŋâĺàőćăŋŋëň, ŋő ďăěâ ňĺŋĺňăńìŋőě ğŋăçěŋĺě ćëĺčàëèă. Ŋăĺńãçèĺň čăàăŋâĺàőćăŋŋëň àěèěŋĺěň ïćńïěâáï x = (1; 0); y = (0; 1) áő ğŋăçěŋĺěň ćëĺčàëèă f_1(x; y) = 3.

Őŕàěďěńěŋĺě 6 Ğăďăçă ĎŔ ŋăğëćăěâáï ŋěćëàőęďěŋŋőľ, ěáńĺ ńîąőě

ďőŕãáâĺňőě àěèěŋĺě (x; y) ïćńïěâáï čăàăŋâĺàőćăŋŋëň.

Ć ğăćĺáĺňőáâĺ őâ łőŋâěłáâă ŕőď àěèěŋĺěň ğăďăçĺ (0.1){(0.4) ąãďěň ŕőŋĺňăâì ńĺąő őŕâĺňăńìŋőě àěèěŋĺě ć áňëáńě őŕàěďěńěŋĺï 4, ńĺąő ŋăĺńãçèěě čăàăŋâĺàőćăŋŋőě àěèěŋĺě ć áňëáńě őŕàěďěńěŋĺï 5.

1.2 Ğăďăçă á ńĺŋěľŋëň àăŋæěň ŋă ŋĺęŋěň ãàőćŋě

Řăááňőâàĺň áńěďãîéãî ğăďăçã ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (ĎŃŔ):

max_{x≥0} cx + dy (1.1) Ax + By ≤ b; (1.2) čďě y | őŕâĺňăńìŋőě àěèěŋĺě ńĺŋěľŋőľ ğăďăçĺ ő àîłğăłě (ŃŘ (x)):

max_{y≥0} ¸x + ˛y; (1.3)

‚y ≤ 1; y ≤ x: (1.4) Ąãďěň ŕàěďŕőńăčăâì, çâő ŕěàěňěŋŋëě x ĺ y ĺňěîâ őďĺŋăłőćãî àăğňěàŋőáâì, x = (x_i); y = (y_i); i ∈ I = {1; 2; :::; n}, A; B { ňăâàĺæë á àăæĺőŋăńìŋëňĺ íńěňěŋâăňĺ, c; d; b; ¸; ˛ ≥ 0; ‚ ≥ 0 { ćěłâőàă á àăæĺőŋăńìŋëňĺ łőňŕőŋěŋâăňĺ. Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ąãďěň áçĺâăâì, çâő ¸_i = 0; ‚_i = 1; i ∈ I.

1.2.1 Ŋěćëàőęďěŋŋëľ áńãçăľ

Ŕãáâì ćěńĺçĺŋë ˛_i; i ∈ I ŕőŕăàŋő àăğńĺçŋë ĺ ňŋőęěáâćő I ãŕőàïďőçěŋő âăł, çâő ˛_1 > ˛_2 > ::: > ˛_n > 0:

Šőčďă ŕàĺ ńîąőň x ≥ 0 őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŃŘ (x) őŕàěďěńïěâáï őďŋőğŋăçŋő. Ńîąőě ďőŕãáâĺňőě àěèěŋĺě ïćńïěâáï čăàăŋâĺàőćăŋŋëň ĺ ńîąőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ïćńïěâáï ŋăĺńãçèĺň čăàăŋâĺàőćăŋŋëň àěèěŋĺěň.

Ŕàěďáâăćĺň ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ ĎŃŔ ć ćĺďě őąêěďĺŋěŋĺï (n + 1)-čő ŕőďňŋőęěáâćă ĺ àěèĺň ğăďăçã ŋă łăęďőň ĺğ íâĺå ŕőďňŋőęěáâć. Šőčďă ŋăĺńãçèěě ĺğ ŋăľďěŋŋëå àěèěŋĺľ ąãďěâ őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ ĎŃŔ. Ŕãáâì (x; y) ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ĎŃŔ. Ěáńĺ^∑_{i∈I} x_i ≤ 1, âő y - őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŃŘ (x) âőčďă ĺ âőńìłő łőčďă, łőčďă y = x. Ĺáłńîçăï ŕěàěňěŋŋëě y, ŕőńãçăěň ğăďăçã P_0 max_{x≥0} (c + d)x (A + B)x ≤ b; ∑ i∈I x_i ≤ 1:

Ěáńĺ x { ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P_0, âő ŕăàă (x; x) { ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ĎŃŔ, ĺ ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă ďăŋŋëå àěèěŋĺïå áőćŕăďăîâ.

Ŕàěďŕőńőęĺň âěŕěàì, çâő^∑_{i∈I} x_i ≥ 1. Šőčďă őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŃŘ (x) ĺňěěâ ćĺď

y_i = x_i; ěáńĺ i < k;

1 −^∑_{j<k} x_j; ěáńĺ i = k;

0; ěáńĺ i > k; (∗)

čďě ŋőňěà k ∈ I ãďőćńěâćőàïěâ áńěďãîéĺň ŋěàăćěŋáâćăň: ∑ i<k x_i ≤ 1;^∑_{i<k} x_i + x_k ≥ 1:

Ĺáłńîçăï ŕěàěňěŋŋëě y, ŕőńãçăěň ďńï łăęďőčő k ∈ I őŕâĺňĺğăæĺőŋŋãî ğăďăçã P_k max_{x≥0}^∑_{i∈I} c_ix_i +^∑_{i<k} d_ix_i + d_k(1 −^∑_{i<k} x_i) ∑ i∈I A_ix_i +^∑_{i<k} B_ix_i + B_k(1 −^∑_{i<k} x_i) ≤ b ∑ i<k x_i ≤ 1;^∑_{i<k} x_i + x_k ≥ 1:

Ěáńĺ x { ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P_k, âő őŕàěďěńïï y ŕàĺ ŕőňőéĺ áőőâŋőèěŋĺľ (∗), ŕőńãçăěň ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ĎŃŔ ĺ ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă íâĺå àěèěŋĺïå áőćŕăďăîâ. Ğăňěâĺň âěŕěàì, çâő ćáě ğăďăçĺ P_k; k = 0; 1; :::; n ïćńïîâáï ğăďăçăňĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï ĺ ňőčãâ ąëâì àěèěŋë âőçŋő á ŕőňőéìî áâăŋďăàâŋëå ňěâőďőć [29]. Ďàãčĺňĺ áńőćăňĺ, ďőłăğăŋő áńěďãîéěě ãâćěàęďěŋĺě. Šěőàěňă 1 Ďńï ńîąőľ ŋěćëàőęďěŋŋőľ ğăďăçĺ (1.1){(1.4) áãéěáâćã-

ěâ ŕőńĺŋőňĺăńìŋëľ ăńčőàĺâň, łőâőàëľ ńĺąő ŋăåőďĺâ őŕâĺňăńìŋőě àěèěŋĺě, ńĺąő ŕőğćőńïěâ ãáâăŋőćĺâì, çâő ğăďăçă ŋěőčàăŋĺçěŋă ĺńĺ ŋě ĺňěěâ ďőŕãáâĺňëå àěèěŋĺľ.

1.2.2 Ćëàőęďěŋŋëľ áńãçăľ

Ŕàěďŕőńőęĺň, çâő ćěńĺçĺŋë ˛_i; i ∈ I ŋě ïćńïîâáï ćáě ŕőŕăàŋő àăğńĺçŋëňĺ ĺ ňŋőęěáâćő I ãŕőàïďőçěŋő âăł, çâő

˛_1 ≥ ˛_2 ≥ ::: ≥ ˛_n ≥ 0:

Řăğőąêěň ňŋőęěáâćő I ŋă ŋěŕěàěáěłăîéĺěáï ŕőďňŋőęěáâćă I_j ; j = 1; 2; :::; m âăł, çâőąë ćěńĺçĺŋë ˛_i áőćŕăďăńĺ ďàãč á ďàãčőň, ěáńĺ őŋĺ ŕőŕăďăîâ ć őďŋő ŕőďňŋőęěáâćő ĺ őâńĺçăńĺáì ąë ďàãč őâ ďàãčă ć ŕàőâĺćŋőň áńãçăě. Šăłęě łăł ĺ ć ŋěćëàőęďěŋŋőň áńãçăě ŕàěďáâăćĺň ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ ĎŃŔ ć ćĺďě őąêěďĺŋěŋĺï (m + 1)-čő ŕőďňŋőęěáâćă ĺ àěèĺň ğăďăçã ŋă łăęďőň ĺğ íâĺå ŕőďňŋőęěáâć. Ŕãáâì (x; y) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ĎŃŔ ĺ^∑_{i∈I} x_i ≤ 1. Šőčďă y = x { ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŃŘ (x) ĺ ğăďăçă ĎŃŔ ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě ğăďăçĺ P_0.

Ŕàěďŕőńőęĺň âěŕěàì, çâő^∑_{i∈I} x_i ≥ 1. Šőčďă őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŃŘ (x) ãďőćńěâćőàïěâ ãáńőćĺïň

y_i = x_i; ěáńĺ i ∈ I_j ; j < k; 0; ěáńĺ i ∈ I_j ; j > k;

ĺ^∑_{i∈Ik} y_i = 1 −^∑_{j<k}^∑_{i∈Ij} x_i ďńï ŋěłőâőàőčő k. Ğăňěâĺň, çâő ć ćëàőęďěŋŋőň áńãçăě ćěłâőà y ŋě őŕàěďěńïěâáï őďŋőğŋăçŋő ŕő ćěłâőàã x. Ĺáłńîçăï ŕěàěňěŋŋëě y_i; i =∈ I_k, ŕőńãçăěň ŋőćãî äőàňãńĺàőćłã ğăďăçĺ P_k: max x≥0,y≥0 ∑ i∈I c_ix_i +^∑_{j<k}^∑_{i∈Ij} d_ix_i +^∑_{i∈Ik} d_iy_i ∑ i∈I Aixi +^∑_{j<k}^∑_{i∈Ij} Bixi +^∑_{i∈Ik} Biyi ≤ b ∑ j<k ∑ i∈Ij x_i ≤ 1;^∑_{j<k}^∑_{i∈Ij} x_i +^∑_{i∈Ik} x_i ≥ 1 ∑ i∈Ik y_i = 1 −^∑_{j<k}^∑_{i∈Ij} x_i:

Ğăďăçĺ P_k ŕő ŕàěęŋěňã ïćńïîâáï ğăďăçăňĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, çâő ŕőğćőńïěâ á ŕőńĺŋőňĺăńìŋőľ âàãďőěňłőáâìî ńĺąő ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĎŃŔ, ńĺąő ãąěďĺâìáï, çâő âăłőčő àěèěŋĺï ŋě áãéěáâćãěâ.

Ŕãáâì (x^∗; y^∗) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĎŃŔ. İâő àěèěŋĺě ňőęěâ őłăğăâìáï ŋěčăàăŋâĺàőćăŋŋëň ŕő ďćãň ŕàĺçĺŋăň. ă) Śãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě y_1 ğăďăçĺ ŃŘ (x^∗) á ňěŋìèĺň ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ (1.1).

ą) Śãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě y_2 ğăďăçĺ ŃŘ (x^∗), ŋăàãèăîéěě ãáńőćĺï (1.2).

Ŕàőćěàĺň, ïćńïěâáï ńĺ (x^∗; y^∗) čăàăŋâĺàőćăŋŋëň àěèěŋĺěň. Ěáńĺ^∑_{i∈I} x^∗_i ≤ 1, âő y^∗ { ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŃŘ (x^∗) ĺ, áńěďőćăâěńìŋő, (x^∗; y^∗) { ŋăĺńãçèěě čăàăŋâĺàőćăŋŋőě àěèěŋĺě. Ěáńĺ ęě ∑ i∈I x^∗_i > 1, âő őŕàěďěńĺň ŋőňěà k, ãďőćńěâćőàïîéĺľ ŋěàăćěŋáâćăň ∑ j<k ∑ i∈Ij x^∗_i ≤ 1;^∑_{j<k}^∑_{i∈Ij} x^∗_i +^∑_{i∈Ik} x^∗_i ≥ 1:

Ŕàěďŕőńőęĺň, çâő ćěłâőà b áőáâőĺâ ĺğ L łőňŕőŋěŋâ. Ďńï łăęďőčő l; 1 ≤ l ≤ L; ŋăľďěň őŕâĺňăńìŋőě ğŋăçěŋĺě b^∗_l æěńěćőľ äãŋłæĺĺ áńěďãîéěľ ğăďăçĺ: max^∑_{i∈Ik} b_{li}y_i; ∑ i∈Ik y_i = 1 −^∑_{j<k}^∑_{i∈Ij} x^∗_i ; y_i ≥ 0; i ∈ I_k:

Ĺğ őŕàěďěńěŋĺï ŋőňěàă k áńěďãěâ, çâő ďńï ńîąőčő l ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ŋěŕãáâő ĺ őčàăŋĺçěŋő. Śńěďőćăâěńìŋő ćáě ćěńĺçĺŋë b^∗_l ïćńïîâáï łőŋěçŋëňĺ. Ůěàěğ d^∗ őąőğŋăçĺň őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ ćĺďă: min^∑_{i∈Ik} d_i(y^∗_i − y_i); ∑ i∈Ik B_iy_i ≤ b −^∑_{i∈I} A_ix^∗_i −^∑_{j<k}^∑_{i∈Ij} B_ix^∗_i ; ∑ i∈Ik y_i = 1 −^∑_{j<k}^∑_{i∈Ij} x^∗_i ; y_i ≥ 0; i ∈ I_k:

Ěáńĺ ďńï ćáěå l ćëŕőńŋïîâáï ŋěàăćěŋáâćă b^∗_l ≤ b_l −^∑_{i∈I} a_{li}x^∗_i −^∑_{j<k}^∑_{i∈Ij} b_{li}x^∗_i ĺ d^∗ ≤ 0; âő (x^∗; y^∗) ïćńïěâáï ŋăĺńãçèĺň čăàăŋâĺàőćăŋŋëň àěèěŋĺěň. Ć ŕàőâĺćŋőň áńãçăě ćëŕőńŋïěâáï åőâï ąë őďŋő ĺğ ãáńőćĺľ ă) ĺńĺ ą) ĺ àěèěŋĺě (x^∗; y^∗) ŋě ïćńïěâáï čăàăŋâĺàőćăŋŋëň. Šăłĺň őąàăğőň, ãáâăŋőćńěŋă áńěďãîéăï Šěőàěňă 2 Ďńï ńîąőľ ğăďăçĺ (1.1){(1.4) áãéěáâćãěâ ŕőńĺŋőňĺăńì-

ŋëľ ăńčőàĺâň, łőâőàëľ ńĺąő ŋăåőďĺâ őŕâĺňăńìŋőě àěèěŋĺě ĺ ŕàőćěàïěâ ïćńïěâáï ńĺ őŋő čăàăŋâĺàőćăŋŋëň, ńĺąő ŕőğćőńïěâ ãáâăŋőćĺâì, çâő ğăďăçă ŋěőčàăŋĺçěŋă ĺńĺ ŋě ĺňěěâ ďőŕãáâĺňëå àěèěŋĺľ.

Ğăňěâĺň âăłęě, çâő ćáě ãâćěàęďěŋĺï őáâăîâáï ćěàŋëňĺ ĺ ć áńãçăě, łőčďă àăğňěàŋőáâì ćěłâőàă x ąőńìèě àăğňěàŋőáâĺ ćěłâőàă y ĺ ćěńĺçĺŋë ˛ ĺ ‚ ňőčãâ ŕàĺŋĺňăâì ŕàőĺğćőńìŋëě ŕőńőęĺâěńìŋëě ĺńĺ őâàĺæăâěńìŋëě ğŋăçěŋĺï.

1.3 Ğăďăçă á ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ

Ŕãáâì ć ğăďăçě ŃŘ (x) ŕěàěňěŋŋëě y ŋě ňőčãâ ŕàěćëèăâì ğăďăŋŋëå ğŋăçěŋĺľ y^0. Šőčďă ğăďăçă ĎŃŔ ŕàĺŋĺňăěâ ćĺď max_{x≥0} cx + dy (1.5) Ax + By ≤ b; (1.6) čďě y | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ: max_{y≥0} ¸x + ˛y; (1.7) ‚y ≤ 1; y ≤ x; y ≤ y^0: (1.8) Ŕàĺ ğăďăŋŋëå ğŋăçěŋĺïå x ŕěàěňěŋŋëě y ŕő-ŕàěęŋěňã ńěčłő ĺ őďŋőğŋăçŋő ćëçĺáńïîâáï, ŋő íâőčő őłăğëćăěâáï ŋěďőáâăâőçŋő ďńï ŕőáâàőěŋĺï íääěłâĺćŋőčő ăńčőàĺâňă ŕőĺáłă őŕâĺňăńìŋőčő àěèěŋĺï. Šěőàěňă 3 Ğăďăçă őâëáłăŋĺï őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ (1.5){

(1.8) ïćńïěâáï NP -âàãďŋőľ.

Ďőłăğăâěńìáâćő. Ŕőłăęěň, çâő ğăďăçă ő àîłğăłě á ąãńěćëňĺ ŕěàěňěŋŋëňĺ max_z {^∑_{i∈I} c_iz_i|^∑_{i∈I} a_iz_i ≤ b; z_i ∈ {0; 1}; i ∈ I} áćőďĺâáï ł ğăďăçě őâëáłăŋĺï őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ (1.5){(1.8). Ďńï íâőčő àăááňőâàĺň ěě çăáâŋëľ áńãçăľ max_{x≥0} {^∑_{i∈I} c_i(x_i − y_i)|^∑_{i∈I} a_iy_i ≤ b; x_i ≤ 2; i ∈ I}; (1.9) čďě y | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ max_{y≥0} {^∑_{i∈I} y_i|y_i ≤ x_i; i ∈ I; y_i ≤ 1; i ∈ I}: (1.10) Şąěďĺňáï ć âőň, çâő őŕâĺňăńìŋëě àěèěŋĺï íâĺå ďćãå ğăďăç áćïğăŋë ňěęďã áőąőľ áőőâŋőèěŋĺïňĺ: x^∗_i = 2z^∗_i ; y^∗_i = z^∗_i ; i ∈ I:

Ŕãáâì (z^∗_i ); i ∈ I | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ő àîłğăłě. Ŕőńőęĺň x_i = 2z^∗_i ; y_i = z^∗_i ; i ∈ I: Ŕőáâàőěŋŋőě àěèěŋĺě ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ć ğăďăçě (1.9){(1.10). Ďěľáâćĺâěńìŋő, őŋő ãďőćńěâćőàïěâ őčàăŋĺçěŋĺïň ğăďăçĺ (1.9) ĺ y_i; i ∈ I | ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (1.10). Łàőňě âőčő, ŕőáłőńìłã ∑ i∈I c_iz^∗_i =^∑_{i∈I} c_i(x_i − y_i);

âő ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă ďăŋŋëå àěèěŋĺïå áőćŕăďăîâ.

Őąàăâŋő, ŕãáâì (x^∗_i ); (y^∗_i ); i ∈ I | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (1.9){(1.10). Şąěďĺňáï ć âőň, çâő àěèěŋĺě

x_i =

2; ěáńĺ x^∗_i > 1; 0; ěáńĺ x^∗_i ≤ 1;

y_i = min(1; x_i); i ∈ I; (1.11)

âăłęě ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ (1.9){(1.10). Ďěľáâćĺâěńìŋő, ěáńĺ x^∗_i > 1; âő x^∗_i = 2; âăł łăł ć ŕàőâĺćŋőň áńãçăě x^∗_i ŋě őŕâĺňăńìŋőě àěèěŋĺě. Ğŋăçĺâ, x_i = x^∗_i ; ŕàĺ x^∗_i > 1: Ŕàěďŕőńőęĺň, çâő x^∗_i ≤ 1 ďńï ŋěłőâőàőčő i ∈ I: Šőčďă, ŕőńăčăï x_i = 0; y_i = 0; ŕőńãçăěň ŋőćőě ďőŕãáâĺňőě àěèěŋĺě á âěň ęě ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ. Šăłĺň őąàăğőň, áàěďĺ őŕâĺňăńìŋëå àěèěŋĺľ ćáěčďă áãéěáâćãěâ àěèěŋĺě ćĺďă (1.11). Ŕőńăčăï z_i = y_i; i ∈ I, ŕőńãçăěň ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ő àîłğăłě, ďńï łőâőàőčő ∑ i∈I c_i(x^∗_i − y^∗_i ) =^∑_{i∈I} c_iz_i:

Šěőàěňă 3 ďőłăğăŋă.

1.4 Ğăďăçă á ňŋőčőĺŋćăàĺăŋâŋëň àăŋæěň ŋă ŋĺęŋěň ãàőćŋě

Řăááňőâàĺň ğăďăçã ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï

max_{x≥0} c x + d y; (1.12)

ŕàĺ őčàăŋĺçěŋĺïå Ax + By ≤ b; (1.13) čďě y | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ő ňŋőčőćăàĺăŋâŋőň àăŋæě ŇĆŘ(x):

max_{y≥0}^∑_{j∈J}^∑_{i∈Ij} f_{ij} y_{ij}; (1.14)

ŕàĺ őčàăŋĺçěŋĺïå_∑ i∈Ij y_{ij} = x_j ; j ∈ J; (1.15) ∑ j∈J ∑ i∈Ij p_{ij} y_{ij} ≤^∑_{j∈J} q_j x_j; (1.16) čďě J = {1; : : : ; n}; I_j = {1; : : : ; m_j }; j ∈ J: Ąãďěň ŕàěďŕőńăčăâì, çâő łőňŕőŋěŋâë ňăâàĺæ ĺ ćěłâőàőć, őąàăğãîéĺå ĺáåőďŋëě ďăŋŋëě ğăďăçĺ, ïćńïîâáï àăæĺőŋăńìŋëňĺ ćěńĺçĺŋăňĺ.

Ğăďăçă ŋĺęŋěčő ãàőćŋï (1.14){(1.16) ŋěáłőńìłő őâńĺçăěâáï őâ łńăááĺçěáłőľ ğăďăçĺ ő ňŋőčőćăàĺăŋâŋőň àăŋæě [57] ćĺďőň őčàăŋĺçěŋĺľ (1.15), (1.16). Šăł łăł ĺå áâàãłâãàă ŋě ĺğňěŋĺńăáì, âő ŋěâàãďŋő ŕőłăğăâì, çâő ğăďăçă ŇĆŘ(x) őąńăďăěâ âěňĺ ęě áćőľáâćăňĺ, çâő ĺ ěě łńăááĺçěáłĺľ ăŋăńőč. Őąőğŋăçĺň çěàěğ ĎŇĆŘ(x) ğăďăçã ďćőľáâćěŋŋãî ł ğăďăçě (1.14){(1.16):

min_{w,γ} {Q(x_1; : : : ; x_n) w +^∑_{j∈J} x_j ‚_j }; (1.17)

‚_j + p_{ij} w ≥ f_{ij}; j ∈ J; i ∈ I_j; (1.18) w ≥ 0; (1.19) čďě w; ‚_j ∈ R; j ∈ J | ďćőľáâćěŋŋëě ŕěàěňěŋŋëě, Q(x_1; : : : ; x_n) = ∑ j∈J q_jx_j : Ğăďăçã ŇĆŘ(x) ńěčłő ŕàĺćěáâĺ ł łăŋőŋĺçěáłőňã ćĺďã. Ďńï íâőčő ďőáâăâőçŋő ććěáâĺ ćáŕőňőčăâěńìŋãî ŋěőâàĺæăâěńìŋãî ŕěàěňěŋŋãî z ć őčàăŋĺçěŋĺě (1.16) ĺ ŕőňěŋïâì ğŋăł ŋěàăćěŋáâćă ŋă àăćěŋáâćő. Ŕàĺ íâőň ďćőľáâćěŋŋăï ğăďăçă ł łăŋőŋĺçěáłőňã ŕàěďáâăćńěŋĺî áőćŕăďăěâ á ğăďăçěľ ĎŇĆŘ(x).

Ŕőńőęĺň f_j(w) = max_{i∈Ij} (f_{ij} − p_{ij} w): Šőčďă őŕâĺňăńìŋőě ğŋăçěŋĺě ŕěàěňěŋŋőľ ‚_j àăćŋő f_j (w) ŕàĺ ńîąőň w: Ŕőíâőňã ğăďăçă ĎŇĆŘ(x) íłćĺćăńěŋâŋă áńěďãîéěľ ğăďăçě:

min_{w≥0} F_x(w) = Q(x_1; : : : ; x_n) w +^∑_{j∈J} x_j f_j(w):

Šăł łăł f_j (w); j ∈ J; | ćëŕãłńëě äãŋłæĺĺ őâ w, âő äãŋłæĺï F_x(w) âăłęě ïćńïěâáï ćëŕãłńőľ äãŋłæĺěľ [27]. Ŕãáâì —(w); ȷ(w) | ńěćëľ ĺ ŕàăćëľ čàăďĺěŋâë äãŋłæĺĺ F ć âőçłě w; ă —_j(w); ȷ_j(w) | áőőâćěâáâćãîéĺě čàăďĺěŋâë äãŋłæĺĺ f_j: Šőčďă

—_j (w) = − max{p_{ij} | f_{ij}−p_{ij} w = f_j (w)}; ȷ_j(w) = − min{p_{ij} | f_{ij} −p_{ij} w = f_j(w)} ĺ —(w) = Q(x_1; : : : ; x_n) +^∑_{j∈J} x_j —_j (w); ȷ(w) = Q(x_1; : : : ; x_n) +^∑_{j∈J} x_j ȷ_j (w):

Šőçłă w^∗ | ňĺŋĺňãň äãŋłæĺĺ F_x âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï ŋěàăćěŋáâćő —(w^∗) ≤ 0 ≤ ȷ(w^∗):

Ťãŋłæĺï F_x ŋěőčàăŋĺçěŋă áŋĺğã, łőčďă ȷ(w) < 0 ďńï ďőáâăâőçŋő ąőńìèőčő w: Ć íâőň áńãçăě ğăďăçă ŇĆŘ(x) ŋě ĺňěěâ àěèěŋĺľ. Ěáńĺ ȷ(0) ≥ 0; âő ňĺŋĺňãň F_x ďőáâĺčăěâáï ć âőçłě 0. Ąãďěň áçĺâăâì, çâő f_{1j} = max_i f_{ij} ďńï łăęďőčő j ∈ J:

Ć ŕàěďńőęěŋĺïå 1 ĺ 2 äőàňãńĺàãîâáï łàĺâěàĺĺ ďőňĺŋĺàőćăŋĺï, łőâőàëě ŕőğćőńïîâ ŕőńãçĺâì ňĺŋĺňăńìŋőě ŕàěďáâăćńěŋĺě ďńï ńîąőľ äãŋłæĺĺ f_j (w); j ∈ J; ćëąàăáëćăï ńĺèŋĺě ńĺŋěľŋëě äãŋłæĺĺ (f_{ij} − p_{ij} w): Ŕőď ňĺŋĺňăńìŋëň ŕàěďáâăćńěŋĺěň ğďěáì ŕőŋĺňăěâáï áăňőě łőàőâłőě ŕàěďáâăćńěŋĺě äãŋłæĺľ f_j (w); ŕàĺ łőâőàőň ŋě ĺğňěŋïěâáï ňŋőęěáâćő őŕâĺňăńìŋëå àěèěŋĺľ ğăďăçĺ ŇĆŘ(x). İâĺ ãâćěàęďěŋĺï čěőňěâàĺçěáłĺ őçěćĺďŋë ĺ ĺå ďőłăğăâěńìáâćő ńěčłő áńěďãěâ ĺğ áőőâŋőèěŋĺľ ďőŕőńŋïîéěľ ŋěęěáâłőáâĺ.

Ŕàěďńőęěŋĺě 1 Ěáńĺ f_{rj} < f_{1j} ĺ p_{rj} ≥ p_{1j} , âő ďńï ńîąőčő őŕâĺňăńì-

ŋőčő àěèěŋĺï ğăďăçĺ ŇĆŘ(x) ćěàŋő àăćěŋáâćő y_{rj} = 0:

Ŕãáâì f_{rj} ; f_{sj} < f_{1j} : Šőčďă ŕàĺ ćëŕőńŋěŋĺĺ áńěďãîéĺå ãáńőćĺľ

f_{rj} < f_{sj} ĺ p_{rj} ≥ p_{sj} ĺńĺ f_{rj} = f_{sj} ĺ p_{rj} > p_{sj}

ďńï ńîąőčő őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ ŇĆŘ(x) ćěàŋő àăćěŋáâćő y_{rj} = 0:

Ŕàěďńőęěŋĺě 2 Ěáńĺ f_{rj} < f_{sj} < f_{tj}; p_{tj} > p_{sj} > p_{rj} ĺ (f_{sj} − f_{rj} )=(p_{sj} − p_{rj} ) < (f_{tj} − f_{sj} )=(p_{tj} − p_{sj} ); âő ďńï ńîąőčő őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ ŇĆŘ(x) ćěàŋő àăćěŋáâćő y_{sj} = 0:

Őáŋőćëćăïáì ŋă íâĺå ãâćěàęďěŋĺïå, ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ąãďěň ŕàěďŕőńăčăâì, çâő ćëŕőńŋïîâáï áńěďãîéĺě ŋěàăćěŋáâćă:

f_{1j} ≥ f_{2j} ≥ : : : ≥ f_{mjj} ; p_{1j} ≥ p_{2j} ≥ : : : ≥ p_{mjj} ; (∗)

ĺ ěáńĺ f_{rj} < f_{sj} < f_{tj}; p_{tj} > p_{sj} > p_{rj} ; âő

(f_{sj} − f_{rj})=(p_{sj} − p_{rj} ) ≥ (f_{tj} − f_{sj})=(p_{tj} − p_{sj} ): (∗∗)

1.4.1 Ŋěćëàőęďěŋŋëľ áńãçăľ

Ŕãáâì ŋěàăćěŋáâćă (∗) ĺ (∗∗) ïćńïîâáï áâàőčĺňĺ. Ŕőńőęĺň w_{1j} = 0 ŕàĺ j ∈ J: Ďńï k = 2; : : : ; m_j − 1 őąőğŋăçĺň çěàěğ w_{kj} ãğěń (f_{kj} − f_{k+1j})=(p_{kj} − p_{k+1j} ) äãŋłæĺĺ f_j (w); áőőâćěâáâćãîéĺľ ńĺŋěľŋëň äãŋłæĺïň (f_{kj} − p_{kj} w) ĺ (f_{k+1j} − p_{k+1j} w), łőíääĺæĺěŋâë łőâőàëå ïćńïîâáï áőáěďŋĺňĺ ć ŕőàïďłě (∗): Ŕàěďŕőńőęĺň, çâő ćěńĺçĺŋë w_{kj} ŕőŕăàŋő àăğńĺçŋë ŕàĺ j ∈ J ĺ k = 2; : : : ; m_j − 1: Šőčďă ćëŕőńŋïěâáï áńěďãîéěě ãâćěàęďěŋĺě Ńěňňă 1 Ěáńĺ ğăďăçă ŇĆŘ(x) àăğàěèĺňă, âő ć ŋěľ áãéěáâćãěâ ěďĺŋ-

áâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě.

Ďőłăğăâěńìáâćő. Ěáńĺ x = 0; âő y = 0 | ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě. Ďăńěě ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ąãďěň áçĺâăâì, çâő x > 0 ĺ ğăďăçă ŇĆŘ(x) ğăŕĺáăŋă ć łăŋőŋĺçěáłőľ äőàňě. Šăł łăł ğăďăçă ŇĆŘ(x) àăğàěèĺňă, âő äãŋłæĺï F_x őčàăŋĺçěŋă áŋĺğã ĺ ďőáâĺčăěâ áćőě ňĺŋĺňăńìŋőě ğŋăçěŋĺě ć ŋěłőâőàőľ âőçłě w^∗: Őąőğŋăçĺň çěàěğ w_{k0j0} ĺ w_{k1j1} ďćă áőáěďŋĺå ãğńă, ňěęďã łőâőàëňĺ ńěęĺâ w^∗:

Ŕàěďŕőńőęĺň, çâő âőçłă w^∗ ïćńïěâáï ćŋãâàěŋŋěľ âőçłőľ ĺŋâěàćăńă [w_{k0j0} ; w_{k1j1} ]: Šőčďă —(w^∗) = ȷ(w^∗) = 0: Śńěďőćăâěńìŋő, ďńï ńîąőčő w âăłőčő, çâő w_{k0j0} < w < w_{k1j1} ŕőńãçĺň —(w) = ȷ(w) = 0: Ś ďàãčőľ áâőàőŋë ďńï łőŋæőć ĺŋâěàćăńă ćëŕőńŋïîâáï áńěďãîéĺě àăćěŋáâćă ĺ ŋěàăćěŋáâćă —(w_{k0j0} ) < 0 = ȷ(w_{k0j0} ) ĺ —(w_{k1j1} ) = 0 < ȷ(w_{k1j1} ): Šăłĺň őąàăğőň, ćáě âőçłĺ àăááňăâàĺćăěňőčő ĺŋâěàćăńă ïćńïîâáï âőçłăňĺ ňĺŋĺňãňă äãŋłæĺĺ F_x: Ŕãáâì ȷ(w_{k0j0} ) = Q(x_1; : : : ; x_n) −^∑_{j∈J} x_j p_{ijj} : Šăł łăł ŋěàăćěŋáâćă (∗) ĺ (∗∗) ïćńïîâáï áâàőčĺňĺ, âő ćěńĺçĺŋë p_{ijj} őŕàěďěńïîâáï őďŋőğŋăçŋő. Řăááňőâàĺň ďőŕãáâĺňőě àěèěŋĺě (y^1_{ij}; z^1) ğăďăçĺ ŇĆŘ(x), čďě z^1 = 0; y^1_{ijj} = x_j ŕàĺ j ∈ J ĺ y^1_{ij} = 0 ćő ćáěå őáâăńìŋëå áńãçăïå. Ŕãáâì M | áâőńąæë ňăâàĺæë őčàăŋĺçěŋĺľ áőőâćěâáâćãîéĺě ŋěŋãńěćëň ŕěàěňěŋŋëň y^1_{ijj} . Őçěćĺďŋő, çâő rang(M) = n ĺ ďńï łăęďőľ ŋãńěćőľ ŕěàěňěŋŋőľ z^1 ĺńĺ y^1_{ij} áőőâćěâáâćãîéěě ďćőľáâćěŋŋőě őčàăŋĺçěŋĺě ğăďăçĺ ĎŇĆŘ(x) ćëŕőńŋïěâáï łăł áâàőčőě ŋěàăćěŋáâćő ŋă ńîąőň őŕâĺňăńìŋőň őŕâĺňăńìŋőň àěèěŋĺĺ (w; ‚); čďě w ∈ [w_{k0j0} ; w_{k1j1} ]; ‚_j = f_j (w): Őâáîďă ĺňěěň, çâő àăááňăâàĺćăěňőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ŇĆŘ(x) ïćńïěâáï ěě ěďĺŋáâćěŋŋëň őŕâĺňăńìŋëň àěèěŋĺěň.

Ŕàěďŕőńőęĺň, çâő —(w^∗) < 0 < ȷ(w^∗): Šőčďă w^∗ áőćŕăďăěâ á őďŋĺň ĺğ ãğńőć w_{k0j0} ĺńĺ w_{k1j1} ĺ ïćńïěâáï ěďĺŋáâćěŋŋőľ âőçłőľ, ć łőâőàőľ äãŋłæĺï F_x ďőáâĺčăěâ áćőě ňĺŋĺňăńìŋőě ğŋăçěŋĺě. Śńěďőćăâěńìŋő, ć ğăďăçě ĎŇĆŘ(x) áãéěáâćãěâ ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě (w^∗; ‚^∗); čďě ‚^∗_j = f_j(w^∗): Ďőŕãáâĺň, çâő w^∗ = w_{k1j1} : Šőčďă ďńï j ≠ j_1 ĺňěěň, çâő —_j (w^∗) = ȷ_j (w^∗) = −p_{ijj} : Ěáńĺ j = j_1; âő —_{j1} (w^∗) = −p_{k1j1} ĺ ȷ_{j1} (w^∗) = −p_{k1+1j1} : Řăááňőâàĺň ďőŕãáâĺňőě àěèěŋĺě (y^2_{ij}; z^2) ğăďăçĺ ŇĆŘ(x), łőâőàőě ïćńïěâáï àěèěŋĺěň áńěďãîéěľ áĺáâěňë àăćěŋáâć:

z = 0; y_{ij} = 0; j ≠ j_1; i ≠ i_j ; y_{ij1} = 0; i ≠ k_1; k_1 + 1; (1.20)

yi_jj = xj ; j ≠ j1; (1.21) y_{k1j1} + y_{k1+1j1} = x_{j1} ; (1.22) ∑ j≠j_1 p_{ijj} y_{ijj} + p_{k1j1} y_{k1j1} + p_{k1+1j1} y_{k1+1j1} = Q(x_1; : : : ; x_n): (1.23) Šăł łăł —(w^∗) < 0 < ȷ(w^∗); âő őąě ŕěàěňěŋŋëě y^2_{k1j1} ĺ y^2_{k1j1} ïćńïîâáï ŋěŋãńěćëňĺ. Łăł ĺ ć ŕàěďëďãéěň áńãçăě, àăááňőâàĺň ňŋőęěáâćő M | áâőńąæőć ňăâàĺæë őčàăŋĺçěŋĺľ, áőőâćěâáâćãîéĺå ŋěŋãńěćëň ŕěàěňěŋŋëň y^2_{ij} . Šăł łăł àăŋč ňăâàĺæë M àăćěŋ n+1; âő ěáâì çĺáńã ŋěŋãńěćëå ŕěàěňěŋŋëå, âő àěèěŋĺě áĺáâěňë ãàăćŋěŋĺľ (1.20)-(1.23) ïćńïěâáï ąăğĺáŋëň ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ ŇĆŘ(x). Şçĺâëćăï, çâő ďńï ŋãńěćëå ŕěàěňěŋŋëå áőőâćěâáâćãîéĺě ďćőľáâćěŋŋëě őčàăŋĺçěŋĺï ğăďăçĺ ĎŇĆŘ(x) ćëŕőńŋïîâáï łăł áâàőčĺě ŋěàăćěŋáâćă ŋă őŕâĺňăńìŋőň àěèěŋĺĺ (w^∗; ‚^∗); âő (y^2_{ij}; z^2) | ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŇĆŘ(x). Śńãçăľ, łőčďă w^∗ = w_{k0j0} ; ďőłăğëćăěâáï ăŋăńőčĺçŋëň őąàăğőň.

Ŕàěďŕőńőęĺň, çâő äãŋłæĺï F_x ďőáâĺčăěâ áćőě ňĺŋĺňăńìŋőě ğŋăçěŋĺě ć âőçłě w^∗ = 0 ĺ ȷ(0) > 0; âőčďă őŕâĺňăńìŋőě àěèěŋĺě ćŋãâàěŋŋěľ ğăďăçĺ ïćńïěâáï ěďĺŋáâćěŋŋëň ĺ őŕàěďěńïěâáï áńěďãîéĺňĺ áőőâŋőèěŋĺïňĺ y^3_{1j} = x_j ; y^3_{kj} = 0; j ∈ J; k ≠ 1; z^3 = Q(x_1; : : : ; x_n) −^∑_j p_{1j} x_j :

Řăááňőâàĺň ŕőáńěďŋĺľ áńãçăľ, łőčďă w^∗ áőćŕăďăěâ á ňăłáĺňăńìŋëň áàěďĺ ćáěå ãğńőć ĺ ȷ(w^∗) = 0: Šőčďă áńěďãîéěě àěèěŋĺě y^4_{mjj} = x_j ; y^4_{kj} = 0; j ∈ J; k ≠ m_j; z^4 = 0 ïćńïěâáï ěďĺŋáâćěŋŋëň őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ ŇĆŘ(x). Ńěňňă 1 ďőłăğăŋă.

Ĺğ Ńěňňë 1 áńěďãěâ, çâő ńîąőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (1.12){ (1.16) ïćńïěâáï čăàăŋâĺàőćăŋŋëň ĺ ńîąőě ěě őŕâĺňăńìŋőě àěèěŋĺě ïćńïěâáï ŋăĺńãçèĺň čăàăŋâĺàőćăŋŋëň àěèěŋĺěň.

Ŕàěďáâăćĺň ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ (1.12){(1.16) ć ćĺďě őąìěďĺŋěŋĺï ŕőďňŋőęěáâć: ˝_0; ˝_1; : : : ; ˝_L; ˝_{L+1}; ˝_{L+2}: Ďńï íâőčő ãŕőàïďőçĺň ćěńĺçĺŋë w_{kj} ć ŕőàïďě ćőğàăáâăŋĺï:

w_{i(1)j(1)} = 0 < w_{i(2)j(2)} < : : : < w_{i(l)j(l)} < : : : < w_{i(L+1)j(L+1)}; čďě L =^∑_j (m_j − 1) | çĺáńő ŋěŋãńěćëå ãğńőć äãŋłæĺľ f_j (w): Ěáńĺ ćěłâőà (x; y) = (0; 0) | ďőŕãáâĺňőě àěèěŋĺě, âő ˝_0 = {(0; 0)}: Ňŋőęěáâćő ˝_1 áőáâőĺâ ĺğ ćáěå ďőŕãáâĺňëå àěèěŋĺľ (x; y); ďńï łőâőàëå äãŋłæĺï F_x ďőáâĺčăěâ áćőěčő ňĺŋĺňăńìŋőčő ğŋăçěŋĺï ć âőçłě w = 0 ĺ ȷ(0) > 0: Ăŋăńőčĺçŋëň őąàăğőň ć ňŋőęěáâćő ˝_l; l = 2; : : : ; L + 1; ŕőňěáâĺň ćáě ďőŕãáâĺňëě àěèěŋĺï (x; y); ďńï łőâőàëå äãŋłæĺï F_x ďőáâĺčăěâ ňĺŋĺňãňă ć ãğńě w_{i(l)j(l)} ĺ —(w_{i(l)j(l)}) ≤ 0 < ȷ(w_{i(l)j(l)}): (1.24) Ňŋőęěáâćő ˝_{L+2} áőďěàęĺâ ćáě ďőŕãáâĺňëě àěèěŋĺï, ďńï łőâőàëå ĺňěěâ ňěáâő ãáńőćĺě ȷ(w_{i(L+1)j(L+1)}) = 0:

Ŕãáâì (x; y) | ŕàőĺğćőńìŋőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (1.12){ (1.16). Šőčďă ć ğăďăçě ĎŇĆŘ(x) áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě (w^∗; ‚^∗); ďńï łőâőàőčő ćëŕőńŋïîâáï ŋěàăćěŋáâćă —(w^∗) ≤ 0 ≤ ȷ(w^∗): Łăł áńěďãěâ ĺğ ďőłăğăâěńìáâćă Ńěňňë 1, ňőęŋő áçĺâăâì, çâő w^∗ = w_{i(l)j(l)} ďńï ŋěłőâőàőčő l: Ěáńĺ ȷ(w^∗) > 0; âő (x; y) ∈ ˝_l: Ěáńĺ ȷ(w^∗) = 0; âő ĺğ àăćěŋáâć ȷ(w_{i(l)j(l)}) = —(w_{i(l+1)j(l+1)}) = 0 ĺňěěň (x; y) ∈ ˝_{l+1}: Śńěďőćăâěńìŋő, ňŋőęěáâćă ˝_0; ˝_1; : : : ; ˝_L; ˝_{L+1}; ˝_{L+2} ïćńïîâáï àăğąĺěŋĺěň ďőŕãáâĺňőľ őąńăáâĺ ğăďăçĺ (1.12){(1.16).

Ŕőłăęěň, çâő, ěáńĺ ňŋőęěáâćő ˝_l ŋěŕãáâő, âő őŋő áőćŕăďăěâ, á ňŋőęěáâćőň àěèěŋĺľ ŋěłőâőàőľ áĺáâěňë ńĺŋěľŋëå àăćěŋáâć ĺ ŋěàăćěŋáâć. Őŕàěďěńĺň äãŋłæĺî q(j; l); łăł âăłőľ ŋőňěà, ďńï łőâőàőčő ćëŕőńŋïěâáï àăćěŋáâćő −p_{q(j,l)j} = ȷ_j(w_l):

Šăł łăł ŋěàăćěŋáâćă (∗) ĺ (∗∗) ïćńïîâáï áâàőčĺňĺ, âő ŋőňěà q(j; l) őŕàěďěńïěâáï őďŋőğŋăçŋëň őąàăğőň. Őçěćĺďŋő, çâő q(j; 1) = 1 ĺ, ěáńĺ q(j; l − 1) ĺğćěáâŋő, âő

q(j; l) = q(j; l − 1); ěáńĺ j ≠ j(l); q(j; l − 1) + 1; ěáńĺ j = j(l):

Ĺğ íâĺå áőőâŋőèěŋĺľ áńěďãěâ, çâő äãŋłæĺï q(j; l) ŕőńĺŋőňĺăńìŋő ćëçĺáńĺňă.

Ńěňňă 2 Ćěłâőà (x; y) ∈ ˝_l; 1 < l < L + 2 âőčďă ĺ âőńìłő âőčďă,

łőčďă ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (1.13) ĺ y | àěèěŋĺě áĺáâěňë ãàăćŋěŋĺľ (1.20){(1.23) ďńï ãğńă w_{i(l)j(l)}; čďě l őŕàěďěńïěâáï ãáńőćĺïňĺ: ∑ j p_{q(j,l)j} x_j < Q(x_1; : : : ; x_n) ≤^∑_j p_{q(j,l−1)j} x_j : (1.25)

Ďőłăğăâěńìáâćő. Ŕãáâì (x; y) ∈ ˝_l: Šőčďă ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (1.13). Ěáńĺ ŋěàăćěŋáâćă (1.24) áâàőčĺě, âő, łăł áńěďãěâ ĺğ ďőłăğăâěńìáâćă Ńěňňë 1, y | àěèěŋĺě áĺáâěňë ãàăćŋěŋĺľ (1.20){(1.23). Ěáńĺ ć (1.24) ďőáâĺčăěâáï àăćěŋáâćő, âő y áőćŕăďăěâ á àěèěŋĺěň y^1 ŕőńãçěŋŋőň ć Ńěňňě 1. Őďŋăłő, ĺğ ãáńőćĺï —(w_{i(l)j(l)}) = 0 áńěďãěâ, çâő ć ńîąőň àěèěŋĺĺ y^2 áĺáâěňë (1.20){(1.23) ŕěàěňěŋŋăï y^2_{q(j,l)} ąãďěâ àăćŋă ŋãńî. Śńěďőćăâěńìŋő, y^2 = y^1 = y: Őáâăńőáì ğăňěâĺâì, çâő ãáńőćĺï (1.24) ĺğ őŕàěďěńěŋĺï ňŋőęěáâćă ˝_l íłćĺćăńěŋâŋë ŋěàăćěŋáâćăň, á ŕőňőéìî łőâőàëå őŕàěďěńïěâáï ŋőňěà l: Ďőłăğăâěńìáâćő ãâćěàęďěŋĺï ć őąàăâŋãî áâőàőŋã őçěćĺďŋő. Ńěňňă 2 ďőłăğăŋă.

Ŕàĺćěďěň áőőâćěâáâćãîéĺě őŕĺáăŋĺï ďńï ňŋőęěáâć ˝_1 ĺ ˝_{L+2}: Ňŋőęěáâćő ˝_1 áőáâőĺâ ĺğ ćáěå ďőŕãáâĺňëå àěèěŋĺľ (x; y); łăęďőě ĺğ łőâőàëå ãďőćńěâćőàïěâ áńěďãîéĺň ãáńőćĺïň:

y = y^3 ĺ^∑_j p_{q(j,1)j} x_j =^∑_j p_{1j}x_j > Q(x_1; : : : ; x_n):

Śőőâćěâáâćãîéĺě ãáńőćĺï ďńï ňŋőęěáâćă ˝_{L+2} ĺňěîâ ćĺď:

y = y^4 ĺ^∑_j p_{q(j,L+1)j} x_j =^∑_j p_{mj j}x_j = Q(x_1; : : : ; x_n):

Ŕãáâì 1 < l < L + 2: Šőčďă àěèěŋĺě ğăďăçĺ (1.12){(1.16) ŋă ňŋőęěáâćě ˝_l íłćĺćăńěŋâŋő àěèěŋĺî áńěďãîéěľ ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (P_l): max_{x≥0} c x + d y; Ax + By ≤ b;

y_{ij} = 0; j ≠ j(l); i ≠ q(j; l);

y_{ij(l)} = 0; i ≠ q(j(l); l) − 1; q(j(l); l);

y_{q(j,l)j} = x_j ; j ≠ j(l);

y_{q(j(l),l)−1j(l)} + y_{j(l),l)j(l)} = x_{j(l)}; ∑ j≠j(l) p_{q(j,l)j} y_{q(j,l)j}+p_{q(j(l),l)−1j(l)}y_{q(j(l),l)−1j(l)}+p_{q(j(l),l)j(l)}y_{q(j(l),l)j(l)} = Q(x_1; : : : ; x_n); ∑ j p_{q(j,l)j} x_j < Q(x_1; : : : ; x_n) ≤^∑_j p_{q(j,l−1)j} x_j :

Ďńï ňŋőęěáâć ˝_1 ĺ ˝_{L+2} ŕőńãçĺň ěéě ďćě ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (P_1): max_{x≥0} c x + d y; Ax + By ≤ b;

y_{kj} = 0; j ∈ J; k ≠ 1;

y_{1j} = x_j ; ∑ j p_{1j} x_j > Q(x_1; : : : ; x_n);

ĺ, áőőâćěâáâćěŋŋő, (P_{L+2}): max_{x≥0} c x + d y; Ax + By ≤ b;

ykj = 0; j ∈ J; k ≠ mj;

y_{mjj} = x_j; ∑ j p_{mjj} x_j = Q(x_1; : : : ; x_n):

Ňŋőęěáâćã ˝_0 áőőâćěâáâćãěâ âàĺćĺăńìŋăï ğăďăçă ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (P_0); łőâőàăï áćőďĺâáï ł ŕàőćěàłě ćëŕőńŋĺňőáâĺ őčàăŋĺçěŋĺľ Ax + By ≤ b; ŋă ćěłâőàě (x; y) = (0; 0):

Šăłĺň őąàăğőň, ěáńĺ ĺáåőďŋăï ğăďăçă àăğàěèĺňă, âő áàěďĺ ğăďăç P_l ŋăľďãâáï àăğàěèĺňëě. Ć íâőň áńãçăě ňőčãâ áãéěáâćőćăâì ŋěďőŕãáâĺňëě ğăďăçĺ P_l, ŋő ŋě ďőńęŋő ąëâì ŋěőčàăŋĺçěŋŋëå áćěàåã ğăďăç. Šăł łăł ğăďăçĺ P_l ňőčãâ ąëâì àěèěŋë âőçŋő á ŕőňőéìî áâăŋďăàâŋëå ŕőńĺŋőňĺăńìŋëå ăńčőàĺâňőć [29] ĺ ĺå çĺáńő őčàăŋĺçěŋő ŕőńĺŋőňőň őâ àăğňěàŋőáâĺ ĺáåőďŋëå ďăŋŋëå, âő ĺňěěň áńěďãîéĺľ àěğãńìâăâ Šěőàěňă 4 Ğăďăçă (1.12){(1.16) ŕőńĺŋőňĺăńìŋő àăğàěèĺňă.

Čńăćă 2 Ŋěńĺŋěľŋëě ňőďěńĺ

Ŋăĺąőńìèěě ćŋĺňăŋĺě ć ďćãåãàőćŋěćőň ŕàőčàăňňĺàőćăŋĺĺ ãďěńïěâáï ńĺŋěľŋëň ğăďăçăň, ĺ áćïğăŋő íâő á âěň, çâő ňŋőčĺě âàãďŋőáâĺ, ćőğŋĺłăîéĺě ŕàĺ áőğďăŋĺĺ ňěâőďőć àěèěŋĺï ćëŕãłńëå ĺńĺ ŋěńĺŋěľŋëå ğăďăç, ňőčãâ ąëâì ĺááńěďőćăŋë ć ńĺŋěľŋőň áńãçăě. Ć àïďě áńãçăěć íâő ŕőğćőńĺńő ŕőáâàőĺâì ăńčőàĺâňë, łőâőàëě ãáŕěèŋő ĺáŕőńìğőćăńĺáì ďńï àěèěŋĺï ćëŕãłńëå ĺńĺ ŋěńĺŋěľŋëå ğăďăç [47, 50, 53, 80, 83]. Ć ŕőáńěďŋĺě čőďë ąőńěě ĺŋâěŋáĺćŋő áâăńĺ ĺğãçăâìáï áćőľáâćă łőŋłàěâŋëå ğăďăç ŋěńĺŋěľŋőčő ĺńĺ çăáâĺçŋő æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï [9, 10, 11, 13, 28, 15, 19, 30, 73].

Ć ďăŋŋőľ čńăćě àăááňăâàĺćăěâáï łńăáá ğăďăç ďćãåãàőćŋěćőčő ŋěńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, ć łőâőàëå őčàăŋĺçěŋĺï ĺ æěńěćëě äãŋłæĺĺ ňőčãâ áőďěàęăâì ŋěńĺŋěľŋëě áńăčăěňëě áŕěæĺăńìŋőčő ćĺďă.

Ć àăğďěńě 2.1 ŕàĺćőďĺâáï ŕőáâăŋőćłă ğăďăçĺ ĺ ŋěőąåőďĺňëě őąőğŋăçěŋĺï.

Ć àăğďěńě 2.2 ŕàĺćőďĺâáï ďőłăğăâěńìáâćő ŕőńĺŋőňĺăńìŋőľ àăğàěèĺňőáâĺ ğăďăçĺ ć ŋěćëàőęďěŋŋőň áńãçăě.

Ć àăğďěńě 2.3 àăááňăâàĺćăěâáï ćëàőęďěŋŋëľ áńãçăľ.

2.1 Ŕőáâăŋőćłă ğăďăçĺ

Řăááňőâàĺň áńěďãîéãî ğăďăçã ďćãåãàőćŋěćőčő ŋěńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (ĎŊŔ):

min_{x,y} (cx + dy); (2.1) Cx + D(z)y ≥ b; (2.2) x; y ≥ 0; (2.3) čďě z | őŕâĺňăńìŋőě àěèěŋĺě ŋěńĺŋěľŋőľ ğăďăçĺ ő àăŋæě (ŊĞŘ(y)):

max_z yQ(z); (2.4)

yz ≤ w; (2.5) z ≥ 0: (2.6) Ąãďěň ŕàěďŕőńăčăâì, çâő ćěłâőàë y ĺ z ĺňěîâ őďĺŋăłőćãî àăğňěàŋőáâì, y = (y_i); z = (z_i); i ∈ I = {1; :::; m}, Q(z) { m-ğŋăçŋăï ćěłâőàäãŋłæĺï á łőňŕőŋěŋâăňĺ (Q_1(z_1); :::; Q_m(z_m)), ćěńĺçĺŋă w ŕàĺŋĺňăěâ ŋěőâàĺæăâěńìŋëě ğŋăçěŋĺï ĺ äãŋłæĺőŋăńìŋăï ňăâàĺæă D(z) áńěďãîéĺň őąàăğőň ćëàăęăěâáï çěàěğ ćěłâőà-äãŋłæĺî Q(z) :

D(z) = (d^1_{si} + d^2_{si}Q_i(z_i)):

Ťãŋłæĺĺ Q_i(z_i) ïćńïîâáï ćőčŋãâëňĺ łãáőçŋő-ńĺŋěľŋëňĺ, őŕàěďěńěŋŋëňĺ ďńï ćáěå z_i ≥ 0 ĺ Q_i(0) = 0:

Ŕàěďŕőńőęĺň, çâő čàăäĺł łăęďőľ äãŋłæĺĺ Q_i áőáâőĺâ ĺğ łőŋěçŋőčő çĺáńă ńĺŋěľŋëå áěčňěŋâőć á ŋěŋãńěćëňĺ ãčńőćëňĺ łőíääĺæĺěŋâăňĺ. Ŕãáâì K_i ≥ 1 | çĺáńő ńĺŋěľŋëå áěčňěŋâőć á ŕőńőęĺâěńìŋëňĺ ãčńőćëňĺ łőíääĺæĺěŋâăňĺ. Őąőğŋăçĺň çěàěğ ¸_{ik} ĺ ˛_{ik} ãğńë ĺ ãčńőćëě łőíääĺæĺěŋâë äãŋłæĺĺ Q_i; i ∈ I. Ňŋőęěáâćő I àăğőąìěň ŋă ďćă ŋěŕěàěáěłăîéĺåáï ŕőďňŋőęěáâćă I_1; I_2. Ŋőňěà i ŕàĺŋăďńěęĺâ ňŋőęěáâćã I_1; ěáńĺ čàăäĺł äãŋłæĺĺ Q_i áőáâőĺâ âőńìłő ĺğ ńĺŋěľŋëå áěčňěŋâőć á ŕőńőęĺâěńìŋëňĺ ãčńőćëňĺ łőíääĺæĺěŋâăňĺ (àĺá. 2.1). Ěáńĺ čàăäĺł äãŋłæĺĺ Q_i áőďěàęĺâ ńĺŋěľŋëě áěčňěŋâë á őâàĺæăâěńìŋëňĺ ãčńőćëňĺ łőíääĺæĺěŋâăňĺ, âő i ∈ I_2 (àĺá. 2.2). Ć ŕěàćőň áńãçăě äãŋłæĺï Q_i ĺňěěâ K_i ãğńőć ¸_{ik}: Ďńï i ∈ I_2 őčàăŋĺçĺňáï àăááňőâàěŋĺěň ãğńőć ¸_{ik}, 1 ≤ k ≤ K_i + 1, áőőâćěâáâćãîéĺå ńĺŋěľŋëň áěčňěŋâăň á ŕőńőęĺâěńìŋëňĺ ãčńőćëňĺ łőíääĺæĺěŋâăňĺ. Őąőğŋăçĺň çěàěğ ¸^i ćěłâőà á łőňŕőŋěŋâăňĺ ¸_{ik}: Ďńï i ∈ I_1 ććěďěň ďőŕőńŋĺâěńìŋëľ ãğěń ¸_{iKi+1} = +∞. Ďńï łăęďőčő i ∈ I ŕőńőęĺň ˛_{iKi+1} = 0: Ąãďěň áçĺâăâì, çâő 0 = ¸_{i1} < ¸_{i2} < : : : < ¸_{iKi+1}: Ŕàěďŕőńőęĺň âăłęě, çâő ĺáåőďŋëě ďăŋŋëě ğăďăçĺ ïćńïîâáï àăæĺőŋăńìŋëňĺ ćěńĺçĺŋăňĺ.

Ŕãáâì ¸ { ćěłâőà á łőňŕőŋěŋâăňĺ ¸_1; : : : ; ¸_{K+1} âăłĺňĺ, çâő 0 = ¸_1 < ¸_2 < : : : < ¸_{K+1} ≤ +∞: Ŕőńőęĺň S_k(¸) = [¸_k; ¸_{k+1}]; 1 ≤ k ≤ K − 1: Ěáńĺ ¸_{K+1} < +∞; âő S_K (¸) = [¸_K ; ¸_{K+1}]: Ďńï ¸_{K+1} = +∞ ŕőńőęĺň S_K (¸) = [¸_K ; ¸_{K+1}): Ăŋăńőčĺçŋő, ŕãáâì S(¸) = [¸_1; ¸_{K+1}]; ěáńĺ ¸_{K+1} < +∞; ĺ S(¸) = [¸_1; ¸_{K+1}); ěáńĺ ¸_{K+1} = +∞:

´´ ´´ ´´ ´� � � !! !

! !!

(((((((( (

α_{i1} β_{i1} α_{i2} β_{i2}

6^{Qi(zi)}

- z_i α_{iKi} β_{iKi}

Řĺá. 2.1: Čàăäĺł äãŋłæĺĺ Q_i(z_i), i ∈ I_1 α_{i1} β_{i1} α_{i2} β_{i2}

6^{Qi(zi)}

- z_i α_{iKi} β_{iKi}

ˇˇ ˇˇ ˇæ ææ ææ æ !!!! !!

α_{iKi+1}

bbb bT TT TT T æ A AA

Řĺá. 2.2: Čàăäĺł äãŋłæĺĺ Q_i(z_i), i ∈ I_2

Őąőğŋăçĺň çěàěğ P ňŋőęěáâćő ŋěãąëćăîéĺå ćőčŋãâëå łãáőçŋő-ńĺŋěľŋëå äãŋłæĺľ, őŕàěďěńěŋŋëå ŋă ĺŋâěàćăńě [0; +∞) áő ğŋăçěŋĺïňĺ ć R: Řăááňőâàĺň äãŋłæĺî f ĺğ ňŋőęěáâćă P á ãğńăňĺ 0 = ¸_1 < ¸_2 < : : : < ¸_{K+1} ≤ +∞ ĺ ãčńőćëňĺ łőíääĺæĺěŋâăňĺ ˛_1 > ˛_2 > : : : > ˛_{K+1} = 0: Ćëàăęěŋĺě f = P[(¸_1; ˛_1); : : : ; (¸_l; ˛_l); : : : ; (¸_{K+1}; ˛_{K+1})] őğŋăçăěâ áńěďãîéěě. Ěáńĺ ¸_{K+1} < +∞; âő čàăäĺł äãŋłæĺĺ f áőďěàęĺâ K ńĺŋěľŋëå őâàěğłőć ĺ ńãç, ćëåőďïéĺľ ĺğ âőçłĺ (¸_{K+1}; f(¸_{K+1})) á ãčńőćëň łőíääĺæĺěŋâőň ˛_{K+1} = 0: Ěáńĺ ¸_{K+1} = +∞; âő čàăäĺł äãŋłæĺĺ f áőďěàęĺâ K − 1 ńĺŋěľŋëå őâàěğłőć ĺ ńãç, ćëåőďïéĺľ ĺğ âőçłĺ (¸_K ; f(¸_K )) á ãčńőćëň łőíääĺæĺěŋâőň ˛_K > 0; ă ćěńĺçĺŋă ˛_{K+1} áőőâćěâáâćãěâ ŕãáâőňã áěčňěŋâã. Ŕăàă (¸_l; ˛_l) őğŋăçăěâ, çâő ĺğ âőçłĺ (¸_l; f(¸_l)) čàăäĺłă äãŋłæĺĺ f ćëåőďĺâ ńĺŋěľŋëľ őâàěğőł á ãčńőćëň łőíääĺæĺěŋâőň ˛_l: Ćëàăęěŋĺě f ∈ P[(¸_1; ˛_1); : : : ; (¸_l; ˛_l)] őğŋăçăěâ, çâő ŕěàćëě l ńĺŋěľŋëå őâàěğłőć čàăäĺłă äãŋłæĺĺ f ĺňěîâ ãčńőćëě łőíääĺæĺěŋâë ˛_1 > : : : > ˛_l:

2.2 Ŋěćëàőęďěŋŋëľ áńãçăľ

Ŕàěďŕőńőęĺň, çâő ćěńĺçĺŋë ˛_{ik}; i ∈ I; k ∈ [1; K_i]; ŕőńőęĺâěńìŋë ĺ ŕőŕăàŋő àăğńĺçŋë. Ć íâőň áńãçăě, łăł ąãďěâ ďőłăğăŋő ŋĺęě, ğăďăçă ĎŊŔ ïćńïěâáï ŋěćëàőęďěŋŋőľ.

2.2.1 Ťãŋłæĺï ćőğňãéěŋĺï ğăďăçĺ ŊĞŘ(y)

Ťãŋłæĺěľ ćőğňãéěŋĺï ğăďăçĺ ŊĞŘ(y) ŋăğőćěň äãŋłæĺî p_y ; ğŋăçěŋĺï łőâőàőľ őŕàěďěńïîâáï àăćěŋáâćőň p_y(w) = max_z{yQ(z) | yz ≤ w; z ≥ 0}: Ŋĺęě, ěáńĺ ŋě őčőćőàěŋő ŕàőâĺćŋőě, ąãďěň ŕàěďŕőńăčăâì, çâő y ≥ 0 ĺ y ≠ 0: Ŋěâàãďŋő ŕàőćěàĺâì, çâő äãŋłæĺï yQ(z) ïćńïěâáï ćőčŋãâőľ ĺ łãáőçŋő-ńĺŋěľŋőľ őâŋőáĺâěńìŋő ŕěàěňěŋŋëå z: Śńěďőćăâěńìŋő, ŕőďčàăäĺł äãŋłæĺĺ p_y | ŕàőěłæĺï ćëŕãłńőčő ňŋőčőčàăŋŋőčő ňŋőęěáâćă {(w; q; z) ∈ R^{2+m} | yQ(z) ≥ q; yz ≤ w; z ≥ 0} ŋă ŕàőáâàăŋáâćő R^2 ŕěàěňěŋŋëå w ĺ q: Ŕőíâőňã p_y ∈ P:

Őąőğŋăçĺň çěàěğ p_i äãŋłæĺî ćőğňãéěŋĺï ğăďăçĺ (2.4){(2.6) ďńï ćěłâőàă y á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ y_i > 0: Őçěćĺďŋő, çâő p_i ∈ P: Ńěňňă 3 Ďńï ńîąőčő y_i > 0 äãŋłæĺï p_i ïćńïěâáï ćőğàăáâăîéěľ ŋă

ĺŋâěàćăńě S(y_i¸^i) ĺ p_i = P[(y_i¸_{i1}; ˛_{i1}); : : : ; (y_i¸_{ik}; ˛_{ik}); : : : ; (y_i¸_{iKi+1}; ˛_{iKi+1})]:

Ďőłăğăâěńìáâćő. Ŕő őŕàěďěńěŋĺî äãŋłæĺï Q_i ïćńïěâáï ćőčŋãâőľ. Šăł łăł ćěńĺçĺŋë ˛_{ik}; i ∈ I ĺ k ∈ [1; K_i]; ŕőńőęĺâěńìŋë, âő äãŋłæĺï ïćńïěâáï ćőğàăáâăîéěľ ŋă ĺŋâěàćăńě S(¸^i): Ŕőíâőňã ďńï ńîąőčő w ≥ 0 âăłőčő, çâő (w=y_i) ∈ S(¸^i); ğŋăçěŋĺě p_i(w) ďőáâĺčăěâáï, łőčďă őčàăŋĺçěŋĺě y_iz_i ≤ w ćëŕőńŋïěâáï łăł àăćěŋáâćő. Šőčďă ďńï ńîąőčő z_i ∈ S(¸^i) ĺňěěň p_i(y_iz_i) = y_iQ_i(z_i): Śńěďőćăâěńìŋő, äãŋłæĺï p_i ïćńïěâáï ćőğàăáâăîéěľ ŋă ĺŋâěàćăńě S(y_i¸^i): Ć çăáâŋőáâĺ, őâáîďă ŕőńãçăěň, çâő ďńï ńîąőčő w ∈ S(y_i¸^i) áãéěáâćãěâ ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě z^∗_i = w=y_i:

Šăł łăł Q_i | łãáőçŋő-ńĺŋěľŋăï äãŋłæĺï, âő ďńï ńîąőčő z_i ∈ S_k(¸^i) ĺňěěň Q_i(z_i) = Q_i(¸_{ik}) + ˛_{ik}(z_i − ¸_{ik}); (2.7) čďě k = 1; : : : ; K_i: Şňŋőęăï őąě çăáâĺ àăćěŋáâćă ((2.7)) ŋă y_i ĺ ãçĺâëćăï, çâő p_i(y_iz_i) = y_iQ_i(z_i) ĺ p_i(y_i¸_{ik}) = y_iQ_i(¸_{ik}); ŕőńãçăěň

p_i(y_iz_i) = p_i(y_i¸_{ik}) + y_i˛_{ik}(z_i − ¸_{ik});

čďě z_i ∈ S_k(¸^i) ĺ k = 1; : : : ; K_i: Ŕőďáâăŋőćłă w = y_iz_i ďăěâ áńěďãîéěě àăćěŋáâćő p_i(w) = p_i(y_i¸_{ik}) + ˛_{ik}(w − y_i¸_{ik});

čďě w ∈ S_k(y_i¸^i); k = 1; : : : ; K_i: Ŕőłăęěň, çâő íâő àăćěŋáâćő ćëŕőńŋïěâáï ďńï äãŋłæĺĺ p_i ĺ ŋă ĺŋâěàćăńě (y_i¸_{iKi+1}; +∞): Ěáńĺ i ∈ I_1; âő íâőâ ĺŋâěàćăń ïćńïěâáï ŕãáâëň. Ŕãáâì i ∈ I_2: Šăł łăł ďńï z_i > ¸_{iKi+1} áŕàăćěďńĺćő ŋěàăćěŋáâćő Q_i(z_i) < Q_i(¸_{iKi+1}); âő p_i(y_iz_i) ďőáâĺčăěâáï ŋă őŕâĺňăńìŋőň àěèěŋĺĺ z^∗_i = ¸_{iKi+1}: Śńěďőćăâěńìŋő, ďńï w ≥ y_i¸_{iKi+1} ĺňěěň p_i(w) = p_i(y_i¸_{iKi+1}): Šőčďă ŕàĺ w ≥ y_i¸_{iKi+1} ćěàŋő àăćěŋáâćő

pi(w) = pi(yi¸iK_i+1) + ˛iK_i+1(w − yi¸iK_i+1):

İâő őğŋăçăěâ, çâő p_i = P[(y_i¸_{i1}; ˛_{i1}); : : : ; (y_i¸_{ik}; ˛_{ik}); : : : ; (y_i¸_{iKi+1}; ˛_{iKi+1})]: Ńěňňă 3 ďőłăğăŋă.

Őąőğŋăçĺň çěàěğ p^∗_y äãŋłæĺî ćőğňãéěŋĺï áńěďãîéěľ ğăďăçĺ

max{p_1(w_1) + : : : + p_m(w_m) | w_i ∈ R; w_i ≥ 0; w_1 + : : : + w_m = w}: (2.8)

Ěáńĺ y_i = 0; âő ąãďěň áçĺâăâì, çâő ŋă ĺŋâěàćăńě [0; +∞) äãŋłæĺï p_i âőęďěáâćěŋŋő àăćŋă 0. Şŕőàïďőçĺň ŕő ãąëćăŋĺî ŕőńőęĺâěńìŋëě ãčńőćëě łőíääĺæĺěŋâë ćáěå äãŋłæĺľ p_i; ďńï łőâőàëå y_i > 0; ˛_{i(1)k(1)} > ˛_{i(2)k(2)} > : : : > ˛_{i(Ky)k(Ky)} > 0; (2.9) čďě K_y =^∑_{i:yi>0} K_i: Őŕàěďěńĺň ŋőňěà K_u áńěďãîéĺň őąàăğőň. Ěáńĺ áàěďĺ äãŋłæĺľ p_i; ďńï łőâőàëå y_i > 0; ěáâì ŋěőčàăŋĺçěŋŋëě äãŋłæĺĺ ŋă ĺŋâěàćăńě [0; +∞); âő ŕőńőęĺň K_u àăćŋëň ŋăĺňěŋìèěňã l âăłőňã, çâő y_{i(l)} > 0; i(l) ∈ I_1 ĺ k(l) = K_{i(l)}: Ěáńĺ ćáě äãŋłæĺĺ p_i; ďńï łőâőàëå y_i > 0; ïćńïîâáï őčàăŋĺçěŋŋëňĺ, âő ŕőńőęĺň K_u = K_y: Ććěďěň ćěńĺçĺŋë ‚_1; : : : ; ‚_{Ku} âăłĺě, çâő 0 = ‚_1 < : : : < ‚_{Ku} ; ĺ ŕàĺ ńîąőň l; 1 < l ≤ K_u; ‚_l =^{l−1∑}_{t=1} y_{i(t)}(¸_{i(t)k(t)+1} − ¸_{i(t)k(t)});

ĺ ďőŕőńŋĺâěńìŋëľ ãğěń

‚_{Ku+1} =

+∞; ěáńĺ I_1 ≠ ∅; Ku∑ t=1 y_{i(t)}(¸_{i(t)k(t)+1} − ¸_{i(t)k(t)}); ěáńĺ I_1 = ∅:

Ŕőńőęĺň ˛_{i(Ku+1)k(Ku+1)} = 0:

Ďńï ńîąëå l; 1 ≤ l ≤ K_u; ĺ i; 1 ≤ i ≤ m; ććěďěň ňŋőęěáâćă T^l_i = {t | 1 ≤ t ≤ l − 1; i(t) = i}: Ďńï łăęďőľ ŕăàë (i; l); 1 ≤ i ≤ m; 1 ≤ l ≤ K_u; őŕàěďěńĺň äãŋłæĺî h(i; l) = |T^l_i |: Ĺğ őŕàěďěńěŋĺï ňŋőęěáâć T^l_i áńěďãěâ, çâő ćěńĺçĺŋă h(i; l) àăćŋă çĺáńã őâàěğłőć äãŋłæĺĺ Q_i; ãčńőćëě łőíääĺæĺěŋâë łőâőàëå áâàőčő ąőńìèě ˛_{i(l)k(l)}: Őąőğŋăçĺň çěàěğ ¸_l; 1 ≤ l ≤ K_u; ćěłâőà á łőňŕőŋěŋâăňĺ ¸_{ih(i,l)+1}: Ěáńĺ I_1 = ∅; âő ŕàĺ łăęďőň i ććěďěň ňŋőęěáâćă T^{Ku+1}_i : Ŕőńőęĺň h(i; K_u + 1) = |T^{Ku+1}_i |: Šěŕěàì ć łăçěáâćě ¸_{Ku+1} ćőğìňěň ćěłâőà á łőňŕőŋěŋâăňĺ ¸_{ih(i,Ku+1)}; i ∈ I: Ńěňňă 4 Ěáńĺ ćěńĺçĺŋă ‚_{l+1} łőŋěçŋă, âő áŕàăćěďńĺćő àăćěŋáâćő ‚_l = ¸_ly ĺ ćáě łőňŕőŋěŋâë ćěłâőàőć ¸_l ĺ ¸_{l+1}; ğă ĺáłńîçěŋĺěň łőňŕőŋěŋâë á ŋőňěàőň i(l); áőćŕăďăîâ.

Ďőłăğăâěńìáâćő. Ĺğ őŕàěďěńěŋĺï ćěńĺçĺŋë ‚_l ĺ ňŋőęěáâć T^l_i áńěďãěâ, çâő ‚_l =^{m∑}_{i=1}^∑_{t∈T l} i y_{i(t)}(¸_{i(t)k(t)+1} − ¸_{i(t)k(t)}):

Šăł łăł {k(t) | t ∈ T^l_i } = {1; : : : ; h(i; l)}; âő ‚_l =^{m∑}_{i=1}^{h(i,l)∑}_{s=1} y_i(¸_{is+1} − ¸_{is}):

Ĺğ àăćěŋáâć^{h(i,l)∑}_{s=1} y_i(¸_{is+1} − ¸_{is}) = y_i¸_{ih(i,l)+1}; 1 ≤ i ≤ m; áńěďãěâ, çâő ‚_l =^{m∑}_{i=1} y_i¸_{ih(i,l)+1} = ¸_ly:

Ŕő ãáńőćĺî ćěńĺçĺŋă ‚_{l+1} łőŋěçŋă. Šőčďă ĺğ őŕàěďěńěŋĺï áńěďãěâ, çâő ‚_{l+1} = ‚_l + y_{i(l)}(¸_{i(l)k(l)+1} − ¸_{i(l)k(l)}):

Šěŕěàì ĺğ àăćěŋáâć T^{l+1}_i = T^l_i ŕàĺ i ≠ i(l) ĺ T^{l+1}_{i(l)} = T^l_{i(l)} ∪ {l} áńěďãěâ âàěąãěňőě ãâćěàęďěŋĺě. Ńěňňă 4 ďőłăğăŋă.

Ŕãáâì ‚ { ćěłâőà á łőňŕőŋěŋâăňĺ ‚_1 < ‚_2 < : : : < ‚_{Ku+1} ≤ +∞ ĺ e^i ěďĺŋĺçŋëě őàâë ŕàőáâàăŋáâćă R^m: Őąőğŋăçĺň çěàěğ ¸_r(y) ćěłâőà á łőňŕőŋěŋâăňĺ y_i¸_{ih(i,r)+1}; i ∈ I:

Ńěňňă 5 Ťãŋłæĺï p^∗_y ïćńïěâáï ćőğàăáâăîéěľ ŋă ĺŋâěàćăńě S(‚) ĺ p^∗_y = P[(‚_1; ˛_{i(1)k(1)}); : : : ; (‚_{Ku} ; ˛_{i(Ku)k(Ku)}); (‚_{Ku+1}; ˛_{i(Ku+1)k(Ku+1)})]:

Ďńï ńîąőčő w ∈ S(‚) ć ğăďăçě (2.8) áãéěáâćãěâ ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě.

Ďőłăğăâěńìáâćő. Ĺğ őŕàěďěńěŋĺï äãŋłæĺĺ p^∗_y áńěďãěâ, çâő ěě ŕőďčàăäĺł G^∗ àăćěŋ áãňňě ŕőďčàăäĺłőć G_i äãŋłæĺľ p_i: Šăł łăł ňŋőęěáâćă

G_i ïćńïîâáï ćëŕãłńëňĺ ňŋőčőčàăŋŋëňĺ, âő ŕőďčàăäĺł äãŋłæĺĺ p^∗_y | ćëŕãłńőě ňŋőčőčàăŋŋőě ňŋőęěáâćő. Śńěďőćăâěńìŋő, p^∗_y ∈ P:

Ŕőłăęěň, çâő ŋă ĺŋâěàćăńě S(‚) äãŋłæĺï p^∗_y ïćńïěâáï ćőğàăáâăîéěľ ĺ ďńï łăęďőčő w ∈ S(‚) ć ğăďăçě (2.8) áãéěáâćãěâ ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě. Ŕãáâì r ≤ K_u { ŕěàćëľ ŋőňěà, ďńï łőâőàőčő áŕàăćěďńĺćő ćłńîçěŋĺě w ∈ S_r(‚): Šőčďă ĺğ ńěňňë 4 áńěďãěâ, çâő ćěłâőà W = ¸_r(y) + e^{i(r)}(w − ¸_ry) (2.10) ãďőćńěâćőàïěâ àăćěŋáâćã^∑_{i∈I} W_i = w:

Ĺŋďãłæĺěľ ŕő r ďőłăęěň, çâő ŋă ĺŋâěàćăńě [‚_1; ‚_r]

p^∗_y ∈ P[(‚_1; ˛_{i(1)k(1)}); : : : ; (‚_{r−1}; ˛_{i(r−1)k(r−1)})]

ĺ ćěłâőà W; łőâőàëľ ćëçĺáńïěâáï á ŕőňőéìî àăćěŋáâćă (2.10), ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ (2.8).

Ŕàĺ r = 1 ãâćěàęďěŋĺě őçěćĺďŋő. Ŕàěďŕőńőęĺň, çâő ãâćěàęďěŋĺě ćëŕőńŋïěâáï ŕàĺ r ≥ 1: Ŕőłăęěň, çâő őŋő ćěàŋő ŕàĺ r + 1: Řăááňőâàĺň ŕàőĺğćőńìŋőě w ĺğ ĺŋâěàćăńă S_r(‚): Šăł łăł ‚_r = ¸_ry =^∑_i y_i¸_{ih(i,r)+1}; âő, ććőďï ŕěàěňěŋŋëě ‹w_i = w_i − y_i¸_{ih(i,r)+1}; ŕàěďáâăćĺň ğăďăçã (2.8) ć íłćĺćăńěŋâŋőň ćĺďě:

p^∗_y (w) = max^∑_{i∈I} p_i(y_i¸_{ih(i,r)+1} + ‹w_i) (2.11) ∑ i∈I ‹w_i = w − ‚_r; (2.12) ‹w_i ≥ −y_i¸_{ih(i,r)+1}; 1 ≤ i ≤ m: (2.13) Ŕãáâì ‹w^∗ | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.11){(2.13). Ŕőłăęěň, çâő ‹w^∗ ≥ 0: Ŕàěďŕőńőęĺň, çâő ďńï ŋěłőâőàőčő i_0 ćëŕőńŋïěâáï ŋěàăćěŋáâćő ‹w^∗_{i0} < 0: Ĺğ àăćěŋáâćă (2.12) áńěďãěâ, çâő ŋăľďěâáï i_1 âăłőě, çâő ‹w^∗_{i1} > 0: Őçěćĺďŋő, çâő y_{i0} > 0 ĺ y_{i1} > 0: Šőčďă ĺğ ńěňňë 3 áńěďãěâ, çâő ďńï äãŋłæĺĺ p_{i0} ŋăľďěâáï ĺŋâěàćăń S_{k0} (y_{i0} ¸^{i0} ); áőďěàęăéĺľ w^′_{i0} = y_{i0} ¸_{i0h(i0,r)+1} + ‹w^∗_{i0} ; ŋă łőâőàőň ćëŕőńŋïěâáï àăćěŋáâćő

p_{i0} (w^′_{i0} ) = p_i(y_{i0} ¸_{i0k0} ) + ˛_{i0k0} (w^′_{i0} − y_{i0} ¸_{i0k0} ): (2.14)

Ăŋăńőčĺçŋő ďńï äãŋłæĺĺ p_{i1} ŋăľďěâáï ĺŋâěàćăń S_{k1} (y_{i1} ¸^{i1} ); áőďěàęăéĺľ w^′_{i1} = y_{i1} ¸_{i1h(i1,r)+1} + ‹w^∗_{i1} ; ŋă łőâőàőň ćëŕőńŋïěâáï àăćěŋáâćő

p_{i1} (w^′_{i1} ) = p_i(y_{i1} ¸_{i1k1} ) + ˛_{i1k1} (w^′_{i1} − y_{i1} ¸_{i1k1} ): (2.15)

Šăł łăł ‹w^∗_{i0} < 0; âő ďńï ŋěłőâőàőčő t_0 ∈ T^r_{i0} áŕàăćěďńĺćő àăćěŋáâćő ˛_{i0k0} = ˛_{i(t0)k(t0)}: Ćňěáâě á âěň ĺğ ŋěàăćěŋáâćă ‹w^∗_{i1} > 0 áńěďãěâ, çâő ěáńĺ ˛_{i1k1} = ˛_{i(t1)k(t1)}; âő t_1 ∉ T^r_{i1} : Ŕőíâőňã ˛_{i0k0} > ˛_{i(r)k(r)} ≥ ˛_{i1k1} :

Ŕãáâì ‹_{i0} = y_{i0} ¸_{i0k0+1} − w^′_{i0} ĺ ‹_{i1} = w^′_{i1} − y_{i1} ¸_{i1k1} : Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő ćěńĺçĺŋë w^′_{i0} ĺ w^′_{i1} ńěęăâ ćŋãâàĺ áőőâćěâáâćãîéĺå ĺŋâěàćăńőć. Ŕőíâőňã ‹_{i0} > 0 ĺ ‹_{i1} > 0: Ŕãáâì ‹ = min{‹_{i0} ; ‹_{i1} }: Ŕőńőęĺň ‹w_{i0} = ‹w^∗_{i0} + ‹; ‹w_{i1} = ‹w^∗_{i1} − ‹ ĺ ‹w_i = ‹w^∗_i ŕàĺ i ≠ i_0; i_1: Ćěłâőà ‹w ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ (2.11){ (2.13).

Ğăňěâĺň, çâő y_{i0} ¸_{i0h(i0,r)+1} +‹w_{i0} = w^′_{i0} +‹ ĺ y_{i1} ¸_{i1h(i1,r)+1} +‹w_{i1} = w^′_{i1} − ‹. Šăł łăł ‹ = min{‹_1; ‹_2}; âő w^′_{i0} + ‹ ∈ S_{k0} (y_{i0} ¸^{i0} ) ĺ w^′_{i1} − ‹ ∈ S_{k1} (y_{i1} ¸^{i1} ): Šőčďă ĺğ àăćěŋáâć (2.14), (2.15) ĺ ŋěàăćěŋáâćă ˛_{i0k0} > ˛_{i1k1} áńěďãěâ, çâő ∑ i∈I p_i(y_i¸_{ih(i,r)+1} + ‹w_i) −^∑_{i∈I} p_i(y_i¸_{ih(i,r)+1} + ‹w^∗_i ) =

= p_{i0} (w^′_{i0} + ‹) + p_{i1} (w^′_{i1} − ‹) − p_{i0} (w^′_{i0} ) − p_{i1} (w^′_{i1} ) = ‹(˛_{i0k0} − ˛_{i1k1} ) > 0; çâő ŕàőâĺćőàěçĺâ őŕâĺňăńìŋőáâĺ ćěłâőàă ‹w^∗: Śńěďőćăâěńìŋő, ć őŕâĺňăńìŋőň àěèěŋĺĺ ğăďăçĺ (2.11){(2.13) ŋě ňőęěâ ąëâì őâàĺæăâěńìŋëå ŕěàěňěŋŋëå ‹w_i:

Šěŕěàì àăááňőâàĺň ãčńőćëě łőíääĺæĺěŋâë ˛_{iki} ńĺŋěľŋëå őâàěğłőć äãŋłæĺľ p_i; ćëåőďïéĺå ĺğ âőçěł (y_i¸_{ih(i,r)+1}; p_i(y_i¸_{ih(i,r)+1})); i ≠ i(r): Šăł łăł w ∈ S_r(‚), âő ŕàĺ ńîąőň i ≠ i(r) ĺňěěň ˛_{i(r)k(r)} > ˛_{iki}: Šőčďă ŕőćâőàïï àăááãęďěŋĺï ĺğ ďőłăğăâěńìáâćă ŋěàăćěŋáâćă ‹w^∗ ≥ 0; ŕőńãçăěň, çâő ć őŕâĺňăńìŋőň àěèěŋĺĺ ‹w^∗_i = 0 ŕàĺ i ≠ i(r) ĺ ‹w^∗_{i(r)} = w − ‚_r: Šăł łăł w − ‚_r ≤ y_i(¸_{ih(i,r)+2} − ¸_{ih(i,r)+1}); âő áőčńăáŋő ńěňňě 1 ĺňěěň, çâő p^∗_y (w) =^∑_{i∈I} p_i(y_i¸_{ih(i,r)+1}) + ˛_{i(r)k(r)}(w − ‚_r):

Ĺğ àăćěŋáâćă (2.10) áńěďãěâ, çâő ŕàĺ w = ‚_r áőőâćěâáâćãîéĺľ ćěłâőà W àăćěŋ ¸_r(y): Šőčďă ĺğ ĺŋďãłâĺćŋőčő ŕàěďŕőńőęěŋĺï áńěďãěâ, çâő ∑ i∈I p_i(y_i¸_{ih(i,r)+1}) = p^∗_y(‚_r): Šăłĺň őąàăğőň, áŕàăćěďńĺćő àăćěŋáâćő p^∗_y(w) = p^∗_y(‚_r) + ˛_{i(r)k(r)}(w − ‚_r): (2.16) Ŕőíâőňã, p^∗_y ∈ P[(‚_1; ˛_{i(1)k(1)}); : : : ; (‚_r; ˛_{i(r)k(r)})] ĺ ćěłâőà W = ¸_r(y) + e^{i(r)}(w − ¸_ry) { ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.8). Šăł łăł ˛_{i(r)k(r)} > 0; âő ĺğ ĺŋďãłâĺćŋőčő ŕàěďŕőńőęěŋĺï ĺ àăćěŋáâćă (2.16) áńěďãěâ, çâő ŋă ĺŋâěàćăńě [‚_1; ‚_{r+1}] äãŋłæĺï p^∗_y ïćńïěâáï ćőğàăáâăîéěľ. Ŕőíâőňã ŋă ĺŋâěàćăńě S(‚) äãŋłæĺï p^∗_y ïćńïěâáï ćőğàăáâăîéěľ ĺ ć ğăďăçě (2.8) ďńï łăęďőčő w ∈ S(‚) áãéěáâćãěâ ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě. Ďńï ğăćěàèěŋĺï ďőłăğăâěńìáâćă őáâăńőáì àăááňőâàěâì ĺŋâěàćăń (‚_{Ku+1}; +∞): Ěáńĺ áàěďĺ äãŋłæĺľ p_i; áőőâćěâáâćãîéĺå ŋěŋãńěćëň y_i; ěáâì ŋěőčàăŋĺçěŋŋëě äãŋłæĺĺ, âő àăááňăâàĺćăěňëľ ĺŋâěàćăń ïćńïěâáï ŕãáâëň (àĺá. 2.3). Ŕàěďŕőńőęĺň, çâő ‚_{Ku+1} < +∞: Łăł ãęě ďőłăğăŋő ćëèě, ć őŕâĺňăńìŋőň àěèěŋĺĺ ğăďăçĺ (2.11){(2.13) ŋě ňőęěâ ąëâì őâàĺæăâěńìŋëå ŕěàěňěŋŋëå ‹w_i: Ŕőíâőňã ĺğ ńěňňë 3 áńěďãěâ, çâő ŕàĺ w ≥ ‚_{Ku+1} ğŋăçěŋĺě äãŋłæĺĺ ćőğňãéěŋĺï p^∗_y (w) ğăďăçĺ (2.8) ŕőáâőïŋŋő ĺ àăćŋő p^∗_y (‚_{Ku+1}):

γ_1 β_{i(1)k(1)} γ_2 β_{i(2)k(2)}

6^p � y(w)

-_w γ_{Ku} β_{i(Ku)k(Ku)}

ˇˇ ˇˇ ˇæ ææ ææ æ æ !!!!

!!!!!!

!! ı ı

Řĺá. 2.3: Čàăäĺł äãŋłæĺĺ p^�_y : I_1 ≠ ∅

Şçĺâëćăï őŕàěďěńěŋĺě ćěńĺçĺŋë ˛_{i(Ku+1)k(Ku+1)}; ŕőńãçăěň àăćěŋáâćő (àĺá. 2.4)

p^∗_y(w) = p^∗_y(‚_{Ku+1}) + ˛_{i(Ku+1)k(Ku+1)}(w − ‚_{Ku+1}): Śńěďőćăâěńìŋő,

p^∗_y = P[(‚_1; ˛_{i(1)k(1)}); : : : ; (‚_{Ku} ; ˛_{i(Ku)k(Ku)}); (‚_{Ku+1}; ˛_{i(Ku+1)k(Ku+1)})]: Ńěňňă 5 ďőłăğăŋă.

Ńěňňă 6 Ěáńĺ w ≥ 0; âő p^∗_y(w) = p_y(w):

Ďőłăğăâěńìáâćő. Řăááňőâàĺň w ∈ S_r(‚); r ≤ K_u: Ĺğ ńěňňë 5 áńěďãěâ, çâő áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě W ğăďăçĺ (2.8) ĺ p^∗_y(w) = ∑ i∈I p_i(W_i): Ďńï ŋěŋãńěćëå y_i; łăł áńěďãěâ ĺğ ďőłăğăâěńìáâćă ńěňňë 3, áŕàăćěďńĺćë àăćěŋáâćă p_i(W_i) = y_iQ_i(W_i=y_i): Šăł łăł^∑_{i∈I} W_i = w; âő p_y(w) ≥ p^∗_y(w):

Ŕàěďŕőńőęĺň, çâő áãéěáâćãěâ âăłőě őŕâĺňăńìŋőě àěèěŋĺě z^∗ ğăďăçĺ ŊĞŘ(y) ďńï ďăŋŋőčő w, çâő yQ(z^∗) > p^∗_y (w) ĺ yz^∗ < w: Ĺğ ńěňňë 3 áńěďãěâ, çâő p_i(w_i) = y_iQ_i(z^∗_i ); čďě w_i = y_iz^∗_i : Ŕãáâì w_i ≤ W_i ŕàĺ łăęďőň i: Šăł łăł w ∈ S_r(‚) ĺ r ≤ K_u; âő W_i ∈ S(y_i¸_i) ďńï łăęďőčő ŋőňěàă i: Ŕőíâőňã ěáńĺ ãćěńĺçĺâì łăęďőě w_i ďő W_i; âő ŕőńãçĺň ŋěàăćěŋáâćő p^∗_y (w) =^∑_{i∈I} p_i(W_i) ≥^∑_{i∈I} p_i(w_i) = yQ(z^∗) > p^∗_y(w): Ŕàőâĺćőàěçĺě. Śńěďőćăâěńìŋő, áãéěáâćãěâ ŋőňěà i âăłőľ, çâő w_i > W_i. Ňŋőęěáâćő ćáěå âăłĺå ŋőňěàőć őąőğŋăçĺň çěàěğ I_l:

γ_1 β_{i(1)k(1)}

γ_2 β_{i(2)k(2)}

6^p � y(w)

-_w γ_{Ku} β_{i(Ku)k(Ku)}

ˇˇ ˇˇ ˇæ ææ ææ æ æ !!!! !!

γ_{Ku+1} β_{i(Ku+1)k(Ku+1)} = 0

Řĺá. 2.4: Čàăäĺł äãŋłæĺĺ p^�_y : I_1 = ∅

Ŕő ŕàěďŕőńőęěŋĺî yz^∗ < w; ă^∑_{i∈I} W_i = w: Ŕőíâőňã I_g = {i | w_i < W_i} ≠ ∅: Šăł łăł^∑_{i∈I} w_i < w; âő^∑_{i∈Il} w_i +^∑_{i∈Ig} w_i <^∑_{i∈Il∪Ig} W_i ĺ, áńěďőćăâěńìŋő, ∑ i∈Il (w_i − W_i) <^∑_{i∈Ig}(W_i − w_i): Ŕőíâőňã

w −^∑_{i∈I} w_i =^∑_{i∈Ig}(W_i − w_i) −^∑_{i∈Il}(w_i − W_i) > 0: (∗)

Ŕãáâì ‹ = w−^∑_{i∈I} w_i: Ďńï i ∈ I_g ćëąěàěň âăłĺě ‹w_i; çâő ‹w_i ≥ 0;^∑_{i∈Ig} ‹w_i = ‹ ĺ w_i + ‹w_i ≤ W_i: Ĺğ ŋěàăćěŋáâćă (∗) áńěďãěâ, çâő íâő ćőğňőęŋő. Ŕàĺ i ∉ I_g ćőğìňěň ‹w_i = 0 ĺ ŕőńőęĺň^~w_i = w_i + ‹w_i: Őçěćĺďŋő, çâő^~w { ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.8). Šăł łăł r ≤ K_u, âő ŕàĺ ńîąőň i ĺğ I_g áŕàăćěďńĺćő ćłńîçěŋĺě W_i ∈ S(y_i¸^i): Śńěďőćăâěńìŋő, ~w_i ∈ S(y_i¸^i) ŕàĺ i ∈ I_g: Ŕőíâőňã áŕàăćěďńĺćő ŋěàăćěŋáâćő^∑_{i∈I} p_i( ~w_i) > ∑ i∈I p_i(w_i) = yQ(z^∗) > p^∗_y(w): Ŕőńãçĺńĺ ŕàőâĺćőàěçĺě. Śńěďőćăâěńìŋő, p^∗_y(w) = p_y(w) ŕàĺ w ∈ S(‚): Ăŋăńőčĺçŋő ďőłăğëćăěâáï ãâćěàęďěŋĺě ďńï w ĺğ ĺŋâěàćăńă (‚_{Ku+1}; +∞): Ńěňňă 6 ďőłăğăŋă.

2.2.2 Şáńőćĺï őŕâĺňăńìŋőáâĺ ďńï ğăďăçĺ ŊĞŘ(y) Ŕàěďŕőńőęĺň,çâő z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y). Čěőňěâàĺçěáłĺ ěňã áőőâćěâáâćãěâ âőçłă ŕěàěáěçěŋĺï čàăäĺłă äãŋłæĺĺ p_y á ŕàïňőľ, łőâőàăï ŕàőåőďĺâ çěàěğ âőçłã á łőőàďĺŋăâăňĺ (w; 0) ŕăàăńńěńìŋő őáĺ őàďĺŋăâ (àĺá. 2.5).

γ_1 β_{i(1)k(1)}

γ_2 β_{i(2)k(2)}

6^{py(w)}

-_w γ_r ˇˇ ˇˇ ˇæ ææ ææ β_{i(Ku)k(Ku)}

(w, 0) γKu β_{i(r)k(r)} ıııı ıııı

¸ (((( ((( ””

Řĺá. 2.5: Čàăäĺł äãŋłæĺĺ p_y

Ŕãáâì íâă âőçłă ŕěàěáěçěŋĺï ńěęĺâ ŋă őâàěğłě á ãčńőćëň łőíääĺæĺěŋâőň ˛_{i(r)k(r)}: Šőčďă y_{i(r)} > 0: Ŕàěďŕőńőęĺň, çâő őâàěğőł S_r(‚) łőŋěçěŋ. İâő őğŋăçăěâ, çâő ńĺąő r < K_u; ńĺąő r = K_u; ŋő äãŋłæĺï p_{i(r)} ïćńïěâáï őčàăŋĺçěŋŋőľ. Ŕőíâőňã ńîąőľ őâàěğőł čàăäĺłă äãŋłæĺĺ p_y (w) á ãčńőćëň łőíääĺæĺěŋâőň, ąőńìèĺň ˛_{i(r)k(r)}; âăłęě łőŋěçěŋ. Ńěňňă 7 Ěáńĺ ğŋăçěŋĺě äãŋłæĺĺ p_y(w) ďőáâĺčăěâáï ŋă łőŋěçŋőň ĺŋ-

âěàćăńě S_r(‚); âő z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă z = ¸_r + e^{i(r)}(w − (¸_r; y))=y_{i(r)}; (2.17)

(¸_r; y) ≤ w ≤ (¸_{r+1}; y): (2.18)

Ďőłăğăâěńìáâćő. Ďěľáâćĺâěńìŋő, ěáńĺ z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) ďńï w ∈ S_r(‚); âő ĺğ ńěňňë 6 áńěďãěâ, çâő ∑ i∈I y_iQ_i(z_i) = p_y(w) = p^∗_y(w) =^∑_{i∈I} p_i(W_i);

čďě W { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.8). Ŕàěďŕőńőęĺň, çâő^∑_{i∈I} y_iz_i = w^′ < w: Šőčďă ĺğ ńěňňë 5 áńěďãěâ ŋěàăćěŋáâćő p^∗_y(w^′) < p^∗_y(w): Şçĺâëćăï, çâő p_y(w^′) = p^∗_y(w^′) ĺ p_y (w) = p_y (w^′); ĺňěěň p_y(w) = p^∗_y(w^′) < p^∗_y(w) = p_y(w): Ŕàőâĺćőàěçĺě. Śńěďőćăâěńìŋő,^∑_{i∈I} y_iz_i = w: Šăł łăł W { ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.8), âő W = (y_1z_1; : : : ; y_mz_m): Őâáîďă ĺ ãáńőćĺï y_{i(r)} > 0 ŕőńãçăěň àăćěŋáâćő (2.17). Ĺğ ńěňňë 4 ĺ ãáńőćĺï w ∈ S_r(‚) ĺňěěň ŋěàăćěŋáâćă (2.18).

Šěŕěàì ŕàěďŕőńőęĺň, çâő ćëŕőńŋïîâáï áőőâŋőèěŋĺï (2.17) ĺ (2.18). Šőčďă ďńï ńîąőčő i ĺňěěň y_iz_i ∈ S(y_i¸^i) ĺ ŕő ńěňňě 1 ćëŕőńŋïîâáï àăćěŋáâćă p_i(y_iz_i) = y_iQ_i(z_i): Ś ďàãčőľ áâőàőŋë, ĺğ ãáńőćĺľ (2.17), (2.18) ĺ ńěňňë 5 áńěďãěâ, çâő ćěłâőà y · z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.8). Ŕőíâőňã, p^∗_y(w) =^∑_{i∈I} p_i(y_iz_i) =^∑_{i∈I} y_iQ_i(z_i): Šăł łăł^∑_{i∈I} y_iz_i = w; âő z { ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y). Ĺğ ńěňňë 6 áńěďãěâ, çâő p_y(w) = p^∗_y(w) =^∑_{i∈I} y_iQ_i(z_i): Ŕőíâőňã z | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y). Ńěňňă 7 ďőłăğăŋă.

Řăááňőâàĺň áńãçăľ, łőčďă őâàěğőł á ãčńőćëň łőíääĺæĺěŋâőň ˛_{i(r)k(r)} ŋěőčàăŋĺçěŋ áŕàăćă. Ďńï íâőčő ŋěőąåőďĺňő, çâőąë i(r) ∈ I_1; k(r) = K_{i(r)} ĺ ěáńĺ ˛_{iKi} > ˛_{i(r)k(r)} ŕàĺ ńîąőň i ∈ I_1; âő y_i = 0: Ńěňňă 8 Ěáńĺ ğŋăçěŋĺě äãŋłæĺĺ p_y (w) ďőáâĺčăěâáï ŋă ŋěőčàăŋĺçěŋ-

ŋőň áŕàăćă őâàěğłě á ãčńőćëň łőíääĺæĺěŋâőň ˛_{i(r)k(r)} > 0, âő z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïîâáï àăćěŋáâćă (2.17) ĺ

¸_{Ku}y ≤ w: (2.19)

Ďőłăğăâěńìáâćő. Śŕàăćěďńĺćőáâì ńěňňë ńěčłő ãáâăŋăćńĺćăěâáï á ĺáŕőńìğőćăŋĺěň àăááãęďěŋĺľ, ăŋăńőčĺçŋëå âěň, łőâőàëě ŕàĺćěńĺ ł ãáńőćĺïň (2.17), (2.18), ěáńĺ ćňěáâő ŋěàăćěŋáâć ‚_r ≤ w ≤ ‚_{r+1} ĺáŕőńìğőćăâì ŋěàăćěŋáâćő ‚_{Ku} ≤ w: Ńěňňă 8 ďőłăğăŋă.

Ğăňěçăŋĺě. Ŕàěďŕőńőęĺň, çâő ćáě äãŋłæĺĺ Q_i | ńĺŋěľŋëě. Šőčďă ğăďăçă ŊĞŘ(y) ïćńïěâáï çăáâŋëň áńãçăěň ńĺŋěľŋőľ ğăďăçĺ ő àăŋæě ĺ ěě ňőęŋő ğăŕĺáăâì ć áńěďãîéěň ćĺďě:

max_{z≥0}^{{ ∑}_{i∈I} y_i˛_iz_i |^∑_{i∈I} y_iz_i ≤ w^}:

Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő y > 0 ĺ ˛_1 > : : : > ˛_m > 0: Šőčďă K_u = 1 ĺ čàăäĺł äãŋłæĺĺ ćőğňãéěŋĺï p_y ïćńïěâáï ńãçőň, ćëåőďïéĺň ĺğ âőçłĺ ‚_1 = 0 á ãčńőćëň łőíääĺæĺěŋâőň ˛_1: Ŕőíâőňã ¸_1 = 0 ĺ, áńěďőćăâěńìŋő, ãáńőćĺï őŕâĺňăńìŋőáâĺ ńěňňë 8 íłćĺćăńěŋâŋë ãáńőćĺïň z = e^1w=y_1; w ≥ 0. Šăłĺň őąàăğőň, ďńï ńĺŋěľŋëå äãŋłæĺľ Q_i ńěňňă 6 ŕàĺćőďĺâ ł łńăááĺçěáłĺň ãáńőćĺïň őŕâĺňăńìŋőáâĺ ďńï ğăďăçĺ ő àăŋæě á ŋěŕàěàëćŋëňĺ ŕěàěňěŋŋëňĺ [75].

Ŕàěďŕőńőęĺň, çâő y_i = 0 ŕàĺ ńîąőň i ∈ I_1. Šőčďă áŕàăćěďńĺćă áńěďãîéăï Ńěňňă 9 Ěáńĺ ğŋăçěŋĺě äãŋłæĺĺ p_y(w) ďőáâĺčăěâáï ŋă őâàěğłě á ŋã-

ńěćëň ãčńőćëň łőíääĺæĺěŋâőň, âő z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă z = ¸_{Ku+1} ĺ ¸_{Ku+1}y ≤ w:

Ďőłăğăâěńìáâćő. Ŕő ãáńőćĺî, ěáńĺ y_i > 0, âő i ∈ I_2. Ŕőíâőňã ěáńĺ z_i > ¸_{iKi+1}, âő Q_i(z_i) < Q_i(¸_{iKi+1}). Śńěďőćăâěńìŋő, z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă z = ¸_{Ku+1} ĺ ¸_{Ku+1}y ≤ w: Ńěňňă 9 ďőłăğăŋă.

2.2.3 Ďěłőňŕőğĺæĺï ĺ ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ Şŕőàïďőçĺň ãčńőćëě łőíääĺæĺěŋâë ˛_{ik}; i ∈ I; 1 ≤ k ≤ K_i :

˛_{i(1)k(1)} > ˛_{i(2)k(2)} > : : : > ˛_{i(L)k(L)} > 0; (2.20) čďě L =^∑_{i∈I} K_i { őąéěě çĺáńő ńĺŋěľŋëå áěčňěŋâőć á ŕőńőęĺâěńìŋëňĺ ãčńőćëňĺ łőíääĺæĺěŋâăňĺ. Ŕãáâì ˛_{i(L+1)k(L+1)} = 0:

Ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ ĎŊŔ ŕàěďáâăćĺň ć ćĺďě őąêěďĺŋěŋĺï ŕőďňŋőęěáâć: ˝_0; ˝_1; : : : ; ˝_L; ˝_{L+1}: Ěáńĺ y = 0; âő ďőŕãáâĺňőě àěèěŋĺě (x; y; z) ğăďăçĺ (2.1){(2.6) ŕàĺŋăďńěęĺâ ňŋőęěáâćã ˝_0. Ěáńĺ y ≠ 0 ĺ ğŋăçěŋĺě äãŋłæĺĺ p_y (w) ďőáâĺčăěâáï ŋă őâàěğłě á ãčńőćëň łőíääĺæĺěŋâőň ˛_{i(r)k(r)}, čďě r ≠ L + 1 { ŋőňěà, őŕàěďěńïěňëľ ãŕőàïďőçěŋĺěň (2.20), âő ďőŕãáâĺňőě àěèěŋĺě ŕàĺŋăďńěęĺâ ňŋőęěáâćã ˝_r: Ćáě őáâăćèĺěáï ďőŕãáâĺňëě àěèěŋĺï, ěáńĺ őŋĺ ěáâì, ŕàĺŋăďńěęăâ ňŋőęěáâćã ˝_{L+1}: Şáńőćĺï őŕâĺňăńìŋőáâĺ, ŋăľďěŋŋëě ć ŕàěďëďãéěň ŕãŋłâě, ŕőğćőńïîâ áćěáâĺ ğăďăçã ĎŊŔ ŋă ńîąőň ĺğ íâĺå ŕőďňŋőęěáâć ł áőőâćěâáâćãîéěľ ğăďăçě ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï.

Šěőàěňă 5 Ďńï ńîąőľ ŋěćëàőęďěŋŋőľ ğăďăçĺ (2.1){(2.6) áãéěáâćã-

ěâ ŕőńĺŋőňĺăńìŋëľ ăńčőàĺâň, łőâőàëľ ńĺąő ŋăåőďĺâ őŕâĺňăńìŋőě àěèěŋĺě, ńĺąő ŕőğćőńïěâ ãáâăŋőćĺâì, çâő ğăďăçă ŋěőčàăŋĺçěŋă ĺńĺ ŋě ĺňěěâ ďőŕãáâĺňëå àěèěŋĺľ.

Ďőłăğăâěńìáâćő. Ŕãáâì (x; y; z) ∈ ˝_0: Šőčďă ńîąőľ ćěłâőà z ≥ 0 { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(0). Ěáńĺ (x; 0; z) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĎŊŔ ŋă ŕőďňŋőęěáâćě ˝_0; âő x { őŕâĺňăńìŋőě àěèěŋĺě áńěďãîéěľ ğăďăçĺ P_0: ŋăľâĺ

min_{x≥0} cx

ŕàĺ ãáńőćĺĺ, çâő Cx ≥ b:

Ăŋăńőčĺçŋő, ěáńĺ x { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ P_0, âő (x; 0; z) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĎŊŔ ŋă àăááňăâàĺćăěňőň ŕőďňŋőęěáâćě ŕàĺ ńîąőň z ≥ 0 ĺ ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă ďăŋŋëå àěèěŋĺïå áőćŕăďăîâ.

1. Řăááňőâàĺň ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ˝_r âăłĺå, çâő ğŋăçěŋĺě äãŋłæĺĺ p_y (w) ďőáâĺčăěâáï ŋă łőŋěçŋőň őâàěğłě á ãčńőćëň łőíääĺæĺěŋâőň ˛_{i(r)k(r)}. Šőčďă ěáńĺ i(r) ∈ I_1; âő k(r) < K_i: Őçěćĺďŋő, çâő y_{i(r)} > 0 ďńï ńîąőčő ďőŕãáâĺňőčő àěèěŋĺï (x; y; z) ĺğ íâőčő ňŋőęěáâćă. Ĺğ őŕàěďěńěŋĺï ďőŕãáâĺňőčő àěèěŋĺï ďńï ğăďăçĺ ĎŊŔ ĺ ńěňňë 7 áńěďãěâ, çâő ćěłâőà (x; y; z) | ďőŕãáâĺňőě àěèěŋĺě âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (2.2) ĺ áőőâŋőèěŋĺï (2.17), (2.18). Ůâőąë ãŕàőáâĺâì őąőğŋăçěŋĺï, ŕàěďŕőńőęĺň, çâő àăááňăâàĺćăěňëľ őâàěğőł ć ńőłăńìŋőľ ŋãňěàăæĺĺ (2.9), áćïğăŋŋőľ á y, ĺňěěâ âőâ ęě áăňëľ ŋőňěà r.

Ĺğ ńěňňë 4 áńěďãěâ, çâő ŋěàăćěŋáâćă (2.18) íłćĺćăńěŋâŋë ŋěàăćěŋáâćăň ¸_{i(r)k(r)} < z_{i(r)} ≤ ¸_{i(r)k(r)+1.} Šőčďă ĺğ àăćěŋáâć (2.7) ĺ (2.17) ŕőńãçăěň

Q_{i(r)}(z_{i(r)}) = Q_{i(r)}(¸_{i(r)h(i(r),r)}) + ˛_{i(r)k(r)}(w − ¸_ry)=y_{i(r)}: Śńěďőćăâěńìŋő,

Q_{i(r)}(z_{i(r)})y_{i(r)} = Q_{i(r)}(¸_{i(r)h(i(r),r)})y_{i(r)} + ˛_{i(r)k(r)}(w − ¸_ry):

Ĺáŕőńìğãï àăćěŋáâćă (2.17) ĺ ŕőáńěďŋěě àăćěŋáâćő ĺ ĺáłńîçăï ŕěàěňěŋŋëě z ĺğ őčàăŋĺçěŋĺľ (2.2), ŕőńãçăěň

Cx + (D(¸_r) − D^∗(¸_r))y ≥ b^∗; (2.21)

čďě D^∗(z) { äãŋłæĺőŋăńìŋăï ňăâàĺæă ćĺďă (˛_{i(r)k(r)}d^2_{si(r)}z_i); b^∗ { ćěłâőà á łőňŕőŋěŋâăňĺ (b_s − ˛_{i(r)k(r)}wd^2_{si(r)}):

Ŕãáâì H(i; l) { çĺáńő áěčňěŋâőć äãŋłæĺĺ Q_i, ãčńőćëě łőíääĺæĺěŋâë łőâőàëå áâàőčő ąőńìèě ˛_{i(l)k(l)}, 1 ≤ l ≤ L + 1. Őąőğŋăçĺň çěàěğ A_l ćěłâőà á łőňŕőŋěŋâăňĺ ¸_{iH(i,l)+1} ďńï ćáěå i, ă çěàěğ I(l) ňŋőęěáâćő ŋőňěàőć i ĺğ I_1 âăłĺå, çâő ˛_{iKi} > ˛_{i(l)k(l)}, 1 ≤ l ≤ L + 1. Ńěňňă 10 Ěáńĺ ćěłâőà (x; y; z) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ĺğ

ňŋőęěáâćă ˝_r, âő ćěłâőà (x; y) ãďőćńěâćőàïěâ áńěďãîéěľ áĺáâěňě őčàăŋĺçěŋĺľ:

Cx + (D(A_r) − D^∗(A_r))y ≥ b^∗; (2.22) A_ry ≤ w ≤ A_{r+1}y; (2.23) y_i = 0; i ∈ I(r); (2.24) y_{i(r)} > 0; (2.25) x; y ≥ 0: (2.26)

Ďőłăğăâěńìáâćő. Řăááňőâàĺň ŕàőĺğćőńìŋőě ďőŕãáâĺňőě àěèěŋĺě (x; y; z) ĺğ ňŋőęěáâćă ˝_r: Ůâőąë ďőłăğăâì, çâő ćěłâőà (x; y) | ďőŕãáâĺňőě àěèěŋĺě áĺáâěňë őčàăŋĺçěŋĺľ (2.22){(2.26), ďőáâăâőçŋő áàăćŋĺâì ğŋăçěŋĺï äãŋłæĺľ h ĺ H ŕàĺ ćáěå (i; r); čďě i ∈ I. Ťãŋłæĺï h ćëçĺáńïěâáï á ĺáŕőńìğőćăŋĺěň ńőłăńìŋőčő ãŕőàïďőçěŋĺï (2.9), łőâőàőě ŋãňěàãěâ ãčńőćëě łőíääĺæĺěŋâë äãŋłæĺľ Q_i; áőőâćěâáâćãîéĺå ŋěŋãńěćëň y_i; ć ŕőàïďłě ãąëćăŋĺï. Čńőąăńìŋőě ãŕőàïďőçěŋĺě (2.20) âăłęě ŋãňěàãěâ ãčńőćëě łőíääĺæĺěŋâë ć ŕőàïďłě ãąëćăŋĺï, ŋő ãęě ďńï ćáěå äãŋłæĺľ Q_i. Ŕőíâőňã ěáńĺ y_i > 0, âő ğŋăçěŋĺï h(i; r) ĺ H(i; r) ďőńęŋë áőćŕăďăâì ĺ, áńěďőćăâěńìŋő, ňőčãâ àăğńĺçăâìáï âőńìłő ć áńãçăě y_i = 0. Őâáîďă ŕőńãçăěň

D(¸_r)y = D(A_r)y; D^∗(¸_r)y = D^∗(A_r)y ĺ ¸_ry = A_ry; ¸_{r+1}y = A_{r+1}y: (2.27) Śńěďőćăâěńìŋő, ŋěàăćěŋáâćă (2.22), (2.23) áŕàăćěďńĺćë.

Ŕàěďŕőńőęĺň, çâő i ∈ I(r) ĺ y_i > 0: Šőčďă, łăł ĺ ć ńěňňě 3, ŋăľďěâáï ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) á ąőńìèĺň ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ, çěň ŋă őŕâĺňăńìŋőň àěèěŋĺĺ ńěňňë 7. Ŕàőâĺćőàěçĺě. Śńěďőćăâěńìŋő, ďőńęŋë ćëŕőńŋïâìáï őčàăŋĺçěŋĺï (2.24). Ŋěàăćěŋáâćő (2.25) ćëâěłăěâ ĺğ őŕàěďěńěŋĺï ňŋőęěáâćă ˝_r: Ńěňňă 10 ďőłăğăŋă. Ńěňňă 11 Ěáńĺ ŋěőâàĺæăâěńìŋëľ ćěłâőà (x; y) ãďőćńěâćőàïěâ áĺáâěňě őčàăŋĺçěŋĺľ (2.22){(2.26), âő áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě z ğăďăçĺ ŊĞŘ(y) âăłőě, çâő ćěłâőà (x; y; z) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ĺğ ňŋőęěáâćă ˝_r.

Ďőłăğăâěńìáâćő. Ĺğ őčàăŋĺçěŋĺï (2.25) áńěďãěâ, çâő y_{i(r)} > 0: Ŕőíâőňã ğŋăçěŋĺï h(i(r); r) ĺ H(i(r); r) áőćŕăďăîâ. Šăłĺň őąàăğőň, ćëŕőńŋïîâáï àăćěŋáâćă (2.27). Šőčďă ĺğ őčàăŋĺçěŋĺľ (2.22), (2.23) áńěďãîâ őčàăŋĺçěŋĺï (2.21) ĺ (2.18). Şçĺâëćăï, çâő y_{i(r)} > 0 ĺ ćëŕőńŋïîâáï ŋěàăćěŋáâćă (

Ĺğ ńěňňë 10 áńěďãěâ, çâő ěáńĺ ćěłâőà (x; y; z) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ĺğ ňŋőęěáâćă ˝_r, âő ŕăàă (x; y) { ďőŕãáâĺňőě àěèěŋĺě áńěďãîéěľ őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ P_r: min_{x,y≥0}(cx + dy) Cx + (D(A_r) − D^∗(A_r))y ≥ b^∗;

A_ry ≤ w ≤ A_{r+1}y; y_i = 0; i ∈ I(r);

y_{i(r)} > 0:

Ć áćőî őçěàěďì, ěáńĺ (x; y) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P_r ĺ ćěłâőà z ćëçĺáńïěâáï á ŕőňőéìî áőőâŋőèěŋĺľ (2.17), âő ĺğ ńěňňë 11 áńěďãěâ, çâő ćěłâőà (x; y; z) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ĺğ ňŋőęěáâćă ˝_r:

2. Řăááňőâàĺň áńãçăľ, łőčďă őâàěğőł á ãčńőćëň łőíääĺæĺěŋâőň ˛_{i(r)k(r)} ŋěőčàăŋĺçěŋ áŕàăćă. Ĺğ ńěňňë 8 áńěďãěâ, çâő őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ãďőćńěâćőàïěâ àăćěŋáâćăň (2.17) ĺ ãáńőćĺî ¸_ry ≤ w: Łăł ĺ àăŋěě, ĺáłńîçăï ŕěàěňěŋŋëě z; ŕőńãçĺň őŕâĺňĺğăæĺőŋŋãî ğăďăçã P_r; ć łőâőàőľ ćňěáâő ďćãáâőàőŋŋěčő őčàăŋĺçěŋĺï ĺáŕőńìğãěâáï őčàăŋĺçěŋĺě ćĺďă A_ry ≤ w:

3. Řăááňőâàĺň ŕőáńěďŋĺľ áńãçăľ, łőčďă őâàěğőł ŋěőčàăŋĺçěŋ áŕàăćă ĺ ěčő ãčńőćőľ łőíääĺæĺěŋâ àăćěŋ ŋãńî. Ďńï íâőčő ŋěőąåőďĺňő, çâőąë y_i = 0 ŕàĺ ńîąőň i ∈ I_1: Šőčďă ŕő ńěňňě 9 ŕàĺ ńîąőň w ≥ ‚_{Ku+1} őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) ĺňěěâ ćĺď z = ¸_{Ku+1}: Ĺğ (2.27) áńěďãěâ, çâő D(¸_{Ku+1})y = D(A_{L+1})y ĺ ¸_{Ku+1}y = A_{L+1}y: Ŕőíâőňã, ĺáłńîçăï ŕěàěňěŋŋëě z; ŕőńãçăěň őŕâĺňĺğăæĺőŋŋãî ğăďăçã P_{L+1}:

min_{x,y≥0}(cx + dy)

Cx + D(A_{L+1})y ≥ b;

A_{L+1}y ≤ w; y_i = 0; i ∈ I_1:

Ğăňěâĺň, çâő äãŋłæĺőŋăń ğăďăçĺ (2.1){(2.6) ŋě ğăćĺáĺâ őâ ŕěàěňěŋŋëå ćŋãâàěŋŋěľ ğăďăçĺ (2.4){(2.6). Ŕőíâőňã ěáńĺ (x; y; z) ∈ ˝_r; âő ć łăęďőň áńãçăě 1{3 (x; y) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P_r; ĺ ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă íâĺå àěèěŋĺïå áőćŕăďăîâ. Ćěàŋő ĺ őąàăâŋőě ãâćěàęďěŋĺě: ěáńĺ (x; y) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P_r; âő (x; y; z) ∈ ˝_r; čďě z ćëçĺáńïěâáï á ŕőňőéìî őďŋőľ ĺğ ńěňň 7{9, ĺ ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă íâĺå àěèěŋĺïå âăłęě áőćŕăďăîâ.

Šăłĺň őąàăğőň, ěáńĺ ć ğăďăçě (2.1){(2.6) áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě, âő áàěďĺ ğăďăç P_k; 0 ≤ k ≤ L + 1; ŋăľďãâáï àăğàěèĺňëě. Ğăňěâĺň, çâő ć àăááňăâàĺćăěňőň áńãçăě ňőčãâ ąëâì ŋěďőŕãáâĺňëě ğăďăçĺ P_k; ŋő ŋě ňőęěâ ąëâì ŋěőčàăŋĺçěŋŋëå áŋĺğã ğăďăç. Ć íâőň áńãçăě ĺáåőďŋăï ğăďăçă áćőďĺâáï ł ŋăåőęďěŋĺî âăłőčő őŕâĺňăńìŋőčő àěèěŋĺï ğăďăç P_k; łőâőàőě ïćńïěâáï ŋăĺňěŋìèĺň őâŋőáĺâěńìŋő äãŋłæĺőŋăńă.

Šăł łăł ćáě ğăďăçĺ P_k; k = 0; 1; : : : ; L+1; ïćńïîâáï ğăďăçăňĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, âő őŋĺ ňőčãâ ąëâì àěèěŋë âőçŋő á ŕőňőéìî áâăŋďăàâŋëå ŕőńĺŋőňĺăńìŋëå ăńčőàĺâňőć [29]. Šěőàěňă 5 ďőłăğăŋă.

2.3 Ćëàőęďěŋŋëľ áńãçăľ

Ŕàěďŕőńőęĺň, çâő ćěńĺçĺŋë ˛_{ik}; čďě i ∈ I ĺ k ∈ [1; K_i]; ŕőńőęĺâěńìŋë, ŋő, ćőőąéě čőćőàï, ŋě ïćńïîâáï ŕőŕăàŋő àăğńĺçŋëňĺ. Ć íâőň áńãçăě ğăďăçă ĎŊŔ ňőęěâ őłăğăâìáï ćëàőęďěŋŋőľ. Ŋĺęě ŕàěďńăčăěâáï ňőďĺäĺłăæĺï ŕőďåőďă, łőâőàëľ őłăğăńáï ãáŕěèŋëň ć ŋěćëàőęďěŋŋőň áńãçăě, ďńï íâőľ ąőńěě őąéěľ áĺâãăæĺĺ.

2.3.1 Ťãŋłæĺï ćőğňãéěŋĺï ğăďăçĺ ŊĞŘ(y)

Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő ŕàĺ ńîąőň i ∈ I ćěńĺçĺŋë ˛_{ik} ŕőŕăàŋő àăğńĺçŋë. Ďěľáâćĺâěńìŋő, ěáńĺ ˛_{ik} = ˛_{ik+1} = · · · = ˛_{ik+l}; âő ĺğ őŕàěďěńěŋĺï äãŋłæĺĺ Q_i áńěďãěâ, çâő íâĺň ćěńĺçĺŋăň áőőâćěâáâćãîâ ãğńë ¸_{ik} < ¸_{ik+1} < ¸_{ik+2} < · · · < ¸_{ik+l} < ¸_{ik+l+1}; 1 ≤ k < k + l + 1 ≤ K; čďě K = K_i; ěáńĺ i ∈ I_1; ĺ K = K_i + 1; ěáńĺ i ∈ I_2: Şďăńĺň ŕàőňěęãâőçŋëě ãğńë ¸_{ik+1}; ¸_{ik+2}; : : : ; ¸_{ik+l}: Šőčďă őâàěğłã á ãčńőćëň łőíääĺæĺěŋâőň ˛_{ik} ąãďěâ áőőâćěâáâćőćăâì ŕăàă ãğńőć ¸_{ik}; ¸_{ik+l+1}: Őáâăńőáì ŕěàěŋãňěàőćăâì ćěńĺçĺŋë ˛_{ik} ĺ ¸_{ik}: Śńěďőćăâěńìŋő, ďńï äãŋłæĺľ p_1; : : : ; p_m áŕàăćěďńĺćă ńěňňă 3.

Řăğőąìěň ňŋőęěáâćő L = {(i; k) | i ∈ I; k ∈ [1; K_i]} ŋă âăłĺě ŋěŕěàěáěłăîéĺěáï ŕőďňŋőęěáâćă L_t; t = 1; : : : ; T; çâőąë ćěńĺçĺŋë ˛_{ik} áőćŕăďăńĺ ďàãč á ďàãčőň, ěáńĺ őŋĺ ŕőŕăďăîâ ć őďŋő ŕőďňŋőęěáâćő, ĺ őâńĺçăńĺáì ąë ďàãč őâ ďàãčă ć ŕàőâĺćŋőň áńãçăě. Őąéěě ğŋăçěŋĺě ćěńĺçĺŋ ˛_{ik} ĺğ ňŋőęěáâćă L_t őąőğŋăçĺň çěàěğ ˛_t; t = 1; : : : T: Ŕãáâì I_t { ňŋőęěáâćő ćáěå ŋőňěàőć i âăłĺå, çâő ďńï ŋěłőâőàőčő k ŕăàă (i; k) ŕàĺŋăďńěęĺâ ňŋőęěáâćã L_t:

Ŕãáâì y ≥ 0 ĺ y ≠ 0: Řăááňőâàĺň ňŋőęěáâćő L^y = {(i; k) | (i; k) ∈ L; y_i > 0}: Ăŋăńőčĺçŋő őŕàěďěńïîâáï ňŋőęěáâćă L^y_t ; I^y_t ; t = 1; : : : ; T: Şŕőàïďőçĺň ŕő ãąëćăŋĺî ćěńĺçĺŋë ˛_t; łőâőàëě áőőâćěâáâćãîâ ŋěŕãáâëň ňŋőęěáâćăň L^y_t :

˛_{t(1)} > ˛_{t(2)} > : : : > ˛_{t(Ty)} > 0: (2.28)

Őŕàěďěńĺň ŋőňěà K_u áńěďãîéĺň őąàăğőň. Ěáńĺ áàěďĺ äãŋłæĺľ p_i; ďńï łőâőàëå y_i > 0; ěáâì ŋěőčàăŋĺçěŋŋëě ŋă ĺŋâěàćăńě [0; +∞); âő ć łăçěáâćě K_u ćőğìňěň ŋăĺňěŋìèěě l; ďńï łőâőàőčő ŋăľďěâáï (i; k) ∈ L^y_{t(l)} âăłőě, çâő i ∈ I_1 ĺ k = K_i: Ěáńĺ ćáě äãŋłæĺĺ p_i; ďńï łőâőàëå y_i > 0; ïćńïîâáï őčàăŋĺçěŋŋëňĺ, âő ŕőńőęĺň K_u = T_y: Ććěďěň ćěńĺçĺŋë ‚_1; : : : ; ‚_{Ku} âăłĺě, çâő 0 = ‚_1 < : : : < ‚_{Ku} ĺ ŕàĺ ńîąőň l; 1 < l ≤ K_u; ‚_l =^{l−1∑}_{s=1}^∑_{(i,k)∈Ly} t(s) y_i(¸_{ik+1} − ¸_{ik});

ĺ ďőŕőńŋĺâěńìŋëľ ãğěń

‚_{Ty+1} =

+∞; ěáńĺ I_1 ≠ ∅; Ty∑ s=1 ∑ (i,k)∈Lyt_(s_) y_i(¸_{ik+1} − ¸_{ik}); ěáńĺ I_1 = ∅:

Ŕőńőęĺň ˛_{i(Ku+1)k(Ku+1)} = 0:

Ŕàĺ ńîąőň l; 1 ≤ l ≤ K_u; ććěďěň ňŋőęěáâćă T^l_i = {(i; k) | (i; k) ∈ L^y_{t(s)}; 1 ≤ s ≤ l − 1}; 1 ≤ i ≤ m: Ŕőńőęĺň h(i; l) = |T^l_i |: Łăł ĺ ć ŋěćëàőęďěŋŋőň áńãçăě, á ŕőňőéìî äãŋłæĺĺ h(i; l) őŕàěďěńĺň ćěłâőàë ¸_l; 1 ≤ l ≤ K_u: Ěáńĺ I_1 = ∅; âő ććěďěň ňŋőęěáâćă T^{Ku+1}_i ďńï ćáěå i: Ŕőńőęĺň h(i; K_u + 1) = |T^{Ku+1}_i |: Šěŕěàì ć łăçěáâćě ¸_{Ku+1} ćőğìňěň ćěłâőà á łőňŕőŋěŋâăňĺ ¸_{ih(i,Ku+1)}; čďě i ∈ I: Ŕãáâì ‚ { ćěłâőà á łőňŕőŋěŋâăňĺ ‚_1 < ‚_2 < : : : < ‚_{Ku+1} ≤ +∞:

Ğăňěçăŋĺï 1. Ŕàěďŕőńőęĺň, çâő ‚_{l+1} < +∞: Šőčďă, áńěďãï ďőłăğăâěńìáâćã ńěňňë 4, ďńï ãğńă á ŋőňěàőň l ŕőńãçăěň ‚_l = ¸_ly: Šăł łăł

‚_{l+1} = ‚_l +^∑_{(i,k)∈Ly} t(l) y_i(¸_{ik+1} − ¸_{ik});

âő áŕàăćěďńĺćë àăćěŋáâćă

T^{l+1}_i = T^l_i ŕàĺ i ∉ I^y_l ĺ T^{l+1}_i = T^l_i ∪ {(i; k) | (i; k) ∈ L^y_{t(l)}} ŕàĺ i ∈ I^y_l :

Śńěďőćăâěńìŋő, ćáě łőňŕőŋěŋâë ćěłâőàőć ¸_l ĺ ¸_{l+1} áőćŕăďăîâ, łàőňě łőňŕőŋěŋâ á ŋőňěàăňĺ ĺğ ňŋőęěáâćă I^y_l ; l < K_u:

2. Ć ćëàőęďěŋŋőň áńãçăě áâàőčăï ňőŋőâőŋŋőáâì äãŋłæĺĺ p^∗_y ŋă ĺŋâěàćăńě S(‚) áőåàăŋïěâáï. Őďŋăłő ďńï w ∉ {‚_1; : : : ; ‚_{Ku+1}} ňőęěâ áãéěáâćőćăâì ąěáłőŋěçŋő ňŋőčő őŕâĺňăńìŋëå àěèěŋĺľ ć ğăďăçě ŊĞŘ(y): Ŕãáâì r ≤ K_u |- ŕěàćëľ ŋőňěà âăłőľ, çâő áŕàăćěďńĺćő ćłńîçěŋĺě w ∈ S_r(‚): Řăááňăâàĺćăï ğăďăçã (2.11){(2.13), łăł ŕàĺ ďőłăğăâěńìáâćě ńěňňë 5 ãąěęďăěňáï ć âőň, çâő ć őŕâĺňăńìŋőň àěèěŋĺĺ ŋě ňőęěâ ąëâì őâàĺæăâěńìŋëå ŕěàěňěŋŋëå ‹w_i: Ąőńěě âőčő, ďńï őŕâĺňăńìŋőáâĺ àěèěŋĺï âăłęě ŋěőąåőďĺňő ćëŕőńŋěŋĺě ŋěàăćěŋáâć 0 ≤ ‹w_i ≤ y_i(¸_{ih(i,r)+2} − ¸_{ih(i,r)+1}) ŕàĺ ćáěå i ∈ I^y_r : Ŕőáńěďŋěě ãâćěàęďěŋĺě őąőáŋőćëćăěâáï ŕàăłâĺçěáłĺ âăł ęě, łăł ĺ ŕàěďëďãéěě. Šőčďă ńîąőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ňőęěâ ąëâì ğăŕĺáăŋő ć áńěďãîéěň ćĺďě: W = ¸_r(y) +^∑_{i∈Iy} r ‹w_ie^i; (2.29)

čďě ‹w_i | àěèěŋĺě áĺáâěňë őčàăŋĺçěŋĺľ ∑ i∈Iyr ‹w_i = w − ‚_r; 0 ≤ ‹w_i ≤ y_i(¸_{ih(i,r)+2} − ¸_{ih(i,r)+1}): (2.30)

Ďăńěě, ĺáŕőńìğãï áåěňã ďőłăğăâěńìáâćă ńěňňë 5, ŕőńãçăěň àăćěŋáâćő p^∗_y(w) = p^∗_y(‚_r) + ˛_{t(r)}(w − ‚_r);

ĺğ łőâőàőčő áńěďãěâ, çâő ć áĺńã ãáńőćĺï (2.28) ŋă ĺŋâěàćăńě S(‚) äãŋłæĺï p^∗_y ïćńïěâáï ćőğàăáâăîéěľ. Śńãçăľ r = K_u + 1 àăááňăâàĺćăěâáï ăŋăńőčĺçŋő. Šăłĺň őąàăğőň áŕàăćěďńĺćő àăćěŋáâćő p^∗_y = P[(‚_1; ˛_{t(1)}); : : : ; (‚_{Ku}; ˛_{t(Ku)}); (‚_{Ku+1}; ˛_{t(Ku+1)})]:

3. Ŕàĺ ďőłăğăâěńìáâćě ńěňňë 6 ŋě ĺáŕőńìğőćăńăáì ěďĺŋáâćěŋŋőáâì àěèěŋĺï (2.10). Ŕőíâőňã ĺ ć ćëàőęďěŋŋőň áńãçăě ďńï ńîąőčő w ≥ 0 áŕàăćěďńĺćő àăćěŋáâćő p^∗_y(w) = p_y(w):

4. Ŕãáâì ğŋăçěŋĺě äãŋłæĺĺ p_y(w) ďőáâĺčăěâáï ŋă ĺŋâěàćăńě S_r(‚); čďě r ≤ K_u ĺ ‚_r ≤ w: Šőčďă ĺğ ğăňěçăŋĺľ 2 ĺ 3 áńěďãěâ, çâő z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě W ğăďăçĺ (2.8) âăłőě, çâő W = (y_1z_1; : : : ; y_mz_m): Şçĺâëćăï áőőâŋőèěŋĺï (2.29){(2.30) ĺ ãáńőćĺě ‚_r ≤ w ≤ ‚_{r+1}; ŕőńãçăěň, çâő z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă (y_1z_1; : : : ; y_mz_m) = ¸_r(y) +^∑_{i∈Iyr} ‹w_ie^i; (2.31)

∑ i∈Iyr ‹w_i = w − ¸_ry; (2.32) ¸_ry < w ≤ ¸_{r+1}y (2.33) 0 ≤ ‹w_i ≤ y_i(¸_{ih(i,r)+2} − ¸_{ih(i,r)+1}); i ∈ I^y_r : (2.34) 5. Ŕàěďŕőńőęĺň, çâő ğŋăçěŋĺě äãŋłæĺĺ p_y (w) ďőáâĺčăěâáï ŋă ŋěőčàăŋĺçěŋŋőň áŕàăćă őâàěğłě á ãčńőćëň łőíääĺæĺěŋâőň ˛_{t(r)} > 0: İâő őğŋăçăěâ, çâő r = K_u; ‚_{r+1} = +∞ ĺ I^y_r ∩ I_1 ≠ ∅: Ć íâőň áńãçăě z { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïîâáï àăćěŋáâćă (2.31), (2.32) ĺ ŋěàăćěŋáâćă

¸_ry ≤ w; (2.35)

0 ≤ ‹w_i ≤ y_i(¸_{ih(i,r)+2} − ¸_{ih(i,r)+1}); i ∈ I^y_r \ I_1; (2.36) 0 ≤ ‹w_i; i ∈ I^y_r ∩ I_1: (2.37) 6. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ěáńĺ ğŋăçěŋĺě äãŋłæĺĺ p_y(w) ďőáâĺčăěâáï ŋă őâàěğłě á ŋãńěćëň ãčńőćëň łőíääĺæĺěŋâőň, âő, łăł ĺ ć ŋěćëàőęďěŋŋőň áńãçăě, z ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă z = ¸_{Ku+1} ĺ ¸_{Ku+1}y ≤ w:

2.3.2 Ďěłőňŕőğĺæĺï ĺ ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ Šăł łăł ćěńĺçĺŋë ˛_t; 1 ≤ t ≤ T; ŕőŕăàŋő àăğńĺçŋë, âő ňőęŋő ŕàěďŕőńăčăâì, çâő ˛_1 > ˛_2 > : : : > ˛_T > 0: (2.38) Ŕàěďŕőńőęĺň, çâő ˛_{T +1} = 0: Ŕãáâì H(i; l) { çĺáńő áěčňěŋâőć äãŋłæĺĺ Q_i, ãčńőćëě łőíääĺæĺěŋâë łőâőàëå áâàőčő ąőńìèě ˛_l, 1 ≤ l ≤ T +1: Őąőğŋăçĺň çěàěğ A_l ćěłâőà á łőňŕőŋěŋâăňĺ ¸_{iH(i,l)+1} ďńï ćáěå i, ă çěàěğ I(l) | ňŋőęěáâćő i ∈ I_1 âăłĺå, çâő ˛_{iKi} > ˛_l, 1 ≤ l ≤ T + 1:

Ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ ĎŊŔ ŕàěďáâăćĺň ć ćĺďě őąêěďĺŋěŋĺï ŕőďňŋőęěáâć ˝_0; ˝_1; : : : ; ˝_T ; ˝_{T +1}: Ěáńĺ y ≠ 0 ĺ ğŋăçěŋĺě äãŋłæĺĺ p_y(w) ďőáâĺčăěâáï ŋă őâàěğłě á ãčńőćëň łőíääĺæĺěŋâőň ˛_r, čďě r ∉ {0; T + 1} { ŋőňěà, őŕàěďěńïěňëľ ãŕőàïďőçěŋĺěň (2.38), âő ďőŕãáâĺňőě àěèěŋĺě ŕàĺŋăďńěęĺâ ňŋőęěáâćã ˝_r: Ćáě őáâăćèĺěáï ďőŕãáâĺňëě àěèěŋĺï, ěáńĺ őŋĺ ěáâì, ŕàĺŋăďńěęăâ ńĺąő ˝_0, ńĺąő ˝_{T +1}: Şáńőćĺï őŕâĺňăńìŋőáâĺ, ŕàĺćěďěŋŋëě ć ğăňěçăŋĺïå 4, 5 ĺ 6, ŕőğćőńïîâ áćěáâĺ ğăďăçã ĎŊŔ ł T + 2 ğăďăçăň ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. Šěőàěňă 6 Ďńï ńîąőľ ğăďăçĺ (2.1){(2.6) á ŕőńĺŋőňĺăńìŋőľ ćàěňěŋŋőľ

áńőęŋőáâìî ňőęŋő ńĺąő ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě ĺ ŕàőćěàĺâì, ïćńïěâáï ńĺ őŋő čăàăŋâĺàőćăŋŋëň, ńĺąő ãáâăŋőćĺâì, çâő ğăďăçă ŋěőčàăŋĺçěŋă ĺńĺ ŋě ĺňěěâ ďőŕãáâĺňëå àěèěŋĺľ.

Ďőłăğăâěńìáâćő. Şâćěàęďěŋĺě ő âőň, çâő ğăďăçă ĎŊŔ ŋă ŕőďňŋőęěáâćě ˝_0 íłćĺćăńěŋâŋă ğăďăçě ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï P_0; ďőłăğëćăěâáï âăł ęě, łăł ĺ ć âěőàěňě 5.

1. Řăááňőâàĺň ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ŋă ˝_r: Ŕàěďŕőńőęĺň, çâő ňŋőęěáâćă I_r ĺ I_1 ŋě ĺňěîâ őąéĺå íńěňěŋâőć. Ĺğ őŕàěďěńěŋĺï ďőŕãáâĺňőčő àěèěŋĺï ďńï ğăďăçĺ ĎŊŔ ĺ ğăňěçăŋĺï 4 áńěďãěâ, çâő ćěłâőà (x; y; z) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (2.2), (2.31){(2.34). Ďńï ãŕàőéěŋĺï ŕőáńěďãîéĺå àăááãęďěŋĺľ ŕàěďŕőńőęĺň, çâő àăááňăâàĺćăěňëľ őâàěğőł ć ńőłăńìŋőľ ŋãňěàăæĺĺ (2.28), áćïğăŋŋőľ á y, ĺňěěâ âőâ ęě áăňëľ ŋőňěà r. Ğăňěŋĺň ňŋőęěáâćő I^y_r ŋă ňŋőęěáâćő I_r ć őčàăŋĺçěŋĺïå (2.31), (2.34), ćěłâőàë ¸_r ĺ ¸_{r+1} ŋă ćěłâőàë A_r ĺ A_{r+1} ć őčàăŋĺçěŋĺïå (2.32), (2.33) ĺ äãŋłæĺî h ŋă äãŋłæĺî H ć őčàăŋĺçěŋĺĺ (2.34). Ńěčłő ďőłăğăâì, çâő ŕàĺ y_i > 0 ğŋăçěŋĺï äãŋłæĺľ h(i; r) ĺ H(i; r) áőćŕăďăîâ. Ś ďàãčőľ áâőàőŋë, ŕěàěňěŋŋëě y_i ćåőďïâ ć őčàăŋĺçěŋĺï (2.31){(2.34).

Śńěďőćăâěńìŋő, ďńï âěłãéěčő y ĺňěěň ¸_r(y) = A_r(y); ¸_ry = A_ry; ¸_{r+1}y = A_{r+1}y;

y_i(¸_{ih(i,r)+2} − ¸_{ih(i,r)+1}) = y_i(¸_{iH(i,r)+2} − ¸_{iH(i,r)+1}):

Šăłĺň őąàăğőň, ãáńőćĺï (2.31){(2.34) íłćĺćăńěŋâŋë áńěďãîéěľ áĺáâěňě őčàăŋĺçěŋĺľ (y_1z_1; : : : ; y_mz_m) = A_r(y) +^∑_{i∈Ir} ‹w_ie^i; (2.39) A_ry ≤ w ≤ A_{r+1}y; (2.40) ∑ i∈Ir ‹w_i = w − A_ry; (2.41) 0 ≤ ‹w_i ≤ y_i(¸_{iH(i,r)+2} − ¸_{iH(i,r)+1}); i ∈ I_r: (2.42) Ć ŋěćëàőęďěŋŋőň áńãçăě àěďãłæĺï őčàăŋĺçěŋĺľ (2.2) ł (2.21) őáŋőćëćăńăáì ŋă áâàőčőň ŋěàăćěŋáâćě y_{i(r)} > 0: Ć àăááňăâàĺćăěňőľ áĺâãăæĺĺ ĺğ ãáńőćĺï (x; y; z) ∈ ˝_r áńěďãěâ ńĺèì, çâő^∑_{i∈Iyr} y_i > 0: Ŕőíâőňã ŕàĺ z ∈ S_k(¸^i); k = 1; : : : ; K_i ćőáŕőńìğãěňáï àăćěŋáâćăňĺ ĺğ ńěňňë 3 p_i(y_iz_i) = y_iQ_i(z_i); p_i(y_i¸_{ik}) = y_iQ_i(¸_{ik}); p_i(y_iz_i) = p_i(y_i¸_{ik})+y_i˛_{ik}(z_i−¸_{ik}); ĺ ŕőńãçĺň y_iQ_i(z_i) = y_iQ_i(¸_{ik}) + ˛_r(y_iz_i − y_i¸_{ik}): Őâáîďă ĺ ĺğ àăćěŋáâćă (2.39) áńěďãěâ, çâő y_iQ_i(z_i) = y_iQ_i(¸_{iH(i,r)}) + ˛_r‹w_i: Ĺáŕőńìğãï íâő ŕàěďáâăćńěŋĺě, ĺáłńîçĺň ŕěàěňěŋŋëě z ĺğ őčàăŋĺçěŋĺľ (2.2) ĺ ŕőńãçĺň Cx + D(A_r)y + D^∗‹w ≥ b; (2.43) čďě D^∗ | ňăâàĺæă, ĺňěîéăï |I_r| áâőńąæőć, íńěňěŋâë łőâőàőľ áőćŕăďăîâ á ćěńĺçĺŋőľ ˛_r; ‹w | ćěłâőà ŕěàěňěŋŋëå á łőňŕőŋěŋâăňĺ ‹w_i; i ∈ I_r; ãďőćńěâćőàïîéĺå őčàăŋĺçěŋĺïň (2.40){(2.42). Őçěćĺďŋő ĺ őąàăâŋőě ãâćěàęďěŋĺě: ěáńĺ (x; y; ‹w) | ćěłâőà, ãďőćńěâćőàïîéĺľ őčàăŋĺçěŋĺïň (2.40){(2.43), âő áãéěáâćãěâ ěďĺŋáâćěŋŋëľ ćěłâőà (x; y; z); ãďőćńěâćőàïîéĺľ őčàăŋĺçěŋĺïň (2.39){(2.42). Šěŕěàì, ãçĺâëćăï, łăł ć ńěňňăå 10 ĺ 11, ãáńőćĺě y_i = 0 ŕàĺ i ∈ I(r) ĺ âő, çâő äãŋłæĺőŋăń ğăďăçĺ

(2.1){(2.6) ŋě ğăćĺáĺâ őâ ŕěàěňěŋŋëå z; ŕőńãçăěň, çâő ćěłâőà (x; y; z) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ĺğ ňŋőęěáâćă ˝_r âőčďă ĺ âőńìłő âőčďă, łőčďă ďńï ŋěłőâőàőčő ćěłâőàă ‹w ≥ 0 âàőľłă (x; y; ‹w) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň áńěďãîéěľ ğăďăçĺ P_r: min_{x,y≥0}(cx + dy) Cx + D(A_r)y + D^∗‹w ≥ b;

A_ry ≤ w ≤ A_{r+1}y; ∑ i∈Ir ‹w_i = w − A_ry;

0 ≤ ‹w_i ≤ y_i(¸_{iH(i,r)+2} − ¸_{iH(i,r)+1}); i ∈ I_r;

y_i = 0; i ∈ I(r);

x; y ≥ 0:

2. Šěŕěàì ŕàěďŕőńőęĺň, çâő I_r ∩ I_1 ≠ ∅; â. ě. őâàěğőł á ãčńőćëň łőíääĺæĺěŋâőň ˛_r > 0 ŋěőčàăŋĺçěŋ áŕàăćă. Ĺğ őŕàěďěńěŋĺï ďőŕãáâĺňőčő àěèěŋĺï ďńï ğăďăçĺ ĎŊŔ ĺ ğăňěçăŋĺï 5 áńěďãěâ, çâő ćěłâőà (x; y; z) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (2.2) ĺ àăćěŋáâćă (2.31), (2.32), (2.35){(2.37). Łăł ĺ àăŋěě, ĺáłńîçăï ŕěàěňěŋŋëě z; ŕőńãçăěň őŕâĺňĺğăæĺőŋŋãî ğăďăçã P_r :

min_{x,y≥0}(cx + dy) Cx + D(A_r)y + D^∗‹w ≥ b;

A_ry ≤ w ∑ i∈Ir ‹w_i = w − A_ry;

0 ≤ ‹w_i ≤ y_i(¸_{iH(i,r)+2} − ¸_{iH(i,r)+1}); i ∈ I_r \ I_1; 0 ≤ ‹w_i; i ∈ I_r ∩ I_1;

y_i = 0; i ∈ I(r);

x; y ≥ 0:

3. Řăááňőâàĺň ŕőáńěďŋĺľ áńãçăľ, łőčďă őâàěğőł ŋěőčàăŋĺçěŋ áŕàăćă ĺ ěčő ãčńőćőľ łőíääĺæĺěŋâ àăćěŋ ŋãńî. Ďńï íâőčő ŋěőąåőďĺňő, çâőąë y_i = 0 ŕàĺ ńîąőň i ∈ I_1: Ĺğ ğăňěçăŋĺï 6 áńěďãěâ, çâő ŕàĺ ńîąőň w ≥ ‚_{Ku+1} ćěłâőà z ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ ŊĞŘ(y) âőčďă ĺ âőńìłő âőčďă, łőčďă z = ¸_{Ku+1} ĺ ¸_{Ku+1}y ≤ w: Šăł ęě łăł ĺ ć ŋěćëàőęďěŋŋőň áńãçăě, ĺáłńîçăï ŕěàěňěŋŋëě z; ŕőńãçĺň őŕâĺňĺğăæĺőŋŋãî ğăďăçã P_{T +1}: min_{x,y≥0}(cx + dy) Cx + D(A_{T +1})y ≥ b;

A_{T +1}y ≤ w; y_i = 0; i ∈ I_1:

Ğăňěâĺň, çâő äãŋłæĺőŋăń ğăďăçĺ (2.1){(2.6) ŋě ğăćĺáĺâ őâ ŕěàěňěŋŋëå ćŋãâàěŋŋěľ ğăďăçĺ (2.4){(2.6). Ŕőíâőňã ěáńĺ (x; y; z) ∈ ˝_r; âő ć áńãçăïå 1 ĺ 2 ŕàĺ ŕőďåőďïéěň ‹w ćěłâőà (x; y; ‹w) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ P_r ĺ ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă íâĺå àěèěŋĺïå áőćŕăďăîâ. Ćěàŋő ĺ őąàăâŋőě ãâćěàęďěŋĺě. Ăŋăńőčĺçŋőě ğăňěçăŋĺě áŕàăćěďńĺćő ďńï áńãçăï 3.

Šăłĺň őąàăğőň, ěáńĺ áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.1){ (2.6), âő áàěďĺ ğăďăç P_k; 0 ≤ k ≤ T + 1; ŋăľďãâáï àăğàěèĺňëě ğăďăçĺ. Ğăňěâĺň, çâő ć àăááňăâàĺćăěňőň áńãçăě ňőčãâ ąëâì ŋěďőŕãáâĺňëě ğăďăçĺ P_k; ŋő ŋě ňőęěâ ąëâì ŋěőčàăŋĺçěŋŋëå áŋĺğã ğăďăç. Ć íâőň áńãçăě ĺáåőďŋăï ğăďăçă áćőďĺâáï ł ŋăåőęďěŋĺî âăłőčő őŕâĺňăńìŋőčő àěèěŋĺï ğăďăç P_k; łőâőàőě ïćńïěâáï ŋăĺňěŋìèĺň őâŋőáĺâěńìŋő äãŋłæĺőŋăńă.

Šăł łăł łăęďăï ğăďăçă P_k; k = 0; 1; : : : ; T + 1; ïćńïěâáï ğăďăçěľ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, âő ćáě âăłĺě ğăďăçĺ ňőčãâ ąëâì àěèěŋë âőçŋő á ŕőňőéìî áâăŋďăàâŋëå ŕőńĺŋőňĺăńìŋëå ăńčőàĺâňőć [29].

Řăááňőâàĺň őŕâĺňăńìŋőě àěèěŋĺě (x^∗; y^∗; z^∗) ğăďăçĺ ĎŊŔ. Őŋő ňőęěâ őłăğăâìáï ŋěčăàăŋâĺàőćăŋŋëň ńĺèì âőčďă, łőčďă áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě z^′ ğăďăçĺ ŊĞŘ(y^∗) âăłőě, çâő ćěłâőà (x^∗; y^∗; z^′) ŋě ãďőćńěâćőàïěâ őčàăŋĺçěŋĺïň (2.2). Ěáńĺ z^∗ | ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y^∗); âő ćěłâőà (x^∗; y^∗; z^∗) ąãďěâ čăàăŋâĺàőćăŋŋëň àěèěŋĺěň ğăďăçĺ ĎŊŔ. Ŕőíâőňã ĺğ ğăňěçăŋĺï 6 áńěďãěâ, çâő àěèěŋĺï ĺğ ňŋőęěáâćă ˝_{T +1} ąãďãâ čăàăŋâĺàőćăŋŋëňĺ. Ěáńĺ (x^∗; y^∗; z^∗) ∈ ˝_0; âő őčàăŋĺçěŋĺï (2.2) ŋě ğăćĺáïâ őâ ŕěàěňěŋŋëå z ĺ, áńěďőćăâěńìŋő, àěèěŋĺě âăłęě ïćńïěâáï čăàăŋâĺàőćăŋŋëň. Ć őąéěň áńãçăě, łőčďă (x^∗; y^∗; z^∗) ∈ ˝_r ĺ r ∉ {0; T + 1}; ćőŕàőá ő ěďĺŋáâćěŋŋőáâĺ àěèěŋĺï z^∗ áćőďĺâáï ł ĺááńěďőćăŋĺî áńěďãîéěľ ğăďăçĺ:

max^∑ i∈Iy � r ˛_r‹w_i; (2.44) ∑ i∈Iy � r ‹w_i = w − A_ry^∗; (2.45)

‹w_i ≤ y^∗_i (¸_{iH(i,r)+2} − ¸_{iH(i,r)+1}); i ∈ I^{y�}_r \ I_1; (2.46) ‹wi ≥ 0; i ∈ I^{y�}_r : (2.47) Ŋěâàãďŋő ďőłăğăâì, çâő z^∗ ïćńïěâáï ěďĺŋáâćěŋŋëň àěèěŋĺěň ğăďăçĺ ŊĞŘ(y^∗) âőčďă ĺ âőńìłő âőčďă, łőčďă àăŋč ŕőďáĺáâěňë ğăłàěŕńěŋŋëå őčàăŋĺçěŋĺľ ğăďăçĺ (2.44){(2.47) àăćěŋ |I^{y�}_r |: Ŕőáńěďŋěě ãáńőćĺě ňőęěâ ćëŕőńŋïâìáï ńĺèì ć ďćãå áńãçăïå: ńĺąő ŕàĺ w = A_{r+1}y^∗; ńĺąő ŕàĺ |I^{y�}_r | = 1: Šěŕěàì ŕàěďŕőńőęĺň, çâő íâĺ ãáńőćĺï ŋăàãèăîâáï. Šőčďă w ŕàĺŋăďńěęĺâ ćŋãâàěŋŋőáâĺ ĺŋâěàćăńă S_r(A_r(y^∗)) ĺ |I^{y�}_r | > 1: Ďńï łăęďőčő s; 1 ≤ s ≤ S; àăááňőâàĺň ćáŕőňőčăâěńìŋãî ğăďăçã G_s: d^∗_s = min_{δw≥0}^∑_{i∈Iy�} r d^∗_{si}‹w_i ∑ i∈Iy � r ‹w_i = w − A_ry^∗;

‹w_i ≤ y^∗_i (¸_{iH(i,r)+2} − ¸_{iH(i,r)+1}); i ∈ I^{y�}_r \ I_1;

čďě d^∗_{si}; 1 ∈ |I^{y�}_r | | łőíääĺæĺěŋâë ňăâàĺæë D^∗: Šăł łăł (x^∗; y^∗; z^∗) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĎŊŔ, âő áãéěáâćãěâ ćěłâőà ‹w^∗ âăłőľ, çâő (x^∗; y^∗; ‹w^∗) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ P_r: Ŕőíâőňã ďńï ńîąőľ ğăďăçĺ G_s ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ŋěŕãáâő. Őçěćĺďŋő, çâő őŋő ïćńïěâáï őčàăŋĺçěŋŋëň. Ĺğ áőőâŋőèěŋĺľ (2.39){(2.42) áńěďãěâ, çâő ďőŕãáâĺňőňã àěèěŋĺî ‹w ğăďăçĺ G_s áőőâćěâáâćãěâ ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě z(‹w) ğăďăçĺ ŊĞŘ(y^∗): Ćěàŋő ĺ őąàăâŋőě ãâćěàęďěŋĺě.

Ŕàěďŕőńőęĺň, çâő ćëŕőńŋïěâáï ŋěàăćěŋáâćő d^∗_s =^∑_{i∈Iy�} r d^∗_{si}‹w_i < b_s −^∑_j c_{sj} x^∗_j −^∑_{i∈Iy�} r (d^1_{si} + d^2_{si}¸_{iH(i,r)+1})y^∗_i : (2.48)

Ŕőłăęěň, çâő ćěłâőà (x^∗; y^∗; z(‹w)) ŋě ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ (2.1){(2.6). Ŕàěďŕőńőęĺň ŕàőâĺćŋőě, â. ě. ćěłâőà (x^∗; y^∗; z(‹w)) ãďőćńěâćőàïěâ őčàăŋĺçěŋĺïň (2.2). Šőčďă ŋěâàãďŋő ďőłăğăâì, çâő (x^∗; y^∗; z(‹w)) ∈ ˝_r ĺ, áńěďőćăâěńìŋő, (x^∗; y^∗; ‹w) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ P_r: Ŕőíâőňã ∑ i∈Iy � r d^∗_{si}‹w_i ≥ b_s −^∑_j c_{sj} x^∗_j −^∑_{i∈Iy�} r (d^1_{si} + d^2_{si}¸_{iH(i,r)+1})y^∗_i ;

çâő ŕàőâĺćőàěçĺâ ŋěàăćěŋáâćã (2.48). Šăłĺň őąàăğőň, z(‹w) | âăłőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŊĞŘ(y^∗); çâő ćěłâőà (x^∗; y^∗; z(‹w)) ŋě ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ (2.1){(2.6). Šőčďă ĺğ őŕàěďěńěŋĺï 3 áńěďãěâ, çâő őŕâĺňăńìŋőě àěèěŋĺě (x^∗; y^∗; z^∗) ŋě ïćńïěâáï čăàăŋâĺàőćăŋŋëň. Ěáńĺ ŕàĺ łăęďőň s ćëŕőńŋïěâáï ŋěàăćěŋáâćő d^∗_s ≥ b_s −^∑_j c_{sj} x^∗_j −^∑_{i∈Iy�} r (d^1_{si} + d^2_{si}¸_{iH(i,r)+1})y^∗_i ;

âő ćěłâőà (x^∗; y^∗; z^∗) ąãďěâ ŋăĺńãçèĺň čăàăŋâĺàőćăŋŋëň àěèěŋĺěň. Šěőàěňă 6 ďőłăğăŋă.

Čńăćă 3 Ůăáâĺçŋő-æěńőçĺáńěŋŋëě ňőďěńĺ

Ć íâőľ čńăćě àăááňăâàĺćăîâáï ňăâěňăâĺçěáłĺě ňőďěńĺ ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï, áćïğăŋŋëě á èĺàőłő ĺğćěáâŋőľ ğăďăçěľ ćëąőàă àïďă ĺğďěńĺľ [5, áâà. 95]. Ŕàěďńăčăěňëě ŕőáâăŋőćłĺ ïćńïîâáï ňěŋěě őąéĺňĺ, çěň ć ŕàěďèěáâćãîéĺå čńăćăå, ŋő őŋĺ ĺňěîâ áăňőáâőïâěńìŋőě ŕàĺłńăďŋőě ğŋăçěŋĺě [16, 26, 32], çâő ŕőďâćěàęďăěâáï, ć çăáâŋőáâĺ, àïďőň ŕàĺłńăďŋëå ŋăãçŋő-ĺááńěďőćăâěńìáłĺå àăąőâ, ć àăğŋëě čőďë ŕàőćőďĺćèĺåáï ć Ĺŋáâĺâãâě ňăâěňăâĺłĺ ŚŐ ŘĂŊ.

Őáőąěŋŋőáâìî ŕàěďńăčăěňëå ŕőáâăŋőćőł ŕő áàăćŋěŋĺî á ğăďăçěľ ćëąőàă àïďă ĺğďěńĺľ [5], ïćńïěâáï ŕőłàëâĺě çăáâĺ àăáåőďőć áàěďáâćăňĺ ĺŋćěáâőàă, łőâőàëľ ňőęěâ ŕőńãçĺâì ńîąëě ĺğďěńĺï ĺğ çĺáńă ŕàőĺğćěďěŋŋëå ŕő ğăàăŋěě áőčńăáőćăŋŋëň æěŋăň. Ŋă ćěàåŋěň ãàőćŋě ćëąĺàăěâáï àïď ĺğďěńĺľ, łőâőàëě ąãďãâ ŕàőĺğćőďĺâìáï ďńï ćëŕőńŋěŋĺï àăąőâ, ă ŋă ŋĺęŋěň ãàőćŋě ĺŋćěáâőà áâàěňĺâáï ňăłáĺňĺğĺàőćăâì áãňňăàŋãî íääěłâĺćŋőáâì ćëąàăŋŋëå ĺň ĺğďěńĺľ, ĺáåőďï ĺğ ćěńĺçĺŋë áćőěčő łàěďĺâă. Ć âăłĺå ãáńőćĺïå ćëąőà àïďă ĺğďěńĺľ ĺ ćëąőà ňŋőęěáâćă ĺğďěńĺľ, ĺáŕőńìğãěňëå ďńï ŕőčăèěŋĺï łàěďĺâă, áâăŋőćïâáï ćğăĺňőğăćĺáĺňëňĺ, çâő ŕàĺćőďĺâ ł ďćãåãàőćŋěćëň ňăâěňăâĺçěáłĺň ňőďěńïň. Ğăďăçă áőáâőĺâ ć âőň, çâőąë ŋăľâĺ âăłőľ àïď ĺğďěńĺľ, łőâőàëľ ŕőğćőńĺń ąë àăááçĺâăâìáï á ĺŋćěáâőàőň ĺ ćëŕőńŋĺâì ćáě àăąőâë á ňĺŋĺňăńìŋëňĺ áãňňăàŋëňĺ ğăâàăâăňĺ.

3.1 Ğăďăçă ćëąőàă àïďă ĺğďěńĺľ á çăáâĺçŋëň ćŋěèŋĺň äĺŋăŋáĺàőćăŋĺěň

Ŕãáâì ňŋőęěáâćő I = {1; 2; :::; m} ğăďăěâ ĺáåőďŋëľ àïď âĺŕőć ĺğďěńĺľ. Ĺáåőďŋëľ àïď ćłńîçăěâ ć áěąï âĺŕë ĺğďěńĺľ, łőâőàëě ćëŕãáłăîâáï áěàĺľŋő, ńĺąő ňőčãâ ąëâì ğăŕãéěŋë ć ŕàőĺğćőďáâćő ć ąńĺęăľèěň ąãďãéěň. Ĺå őąńăáâì ŕàĺňěŋěŋĺï ğăďăěâáï ňŋőęěáâćőň àăąőâ J = {1; 2; :::; n}: Ďńï łăęďőľ àăąőâë áãéěáâćãîâ ĺğďěńĺï ć ĺáåőďŋőň àïďě, ŕàěďŋăğŋăçěŋŋëě ďńï ěě ćëŕőńŋěŋĺï ĺ ďńï łăęďőčő ĺğďěńĺï ĺňěîâáï àăąőâë ć őąńăáâĺ ŕàĺňěŋěŋĺï, ďńï łőâőàëå őŋő ŕàěďŋăğŋăçěŋő. Ďńï łăęďőčő i ∈ I ğăďăŋő àăğąĺěŋĺě ňŋőęěáâćă J ŋă ŕőďňŋőęěáâćă J^1_i ; : : : ; J^{Ti}_i : Řăąőâë ĺğ őďŋőčő ňŋőęěáâćă ňőčãâ ąëâì ćëŕőńŋěŋë ŕőáńěďőćăâěńìŋő őďŋă ğă ďàãčőľ őďŋĺňĺ ĺ âěňĺ ęě ĺğďěńĺïňĺ. Řăąőâë ĺğ àăğŋëå ŕőďňŋőęěáâć ćëŕőńŋïîâáï ŕăàăńńěńìŋő.

Ňăâěňăâĺçěáłăï ŕőáâăŋőćłă ğăďăçĺ ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě ğăďăçĺ çăáâĺçŋő-æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï. Ććěďěň áńěďãîéĺě őąőğŋăçěŋĺï. Ďńï łăęďőčő i ∈ I :

g_i(v_i) ≥ 0 | ğăâàăâë ŋă àăğàăąőâłã ĺğďěńĺï ĺ ěčő ŕàőĺğćőďáâćő ć ğăćĺáĺňőáâĺ őâ őąìěňă ćëŕãáłă v_i ≥ 0; ąãďěň ŕàěďŕőńăčăâì, çâő íâő łãáőçŋő ńĺŋěľŋëě ćőčŋãâëě ŋěãąëćăîéĺě äãŋłæĺĺ;

˛_i ≥ 0 | áâőĺňőáâì őďŋőčő ĺğďěńĺï ďńï ĺŋćěáâőàă; ¸_i ≥ 0 | őæěŋłă íääěłâĺćŋőáâĺ őďŋőčő ĺğďěńĺï ĺŋćěáâőàőň; p_{ij} ≥ 0 | çĺáńő ĺğďěńĺľ, âàěąãîéĺåáï ďńï ćëŕőńŋěŋĺï j-ľ àăąőâë; cij ≥ 0 | áâőĺňőáâì ćëŕőńŋěŋĺï j-ľ àăąőâë;

B ≥ 0 | ćěńĺçĺŋă łàěďĺâă.

Ŕěàěňěŋŋëě ğăďăçĺ (v_i); (y_{ij}); (w_i) ĺňěîâ áńěďãîéĺľ áňëáń: v_i ≥ 0 | őąêěň ŕàőĺğćőďáâćă ĺğďěńĺï i-čő âĺŕă; y_{ij} =

1; ěáńĺ j-ï àăąőâă ćëŕőńŋïěâáï ĺğďěńĺïňĺ i-čő âĺŕă; 0 ć ŕàőâĺćŋőň áńãçăě;

w_i ≥ 0 | őąêěň ĺğďěńĺľ i-čő âĺŕă, ŕàőďăŋŋëå ĺŋćěáâőàã. Ś ĺáŕőńìğőćăŋĺěň ććěďěŋŋëå őąőğŋăçěŋĺľ ğăďăçă ćëąőàă àïďă ĺğďěńĺľ á çăáâĺçŋëň ćŋěèŋĺň äĺŋăŋáĺàőćăŋĺěň (őąőğŋăçĺň ěě ĆŘ ) ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň:

min_{v,y}^∑_{i∈I}{g_i(v_i) +^∑_{j∈J} c_{ij} y_{ij}}; (3.1) ∑ i∈I y_{ij} = 1; j ∈ J; (3.2) Ti∑ t=1 max_{j∈Jti} p_{ij} y_{ij} ≤ v_i − w_i; i ∈ I; (3.3) v_i ≥ 0; y_{ij} ∈ {0; 1}; i ∈ I; j ∈ J; (3.4) čďě w | őŕâĺňăńìŋőě àěèěŋĺě ńĺŋěľŋőľ ğăďăçĺ ő àăŋæě ŃŘ(v):

max_w^∑_{i∈I} ¸_iw_i; (3.5) ∑ i∈I ˛_iw_i ≤ B; (3.6) 0 ≤ w_i ≤ v_i; i ∈ I: (3.7) Űěńěćăï äãŋłæĺï (3.1) ĺňěěâ áňëáń áãňňăàŋëå ğăâàăâ ŋă àăğàăąőâłã, ŕàőĺğćőďáâćő ĺ íłáŕńãăâăæĺî ĺğďěńĺľ. Řăćěŋáâćă (3.2) čăàăŋâĺàãîâ ćëŕőńŋěŋĺě ćáěå àăąőâ őąńăáâĺ ŕàĺňěŋěŋĺï. Ŋěàăćěŋáâćă (3.3) őčàăŋĺçĺćăîâ ćőğňőęŋőáâĺ ćëŕőńŋěŋĺï àăąőâ ĺňěîéĺňĺáï ć ŋăńĺçĺĺ ĺğďěńĺïňĺ. Űěńěćăï äãŋłæĺï (3.5) ćŋãâàěŋŋěľ ğăďăçĺ ĺňěěâ áňëáń áãňňăàŋőľ íääěłâĺćŋőáâĺ ĺğďěńĺľ, ćëąàăŋŋëå ĺŋćěáâőàőň. Ŋěàăćěŋáâćő (3.6) őčàăŋĺçĺćăěâ äĺŋăŋáőćëě ćőğňőęŋőáâĺ ĺŋćěáâőàă ćěńĺçĺŋőľ ěčő łàěďĺâă. Őčàăŋĺçěŋĺï (3.7) ŕőğćőńïîâ ĺŋćěáâőàã ğăłãŕăâì ĺğďěńĺï ć łőńĺçěáâćăå ŋě ŕàěćëèăîéĺå ĺå őąìěňë ŕàőĺğćőďáâćă.

Ŕàĺ B = 0 ć ğăďăçě ŃŘ(v) ĺňěěâáï ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě w^∗ = 0: Ć íâőň áńãçăě ğăďăçă (3.1){(3.7) íłćĺćăńěŋâŋă łńăááĺçěáłőľ ğăďăçě ćëąőàă àïďă ĺğďěńĺľ [5, áâà. 95]: min_{v,y}^∑_{i∈I}{g_i(v_i) +^∑_{j∈J} c_{ij} y_{ij}}; ∑ i∈I y_{ij} = 1; j ∈ J; Ti∑ t=1 max_{j∈Jti} p_{ij} y_{ij} ≤ v_i; i ∈ I;

v_i ≥ 0; y_{ij} ∈ {0; 1}; i ∈ I; j ∈ J:

Šăłĺň őąàăğőň, ğăďăçă (3.1){(3.7) ïćńïěâáï NP | âàãďŋőľ ć áĺńìŋőň áňëáńě [12] ĺ ďńï ŋěě ňăńőćěàőïâŋő [61] áãéěáâćőćăŋĺě ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć, őâŋőáĺâěńìŋăï ŕőčàěèŋőáâì łőâőàëå àőáńă ąë ňěďńěŋŋěě, çěň ln(n):

3.2 Śćěďěŋĺě ł ğăďăçě ćëąőàă àïďă ĺğďěńĺľ

Ŕãáâì ćěńĺçĺŋë ¸_i=˛_i; i ∈ I; ŕőŕăàŋő àăğńĺçŋë ĺ ňŋőęěáâćő I ãŕőàïďőçěŋő âăł, çâő ¸_1=˛_1 > ¸_2=˛_2 > : : : > ¸_m=˛_m > 0: Ć íâőň áńãçăě, ğăďăçă ŃŘ(v) ĺňěěâ ěďĺŋáâćěŋŋőě őŕâĺňăńìŋőě àěèěŋĺě ĺ, áńěďőćăâěńìŋő, ğăďăçă ĆŘ ŋěćëàőęďěŋă. Ŕőíâőňã łăęďőě ěě őŕâĺňăńìŋőě àěèěŋĺě ïćńïěâáï ŋăĺńãçèĺň čăàăŋâĺàőćăŋŋëň àěèěŋĺěň. Ćëàőęďěŋŋëľ áńãçăľ ąãďěâ àăááňőâàěŋ ć ŕăàăčàăäě 3.5.

Ŕãáâì s ∈ I: Ďńï ğăďăçĺ

min_v {^{s∑}_{i=1} g_i(v_i) |^{s∑}_{i=1} ˛_iv_i = B; v_i ≥ 0} (3.8) àăááňőâàĺň äãŋłæĺî ćőğňãéěŋĺï p^s_g(B) = min_v{^{s∑}_{i=1} g_i(v_i) |^{s∑}_{i=1} ˛_iv_i = B; v_i ≥ 0}:

Ńěňňă 12 . Ďńï ńîąőčő B ≥ 0 áŕàăćěďńĺćő àăćěŋáâćő p^s_g(B) = min{g_i(B=˛_i) | 1 ≤ i ≤ s}: (3.9)

Ďőłăğăâěńìáâćő ńěňňë ŕàïňő áńěďãěâ ĺğ ŕàěďŕőńőęěŋĺï ő ćőčŋãâőáâĺ ĺ ŋěãąëćăŋĺĺ äãŋłæĺľ g_i(v_i):

Ńěňňă 13 Śãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĆŘ á ěďĺŋáâćěŋ-

ŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ ćěłâőàă w:

Ďőłăğăâěńìáâćő. Ŕãáâì (v^∗_i ); (y^∗_{ij}); (w^∗_i ) | ŕàőĺğćőńìŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĆŘ. Šőčďă ŋăľďěâáï ŋőňěà s; ďńï łőâőàőčő ćëŕőńŋïîâáï áńěďãîéĺě áőőâŋőèěŋĺï: s∑ i=1 ˛_iw^∗_i = B; w^∗_i = v^∗_i ŕàĺ i < s ĺ 0 < w^∗_s ≤ v^∗_s :

Ŕãáâì w^∗_s = v^∗_s : Ĺğ ńěňňë 12 áńěďãěâ, çâő ďńï ŋěłőâőàőčő ŋőňěàă k ≤ s ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ĆŘ

—v_i =

0; ěáńĺ i ≤ s; i ≠ k B=˛_i; ěáńĺ i = k; v^∗_i ; ěáńĺ i > s;

—w_i =

—v_i; ěáńĺ i ≤ s; 0; ěáńĺ i > s;

—y = y^∗;

ąãďěâ ěčő őŕâĺňăńìŋëň àěèěŋĺěň á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ —w_k:

Ŕãáâì w^∗_s < v^∗_s : Řăááňőâàĺň ğăďăçã (3.8) ć áńěďãîéěľ ŕőáâăŋőćłě:

min_v {^{s−1∑}_{i=1} g_i(v_i) |^{s−1∑}_{i=1} ˛_iv_i = B − ˛_sw^∗_s ; v_i ≥ 0}:

Ĺğ ńěňňë 12 ŕőńãçĺň, çâő ďńï ŋěłőâőàőčő ŋőňěàă k < s áńěďãîéěě ďőŕãáâĺňőě àěèěŋĺě

—v_i =

0; ěáńĺ i < s; i ≠ k; (B − ˛_sw^∗_s )=˛_i; ěáńĺ i = k; v^∗_i ; ěáńĺ i ≥ s;

—w_i =

—v_i; ěáńĺ i < s; w^∗_s ; ěáńĺ i = s; 0; ěáńĺ i > s;

—y = y^∗;

ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ ĆŘ, ã łőâőàőčő ďćě ŋěŋãńěćëě łőňŕőŋěŋâë —w_k; —w_s: Ŕãáâì p^{ks}_g (B) | äãŋłæĺï ćőğňãéěŋĺï áńěďãîéěľ ğăďăçĺ:

min_{vk,vs} {g_k(v_k) + g_s(v^∗_s − w^∗_s + v_s) | ˛_kv_k + ˛_sv_s = B; v_k; v_s ≥ 0}: Őçěćĺďŋő, çâő ćěłâőà (—v_k; w^∗_s ) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň íâőľ ğăďăçĺ. Šăł łăł äãŋłæĺï g_s(v^∗_s − w^∗_s + v_s) ïćńïěâáï łãáőçŋő ńĺŋěľŋőľ ŋěãąëćăîéěľ ĺ ćőčŋãâőľ, âő ĺğ ńěňňë 12 áńěďãěâ, çâő ńĺąő p^{ks}_g (B) = g_k(B=˛_k); ńĺąő p^{ks}_g (B) = g_s(v^∗_s − w^∗_s + B=˛_s): Šőčďă ć ŕěàćőň áńãçăě őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ ĆŘ á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ —w_i ąãďěâ áńěďãîéěě àěèěŋĺě:

—v_i =

0; ěáńĺ i < s; i ≠ k; B=˛_i; ěáńĺ i = k; v^∗_i − w^∗_i ; ěáńĺ i = s; v^∗_i ; ěáńĺ i > s;

—w_i =

—v_i; ěáńĺ i < s; 0; ěáńĺ i ≥ s;

—y = y^∗;

ă ćő ćâőàőň áńãçăě:

—v_i =

0; ěáńĺ i < s; B=˛_i + v^∗_i − w^∗_i ; ěáńĺ i = s; v^∗_i ; ěáńĺ i > s;

—w_i =

0; ěáńĺ i ≠ s; B=˛_i; ěáńĺ i = s;

—y =

y^∗:

Ńěňňă 13 ďőłăğăŋă.

Ć čńăćě 1 ąëńĺ ŕőńãçěŋë ãáńőćĺï őŕâĺňăńìŋőáâĺ ďńï ğăďăçĺ ŃŘ(v), ŕàőćěàłă łőâőàëå áćőďĺâáï ł ŕőĺáłã àěèěŋĺï áĺáâěňë ńĺŋěľŋëå őčàăŋĺçěŋĺľ őâŋőáĺâěńìŋő ŕěàěňěŋŋëå v ĺ w: Ćáěčő âăłĺå àăğŋëå áĺáâěň őčàăŋĺçěŋĺľ ć àăááňăâàĺćăěňőň áńãçăě ŋě ąőńěě m: Šőčďă ďńï ŋěćëàőęďěŋőľ ğăďăçĺ ŕőńãçĺň àăğąĺěŋĺě ňŋőęěáâćă ďőŕãáâĺňëå àěèěŋĺľ ŋă m ŕőďňŋőęěáâć, ŋă łăęďőň ĺğ łőâőàëå ĺáåőďŋăï ğăďăçă ĆŘ íłćĺćăńěŋâŋă àěèěŋĺî ğăďăçĺ çăáâĺçŋő-æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï áńěďãîéěčő ćĺďă:

min_{v,y}^∑_{i∈Ik}{g_i(v_i) +^∑_{j∈J} c_{ij} y_{ij} }; ŕàĺ őčàăŋĺçěŋĺïå_∑ i∈Ik y_{ij} = 1; j ∈ J; Tk∑ t=1 max_{j∈Jtk} p_{kj} y_{kj} ≤ v_k − (B −^∑_{i<k} ˛_iv_i)=˛_k; Ti∑ t=1 max_{j∈Jti} p_{ij} y_{ij} ≤ v_i; i > k; ∑ i<k ˛_iv_i ≤ B; ∑ i<k ˛_iv_i + ˛_kv_k ≥ B;

y_{ij} = 0; i < k; j ∈ J;

v_i ≥ 0; y_{ij} ∈ {0; 1}; i ∈ I_k; j ∈ J;

čďě I_k = {k; k + 1; : : : ; m}: Őďŋăłő ĺğ ńěňňë 13 áńěďãěâ ąőńěě áĺńìŋëľ àěğãńìâăâ:

Šěőàěňă 7 Ğăďăçă ĆŘ áćőďĺâáï ł àěèěŋĺî m ğăďăç ćëąőàă àïďă ĺğ-

ďěńĺľ.

Ďőłăğăâěńìáâćő. Ĺğ ńěňňë 13 áńěďãěâ, çâő ć ğăďăçě ĆŘ ňőęŋő őčàăŋĺçĺâìáï ŕőĺáłőň őŕâĺňăńìŋëå àěèěŋĺľ (v^∗; y^∗; w^∗) á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ w^∗_k; k ∈ I; łőâőàăï ãďőćńěâćőàïěâ áńěďãîéĺň áőőâŋőèěŋĺïň: ˛_kw^∗_k = B ĺ w^∗_k ≤ v^∗_k:

Ŕãáâì (v; y) | ŕàőĺğćőńìŋőě ďőŕãáâĺňőě àěèěŋĺě áńěďãîéěľ ğăďăçĺ (őąőğŋăçĺň ěě ĆŘ_k):

Z^∗_k = min_{v,y}^{m∑}_{i∈Ik+1}{g_i(v_i) +^∑_{j∈J} c_{ij} y_{ij}} +^∑_{j∈J} c_{kj} y_{kj} + g_k(B=˛_k + v_k);

ŕàĺ őčàăŋĺçěŋĺïå_∑ i∈Ik y_{ij} = 1; j ∈ J; Ti∑ t=1 max_{j∈Jti} p_{ij} y_{ij} ≤ v_i; i ∈ I_k;

v_i ≥ 0; y_{ij} ∈ {0; 1}; i ∈ I_k; j ∈ J: Šőčďă àěèěŋĺě

—v_i =

0; ěáńĺ i < k; B=˛_i + v_i; ěáńĺ i = k; v_i; ěáńĺ i ∈ I_{k+1};

—y_{ij} =

0; ěáńĺ i < k; j ∈ J; y_{ij} ; ěáńĺ i ∈ I_k; j ∈ J;

—w_i =

B=˛_i; ěáńĺ i = k;

0; ć ŕàőâĺćŋőň áńãçăě ;

ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ ĆŘ á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ ćěłâőàă w ĺ ğŋăçěŋĺï æěńěćëå äãŋłæĺľ ŋă íâĺå àěèěŋĺïå áőćŕăďăîâ.

Őáâăńőáì ğăňěâĺâì, çâő ďńï ńîąőčő k ğăďăçă ĆŘ_k ïćńïěâáï ğăďăçěľ ćëąőàă àïďă ĺğďěńĺľ [5]. Šěőàěňă 7 ďőłăğăŋă.

Ŕãáâì (v; y; w) | ŕàőĺğćőńìŋőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ ĆŘ. Őąőğŋăçĺň çěàěğ J(i) ňŋőęěáâćő ćĺďă {j ∈ J | y_{ij} = 1} ĺ ŋăğőćěň ěčő őąńăáâìî ŕàĺňěŋěŋĺï ĺğďěńĺï i: Ŕãáâì L_i | çĺáńő âőçěł ĺğńőňă łãáőçŋő ńĺŋěľŋőľ äãŋłæĺĺ g_i(v) ĺ L = max_{i∈I} L_i: Śńěďãîéĺľ àěğãńìâăâ ŕőłăğëćăěâ, çâő áãéěáâćőćăŋĺě őŕâĺňăńìŋőčő àěèěŋĺï áő áćïğŋëňĺ őąńăáâïňĺ ŕàĺňěŋěŋĺï [5] | ďőáâăâőçŋőě ãáńőćĺě ďńï ŕőńĺŋőňĺăńìŋőľ àăğàěèĺňőáâĺ ğăďăçĺ ĆŘ.

Šěőàěňă 8 Ěáńĺ ć ğăďăçě ĆŘ áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě áő

áćïğŋëňĺ őąńăáâïňĺ ŕàĺňěŋěŋĺï, âő őŋő ňőęěâ ąëâì ŋăľďěŋő á âàãďőěňłőáâìî O((mn)^2L).

Ďőłăğăâěńìáâćő. Ĺğ âěőàěňë 7 áńěďãěâ, çâő ğăďăçă ĆŘ áćőďĺâáï ł àěèěŋĺî m ğăďăç ćëąőàă àïďă ĺğďěńĺľ ĆŘ_k; k ∈ I: Ŕàĺ ďőłăğăâěńìáâćě ńěňňë 13 ć őŕâĺňăńìŋőň àěèěŋĺĺ ňőďĺäĺæĺàőćăńĺáì âőńìłő łőňŕőŋěŋâë áőőâćěâáâćãîéĺě ŕěàěňěŋŋëň v ĺ w. Śńěďőćăâěńìŋő, ěáńĺ ć ğăďăçě ĆŘ áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě áő áćïğŋëňĺ őąńăáâïňĺ ŕàĺňěŋěŋĺï, âő ŋăľďěâáï őŕâĺňăńìŋőě àěèěŋĺě áő áćïğŋëňĺ őąńăáâïňĺ ŕàĺňěŋěŋĺï ĺ á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ ã ćěłâőàă w^∗: Ŕőíâőňã ć őďŋőľ ĺğ ğăďăç ĆŘ_k ŋăľďěâáï őŕâĺňăńìŋőě àěèěŋĺě áő áćïğŋëňĺ őąńăáâïňĺ ŕàĺňěŋěŋĺï. Ŕőłăęěň, çâő âőčďă ğăďăçă ĆŘ_k áćőďĺâáï ł àěèěŋĺî ğăďăçĺ ő ąńĺęăľèěň áőáěďě (ĄŚ_k) ćĺďă

min_{R,z} {^{R∑}_{l=1} f_k(z_{l−1}; z_l) | 0 = z_0 ≤ z_1 ≤ : : : ≤ z_R = n};

čďě f_k(z_{l−1}; z_l) | ŋěőâàĺæăâěńìŋăï äãŋłæĺï őŕàěďěńěŋŋăï ďńï ćáěå ŕăà z_{l−1} ≤ z_l ĺğ ňŋőęěáâćă {0; 1; : : : ; n}:

Ďńï őŕâĺňăńìŋőčő ğŋăçěŋĺï ğăďăçĺ ĆŘ_k áŕàăćěďńĺćő àăćěŋáâćő

Z^∗_k = g_k(B=˛_k)+min_{(v,y)}{^∑_{i∈Ik+1}{g_i(v_i)+^∑_{j∈J} c_{ij} y_{ij}}+^∑_{j∈J} c_{kj}y_{kj}+g_k(B=˛_k+v_k)−g_k(B=˛_k)};

čďě ňĺŋĺňãň ąěàěâáï ŕő ćáěň ďőŕãáâĺňëň àěèěŋĺïň. Ŕãáâì

f_k(J^′) = min{ min_{i∈Ik+1}{g_i(v_i(J^′))+^∑_{j∈J0} c_{ij} }; g_k(B=˛_k+v_k(J^′))−g_k(B=˛_k)+^∑_{j∈J0} c_{kj} }}; čďě v_i(J^′) =^{Ti∑}_{t=1} max_{j∈Jti ∩J0} p_{ij} ; i ∈ I_k:

Šőčďă ŕěàěåőďï ł őąńăáâïň ŕàĺňěŋěŋĺï, ŕőńãçĺň

Z^∗_k = g_k(B=˛_k) + min{^{R∑}_{l=1} f_k(J(l)) | ∪^R_{l=1}J(l) = J; J(l) ∩ J(l^′) = ∅; l ≠ l^′}:

Ŕő ŕàěďŕőńőęěŋĺî ć ğăďăçě ĆŘ_k áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě áő áćïğŋëňĺ őąńăáâïňĺ ŕàĺňěŋěŋĺï. Śńěďőćăâěńìŋő, ŕőńăčăï, çâő

J(l) = (z_{l−1}; z_l]; čďě z_{l−1} < z_l | æěńëě çĺáńă ĺğ ĺŋâěàćăńă [0; n]; ŕőńã- çĺň Z^∗_k = g_k(B=˛_k) + min_{R,(zl)}{^{R∑}_{l=1} f_k(z_{l−1}; z_l) | 0 = z_0 ≤ z_1 ≤ : : : ≤ z_R = n}:

Ŕőíâőňã ğăďăçă ĆŘ_k áćőďĺâáï ł àěèěŋĺî ğăďăçĺ ő ąńĺęăľèěň áőáěďě ĄŚ_k ĺ, áńěďőćăâěńìŋő, ğăďăçă ĆŘ áćőďĺâáï ł àěèěŋĺî m ğăďăç ő ąńĺęăľèěň áőáěďě.

Őæěŋĺň âàãďőěňłőáâì ŋăåőęďěŋĺï őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ ĆŘ. Ěáńĺ ğŋăçěŋĺě äãŋłæĺĺ f_k(z_{l−1}; z_l) ĺğćěáâŋő ďńï łăęďőľ ŕăàë âőçěł z_{l−1} < z_l; âő âàãďőěňłőáâì ăńčőàĺâňă àěèěŋĺï ğăďăçĺ ĄŚ_k àăćŋă O(n^2): Šàãďőěňłőáâì ćëçĺáńěŋĺï ćáěå ğŋăçěŋĺľ äãŋłæĺĺ f_k àăćŋă O(|I_k|Ln^2); çâő ĺ őŕàěďěńïěâ âàãďőěňłőáâì ăńčőàĺâňă àěèěŋĺï ğăďăçĺ ĆŘ_k: Šăłĺň őąàăğőň, âàãďőěňłőáâì ŋăåőęďěŋĺï őŕâĺňăńìŋőčő àěèěŋĺï ğăďăçĺ ĆŘ àăćŋă O((mn)^2L): Šěőàěňă 8 ďőłăğăŋă.

Ğăňěçăŋĺě. Ŕàĺćěďěŋŋëě ãâćěàęďěŋĺï ĺňěîâ ňěáâő ĺ ďńï ğăďăçĺ ĆŘ á ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ ćĺďă:

x_i ≥ y_{ij}; i ∈ I; j ∈ J; ∑ i∈I x_i ≤ M;

x_i ∈ {0; 1}; i ∈ I;

łőâőàëě ğăŕàěéăîâ ćëąĺàăâì çĺáńő âĺŕőć ĺğďěńĺľ ŕàěćëèăîéěě ğăďăŋŋãî ćěńĺçĺŋã. Ĺ ć íâőň áńãçăě âàãďőěňłőáâì àěèěŋĺï ğăďăçĺ őŕàěďěńïěâáï ŕàěďćăàĺâěńìŋëň íâăŕőň, ŋă łőâőàőň ćëçĺáńïîâáï äãŋłæĺĺ f_k; ĺ, áńěďőćăâěńìŋő, àăćŋă O((mn)^2L):

3.3 Ńĺŋěľŋăï ğăďăçă

Ć íâőň àăğďěńě àăááňăâàĺćăěâáï çăáâŋëľ áńãçăľ ğăďăçĺ ĆŘ, łőâőàëľ ïćńïěâáï őąőąéěŋĺěň ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï [69] Ŕãáâì ďńï łăęďőčő i ∈ I äãŋłæĺï g_i(v_i) ĺňěěâ áńěďãîéĺľ ćĺď: g_i(v_i) =

0; ěáńĺ v_i = 0; f_i + c_iv_i; ěáńĺ v_i > 0; čďě f_i ≥ 0 | ŋăçăńìŋëě ğăâàăâë ŋă ŕőďčőâőćłã ŕàőĺğćőďáâćă; c_i ≥ 0 | ğăâàăâë ŋă ŕàőĺğćőďáâćő őďŋőčő ĺğďěńĺï. Ććěďěň ŕěàěňěŋŋëě x_i; ĺňěîéĺě áńěďãîéĺľ áňëáń: x_i =

1; ěáńĺ ŕàĺŋĺňăěâáï àěèěŋĺě ő ŕàőĺğćőďáâćě ĺğďěńĺľ i-čő âĺŕă ; 0 ć ŕàőâĺćŋőň áńãçăě:

Ŕàěďŕőńőęĺň, çâő ŕàĺ ćáěå i ∈ I ĺ t ňŋőęěáâćă J^t_i áőáâőïâ ĺğ őďŋőčő íńěňěŋâă. Šőčďă á ĺáŕőńìğőćăŋĺěň ććěďěŋŋëå őąőğŋăçěŋĺľ ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï á çăáâĺçŋëň ćŋěèŋĺň äĺŋăŋáĺàőćăŋĺěň (őąőğŋăçĺň ěě ŔĞŘ) ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň: min_{x,v,y}^∑_{i∈I}{f_ix_i + c_iv_i +^∑_{j∈J} c_{ij} y_{ij}}; (3.10) ∑ i∈I y_{ij} = 1; j ∈ J; (3.11) x_i ≥ y_{ij}; i ∈ I; j ∈ J; (3.12) ∑ j∈J p_{ij} y_{ij} ≤ v_i − w_i; i ∈ I; (3.13) v_i ≥ 0; x_i; y_{ij} ∈ {0; 1}; i ∈ I; j ∈ J; (3.14) čďě w | őŕâĺňăńìŋőě àěèěŋĺě ńĺŋěľŋőľ ğăďăçĺ ő àăŋæě ŃŘ(v)

max_w^∑_{i∈I} ¸_iw_i; (3.15) ∑ i∈I ˛_iw_i ≤ B; (3.16)

0 ≤ w_i ≤ v_ix_i; i ∈ I: (3.17) Ďńï ğăďăçĺ ŔĞŘ ćëŕőńŋïěâáï Ńěňňă 13. Şçĺâëćăï ćĺď äãŋłæĺľ g_i;

ňőęŋő ãáĺńĺâì ãâćěàęďěŋĺě Šěőàěňë 7.

Šěőàěňă 9 Ğăďăçă ŔĞŘ áćőďĺâáï ł àěèěŋĺî m ŕàőáâěľèĺå ğăďăç

àăğňěéěŋĺï ŕàőĺğćőďáâćă.

Ďőłăğăâěńìáâćő. Ĺğ âěőàěňë 7 ŕőńãçĺň, çâő ğăďăçă ŔĞŘ íłćĺćăńěŋâŋă àěèěŋĺî m ğăďăç áńěďãîéěčő ćĺďă min_{x,y}^∑_{i∈Ik}{f_ix_i +^∑_{j∈J}(c_{ij} + c_ip_{ij} )y_{ij} } + c_kB=˛_k;

ŕàĺ őčàăŋĺçěŋĺïå_∑ i∈Ik y_{ij} = 1; j ∈ J;

x_i ≥ y_{ij} ≥ 0; j ∈ J; i ∈ I_k;

x_k = 1;

x_i; y_{ij} ∈ {0; 1}; j ∈ J; i ∈ I_k;

łăęďăï ĺğ łőâőàëå ïćńïěâáï ŕàőáâěľèěľ ğăďăçěľ àăğňěéěŋĺï ŕàőĺğćőďáâćă [69]. Šěőàěňă 9 ďőłăğăŋă.

Ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï ïćńïěâáï çăáâŋëň áńãçăěň ğăďăçĺ ŔĞ Ř: Ŕőíâőňã ć őąéěľ ŕőáâăŋőćłě ğăďăçă ŔĞ Ř ïćńïěâáï NP {âàãďŋőľ ć áĺńìŋőň áňëáńě. Őďŋăłő, ěáńĺ ććěáâĺ őčàăŋĺçěŋĺï ŋă łńăáá ňăâàĺæ C = (c_{ij} + c_ip_{ij} ); i ∈ I; j ∈ J; âő ňőęŋő ŕőńãçĺâì ěě ŕőńĺŋőňĺăńìŋő àăğàěèĺňëě çăáâŋëě áńãçăĺ.

Šěőàěňă 10 Ŕãáâì ňăâàĺæă C ãďőćńěâćőàïěâ őďŋőňã ĺğ áńěďãîéĺå

ãáńőćĺľ:

1. C | áćïğŋăï [5], ńĺąő 2{áćïğŋăï [4]; 2. C | łćăğĺćëŕãłńăï [8];

3. C | áćïğŋăï őâŋőáĺâěńìŋő ďěàěćă [64]. Šőčďă ğăďăçă ŔĞŘ | ŕőńĺŋőňĺăńìŋő àăğàěèĺňă.

Ďőłăğăâěńìáâćő. Ĺğ âěőàěňë 9 ĺňěěň, çâő ğăďăçă ŔĞŘ íłćĺćăńěŋâŋă àěèěŋĺî m ŕàőáâěľèĺå ğăďăç àăğňěéěŋĺï ŕàőĺğćőďáâćă. Ŕãáâì C_k = (c_{ij} + c_ip_{ij} ); i ∈ I_k; j ∈ J; k ∈ I; ňăâàĺæë áőőâćěâáâćãîéĺě íâĺň ğăďăçăň. Ĺğ őŕàěďěńěŋĺľ áćïğŋőáâĺ, 2{áćïğŋőáâĺ, łćăğĺćëŕãłńőáâĺ ĺ áćïğŋőáâĺ őâŋőáĺâěńìŋő ďěàěćă áńěďãěâ, çâő, ěáńĺ ňăâàĺæă C őąńăďăěâ őďŋĺň ĺğ íâĺå áćőľáâć, âő ĺ ćáě ŕőďňăâàĺæë C_k őąńăďăîâ íâĺň áćőľáâćőň. Ŕőíâőňã ć łăęďőň ĺğ áńãçăěć 1{3 ğăďăçă ŔĞ Ř ŕőńĺŋőňĺăńìŋő àăğàěèĺňă. Šěőàěňă 10 ďőłăğăŋă.

Ğăňěŋĺň ć ğăďăçě ŔĞ Ř őčàăŋĺçěŋĺï (3.13) ŋă őčàăŋĺçěŋĺï áńěďãîéěčő ćĺďă max_{j∈J} p_{ij} y_{ij} ≤ v_i − w_i; i ∈ I:

Ŕőńãçěŋŋăï ğăďăçă áćőďĺâáï ł àěèěŋĺî m ğăďăç ćĺďă

min_{x,y}^∑_{i∈Ik}{f_ix_i + c_i max_{j∈J} p_{ij} y_{ij} +^∑_{j∈J} c_{ij} y_{ij}} + c_kB=˛_k; ∑ i∈Ik y_{ij} = 1; j ∈ J;

x_i ≥ y_{ij} ≥ 0; j ∈ J; i ∈ I_k;

x_k = 1;

x_i; y_{ij} ∈ {0; 1}; j ∈ J; i ∈ I_k:

Šěőàěňă 11 Ŕãáâì ňăâàĺæë (c_{ij} ); (c_ip_{ij} ); i ∈ I; j ∈ J ïćńïîâáï áőőâ-

ćěâáâćěŋŋő áćïğŋőľ ĺ áĺńìŋő áćïğŋőľ [5], ă ćěńĺçĺŋë p_{ij} ŋě ãąëćăîâ á àőáâőň j ďńï ńîąőčő i ∈ I: Šőčďă ğăďăçă ŔĞ Ř ïćńïěâáï ŕőńĺŋőňĺăńìŋő àăğàěèĺňőľ.

Ďőłăğăâěńìáâćő. Ĺğ őŕàěďěńěŋĺï áćïğŋőáâĺ ĺ áĺńìŋőľ áćïğŋőáâĺ áńěďãěâ, çâő ŕőďňăâàĺæë (c_{ij} ); (c_ip_{ij} ); i ∈ I_k; j ∈ J âăłęě ïćńïîâáï, áőőâćěâáâćěŋŋő, áćïğŋőľ ĺ áĺńìŋő áćïğŋőľ ŕàĺ k ∈ I: Šőčďă ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì ğăďăçĺ ŔĞ Ř áńěďãěâ ĺğ ŕőńĺŋőňĺăńìŋőľ àăğàěèĺňőáâĺ ãłăğăŋŋëå ćëèě ğăďăç [5]. Šěőàěňă 11 ďőłăğăŋă.

Řăááňőâàĺň ğăďăçã ŔĞŘ á ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň ćěàåŋěčő ãàőćŋï_∑ i∈I x_i ≤ M:

Şâćěàęďěŋĺï âěőàěň 10, 11 őáâăîâáï áŕàăćěďńĺćëňĺ ĺ ć íâőň ąőńěě őąéěň áńãçăě.

3.4 Ğăďăçĺ ŋă ňăłáĺňãň

Řăááňőâàĺň ňăłáĺňĺğăæĺőŋŋëľ ćăàĺăŋâ ğăďăçĺ ĆŘ: max_{x,v,y}^∑_{i∈I}{^∑_{j∈J} c_{ij} y_{ij} − g_i(v_i)}; ∑ i∈I y_{ij} = 1; j ∈ J;

x_i ≥ y_{ij}; i ∈ I; j ∈ J; Ti∑ t=1 max_{j∈Jti} p_{ij} y_{ij} ≤ v_i − w_i; i ∈ I; ∑ i∈I x_i ≤ M;

v_i ≥ 0; x_i; y_{ij} ∈ {0; 1}; i ∈ I; j ∈ J;

čďě w | őŕâĺňăńìŋőě àěèěŋĺě ńĺŋěľŋőľ ğăďăçĺ ő àăŋæě ŃŘ(v) max_w^∑_{i∈I} ¸_iw_i; ∑ i∈I ˛_iw_i ≤ B;

0 ≤ w_i ≤ v_i; i ∈ I:

Ć ğăďăçăå ŋă ňăłáĺňãň ćěńĺçĺŋë c_{ij} őąëçŋő ĺŋâěàŕàěâĺàãîâáï łăł ďőåőď, łőâőàëľ ŕőńãçăěâ ŕőáâăćéĺł ć àěğãńìâăâě ãďőćńěâćőàěŋĺï áŕàőáă j-čő ŕőâàěąĺâěńï ĺğ i-čő ŕãŋłâă ŕàőĺğćőďáâćă. Ěáńĺ M = 1; âő ć ğăďăçě ćáěčő m ďőŕãáâĺňëå àěèěŋĺľ, áàěďĺ łőâőàëå ńěčłő ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě. Ŕőíâőňã ąãďěň áçĺâăâì, çâő M > 1:

Ć ğăďăçě ŋă ňăłáĺňãň, łăł ĺ ć ğăďăçě ĆŘ, áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ ã ćěłâőàă w: Śńěďőćăâěńìŋő, őŋă áćőďĺâáï ł àěèěŋĺî m ğăďăç ćëąőàă àïďă ĺğďěńĺľ ŋă ňăłáĺňãň. Őďŋăłő, ąőńěě áőďěàęăâěńìŋëě àěğãńìâăâë ãďăěâáï ŕőńãçĺâì ďńï ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï á çăáâĺçŋëň ćŋěèŋĺň äĺŋăŋáĺàőćăŋĺěň ŋă ňăłáĺňãň (őąőğŋăçĺň ěě Ğ Ř ): max_{x,v,y}^∑_{i∈I}{^∑_{j∈J} c_{ij} y_{ij} − c_iv_i − f_ix_i}; (3.18) ∑ i∈I y_{ij} = 1; j ∈ J; (3.19) x_i ≥ y_{ij}; i ∈ I; j ∈ J; (3.20) ∑ j∈J p_{ij} y_{ij} ≤ v_i − w_i; i ∈ I; (3.21) ∑ i∈I x_i ≤ M; (3.22) v_i ≥ 0; x_i; y_{ij} ∈ {0; 1}; i ∈ I; j ∈ J; (3.23) čďě w | őŕâĺňăńìŋőě àěèěŋĺě ńĺŋěľŋőľ ğăďăçĺ ő àăŋæě ŃŘ(v) max_w^∑_{i∈I} ¸_iw_i; (3.24) ∑ i∈I ˛_iw_i ≤ B; (3.25) 0 ≤ w_i ≤ v_ix_i; i ∈ I: (3.26) Šăł łăł ć ğăďăçě Ğ Ř áãéěáâćãěâ őŕâĺňăńìŋőě àěèěŋĺě á ěďĺŋáâćěŋŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ w^∗_k; âő őŋă áćőďĺâáï ł àěèěŋĺî m ğăďăç áńěďãîéěčő ćĺďă (Ğ Ř_k):

Z^∗_k = max_{x,y}^∑_{i∈Ik}{^∑_{j∈J}(c_{ij} − c_ip_{ij} )y_{ij} − f_ix_i} − c_kB=˛_k; ∑ i∈Ik y_{ij} = 1; j ∈ J;

x_i ≥ y_{ij}; i ∈ I_k; j ∈ J; ∑ i∈Ik x_i ≤ M; x_k = 1;

x_i; y_{ij} ∈ {0; 1}; i ∈ I_k; j ∈ J;

łăęďăï ĺğ łőâőàëå ïćńïěâáï ŕàőáâěľèěľ ğăďăçěľ àăğňěéěŋĺï ŋă ňăłáĺňãň [54] á ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň x_k = 1: Šăł łăł ¸_1=˛_1 > ¸_2=˛_2 > : : : > ¸_m=˛_m > 0; âő ďńï łăęďőčő k ∈ I ĺňěěň, çâő I_k = {k; k + 1; : : : ; m}: Ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ Ğ Ř_k ŋă ďőŕãáâĺňőň àěèěŋĺĺ (x; y) őąőğŋăçĺň çěàěğ Z_k(x; y):

Ĺáŕőńìğãï ďăŋŋőě áćěďěŋĺě, ŕőáâàőĺň ďńï ğăďăçĺ Ğ Ř ŕàĺąńĺęěŋŋőě àěèěŋĺě á čăàăŋâĺàőćăŋŋőľ őæěŋłőľ âőçŋőáâĺ. Ďńï őæěŋłĺ őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ ăńčőàĺâňőć ąãďěň ĺáŕőńìğőćăâì áńěďãîéãî ćěńĺçĺŋã › = (Z^∗ − Z^g)=(Z^∗ − Z^l); čďě Z^∗ | őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ, Z^g | ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ŕàĺąńĺęěŋŋőň àěèěŋĺĺ, Z^l | ňĺŋĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ňŋőęěáâćě ďőŕãáâĺňëå àěèěŋĺľ, ńĺąő őæěŋłă áŋĺğã ŋă íâã ćěńĺçĺŋã.

Ŕàĺćěďěň őŕĺáăŋĺě ęăďŋőčő ăńčőàĺâňă ďńï ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï ŋă ňăłáĺňãň [55]:

max_{x,y}^∑_{i∈I}^∑_{j∈J} c_{ij} y_{ij} −^∑_{i∈I} f_ix_i (3.27) ∑ i∈I y_{ij} = 1; j ∈ J; (3.28) x_i ≥ y_{ij}; i ∈ I; j ∈ J; (3.29)

∑ i∈I x_i ≤ M; (3.30) x_i; y_{ij} ∈ {0; 1}; i ∈ I; j ∈ J: (3.31) Řăááňőâàĺň ńăčàăŋęěćã àěńăłáăæĺî L(u) íâőľ ğăďăçĺ ŕő őčàăŋĺçěŋĺïň (3.28) á ňŋőęĺâěńïňĺ u = (u_1; : : : ; u_n):

Z_D(u) = max_{x,y}^∑_{i∈I}^∑_{j∈J}(c_{ij} − u_j)y_{ij} −^∑_{i∈I} f_ix_i +^∑_{j∈J} u_j ;

ŕàĺ őčàăŋĺçěŋĺïå (3.29){(3.31).

Šőčďă ďćőľáâćěŋŋăï ğăďăçă őâŋőáĺâěńìŋő őčàăŋĺçěŋĺľ (3.28), ŕő őŕàěďěńěŋĺî, ěáâì ğăďăçă D ćĺďă Z_D = min_u Z_D(u):

Ďńï äĺłáĺàőćăŋŋëå ňŋőęĺâěńěľ Ńăčàăŋęă u = (u_1; : : : ; u_n) ńěčłő ŋăľâĺ őŕâĺňăńìŋëě ğŋăçěŋĺï ŕěàěňěŋŋëå x ĺ y ğăďăçĺ L(u): Ĺğ ćĺďă äãŋłæĺĺ Z_D(u) ĺ őčàăŋĺçěŋĺľ (3.29){(3.30) áńěďãěâ, çâő őŕâĺňăńìŋëě ğŋăçěŋĺï ŕěàěňěŋŋëå y ćëçĺáńïîâáï ŕő äőàňãńăň:

y_{ij} = x_i; ěáńĺ c_{ij} − u_j > 0; 0; ěáńĺ c_{ij} − u_j ≤ 0:

Ŕãáâì ȷ_i(u) =^∑_{j∈J} max(0; c_{ij} − u_j ) − f_i; i ∈ I:

Šőčďă őŕâĺňăńìŋëě ğŋăçěŋĺï ŕěàěňěŋŋëå x_i ňőęŋő ńěčłő ŋăľâĺ ĺğ àěèěŋĺï áńěďãîéěľ ğăďăçĺ:

max_x {^∑_{i∈I} ȷ_i(u)x_i |^∑_{i∈I} x_i ≤ M; x_i ∈ {0; 1}; i ∈ I}: Ŕàĺ ńîąőň ćëąőàě ćěłâőàă u ĺňěěň Z^∗ ≤ Z_D ≤ Z_D(u):

Őąéăï áåěňă ęăďŋőčő ăńčőàĺâňă ďńï ğăďăçĺ (3.27){(3.31) ňőęěâ ąëâì ŕàěďáâăćńěŋă áńěďãîéĺň őąàăğőň:

Ęăďŋëľ ăńčőàĺâň 1. Ŕőńőęĺâì fi := 1; I^∗ := ∅; u^τ_j := min_{i∈I} c_{ij} j ∈ J: 2. Ćëçĺáńĺâì ȷ_i(u^τ ) ďńï ćáěå i ∈ I \ I^∗:

3. Ěáńĺ ȷ_i(u^τ ) ≤ 0 ďńï ćáěå i ∈ I \I^∗ ĺ |I^∗| ≥ 1; âő STOP ĺ ŕőńőęĺâì fi := fi − 1:

4. Ŋăľâĺ ŋőňěà i_τ ∈ I \ I^∗; ďńï łőâőàőčő ȷ_{iτ} (u^τ ) = max{ȷ_i(u^τ ); i ∈ I \ I^∗}:

5. Ŕőńőęĺâì I^∗ := I^∗ ∪ {i_τ }: Ěáńĺ |I^∗| < M; âő ŕőńőęĺâì fi := fi + 1; u^τ_j := max_{i∈I}� c_{ij} ; j ∈ J; ĺ ćěàŋãâìáï ŋă èăč 2, ĺŋăçě STOP.

Ĺğ őŕĺáăŋĺï ăńčőàĺâňă áńěďãěâ, çâő I^∗ = {i_1; : : : ; i_τ } ĺ fi ≥ 1: Řěèěŋĺě (x^g; y^g); ŕőńãçěŋŋőě ęăďŋëň ăńčőàĺâňőň, ğăďăěâáï áńěďãîéĺňĺ áőőâŋőèěŋĺïňĺ:

x^g_i =

1; ěáńĺ i ∈ I^∗;

0 ć ŕàőâĺćŋőň áńãçăě ;

y^g_{ij} =

1; ěáńĺ i = i_l ĺ c_{ilj} − u^l_j > 0; 0 ć ŕàőâĺćŋőň áńãçăě :

Ĺğ őŕĺáăŋĺï èăčă 5 ĺňěěň, çâő (x^g; y^g) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (3.27){(3.31). Ďńï ŕőńãçěŋŋőčő ŕàĺąńĺęěŋŋőčő àěèěŋĺï

Z^g =^∑_{j∈J} u^1_j +^{τ∑}_{l=1} ȷ_{il} (u^l)

áŕàăćěďńĺćă [54] áńěďãîéăï őæěŋłă Šěőàěňă 12 (Z^∗ − Z^g)=(Z^∗ − Z^l) ≤ 1=e:

Ŕőłăęěň, łăł á ŕőňőéìî ęăďŋőčő ăńčőàĺâňă ňőęŋő ŕőáâàőĺâì ŕàĺąńĺęěŋŋőě àěèěŋĺě ğăďăçĺ Ğ Ř:

Řăááňőâàĺň ğăďăçã Ğ Ř_k: Z^∗_k = max_{x,y}^∑_{i∈Ik+1}{^∑_{j∈J} c_{ij} y_{ij} − f_ix_i}; ∑ i∈Ik_{+1} y_{ij} = 1; j ∈ J;

x_i ≥ y_{ij} ; i ∈ I_{k+1}; j ∈ J; ∑ i∈Ik_{+1} x_i ≤ M − 1;

x_i; y_{ij} ∈ {0; 1}; i ∈ I_{k+1}; j ∈ J;

čďě c_{ij} = max(c_{kj} − c_kp_{kj}; c_{ij} − c_ip_{ij} ) ŕàĺ i ∈ I_{k+1}; j ∈ J: Őąőğŋăçĺň çěàěğ Z_k(x; y) æěńěćãî äãŋłæĺî íâőľ ğăďăçĺ, Z^g_k | ğŋăçěŋĺě Z_k ŋă ęăďŋőň àěèěŋĺĺ, Z^l_k | őæěŋłă áŋĺğã ŋă ňĺŋĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ Ğ Ř_k: Šőčďă ĺğ âěőàěňë 12 ĺňěěň áńěďãîéãî őæěŋłã ďńï őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ ęăďŋőčő àěèěŋĺï: (Z^∗_k − Z^g_k)=(Z^∗_k − Z^l_k) ≤ 1=e: (3.32) Ńěňňă 14 Z^∗_k = max{^∑_{j∈J}(c_{kj} − c_kp_{kj} ); Z^∗_k} − f_k − c_kB=˛_k: Ďőłăğăâěńìáâćő. Ŕãáâì (x; y) | ŕàőĺğćőńìŋőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ Ğ Ř_k. Ŕőńőęĺň R_k = {(i; j) | y_{ij} = 1 ĺ c_{kj} −c_kp_{kj} > c_{ij} −c_ip_{ij} }; J_k | ňŋőęěáâćő ćáěå ŋőňěàőć j âăłĺå, çâő áãéěáâćãěâ ŋőňěà i ∈ I_{k+1}; ďńï łőâőàőčő (i; j) ∈ R_k: Śőŕőáâăćĺň àěèěŋĺî (x; y) ďőŕãáâĺňőě àěèěŋĺě (x; y) ğăďăçĺ Ğ Ř_k :

x_i = x_i; ěáńĺ i ∈ I_{k+1}; 1; ěáńĺ i = k;

y_{ij} =

1; ěáńĺ i = k; j ∈ J_k; 0; ěáńĺ (ij) ∈ R_k; y_{ij} ć ŕàőâĺćŋőň áńãçăě.

Ĺğ őŕàěďěńěŋĺï ćěńĺçĺŋ c_{ij} áńěďãěâ, çâő Z_k(x; y) = Z_k(x; y) − f_k − c_kB=˛_k: (3.33)

Ŕãáâì (x^∗; y^∗) | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ Ğ Ř_k ĺ I^∗ = {i | x^∗_i = 1}: Ďőŕãáâĺň, çâő I^∗ = {k}: Šőčďă ĺğ àăćěŋáâćă (3.33) áńěďãěâ, çâő ďńï ńîąőčő ďőŕãáâĺňőčő àěèěŋĺï (x; y) ğăďăçĺ Ğ Ř_k ćëŕőńŋïěâáï ŋěàăćěŋáâćő Z^∗_k + f_k + c_kB=˛_k ≥ Z_k(x; y) ĺ, áńěďőćăâěńìŋő, ∑ j∈J (c_{kj} − c_kp_{kj} ) = Z^∗_k + f_k + c_kB=˛_k ≥ Z^∗_k:

Řăááňőâàĺň áńãçăľ, łőčďă I^∗ ≠ {k}: Ŕãáâì J^∗_k = {j | y^∗_{kj} = 1} ĺ i^∗ | ŕàőĺğćőńìŋëľ íńěňěŋâ ĺğ ňŋőęěáâćă I^∗ őâńĺçŋëľ őâ k: Śőŕőáâăćĺň àěèěŋĺî (x^∗; y^∗) ďőŕãáâĺňőě àěèěŋĺě (x; y) ğăďăçĺ Ğ Ř_k :

x_i = x_i ďńï i ∈ I_{k+1};

y_{ij} = y^∗_{ij}; ěáńĺ i ∈ I^∗ \ {k}; j ∉ J^∗_k ; 1; ěáńĺ j ∈ J^∗_k ; i = i^∗; 0 ć ŕàőâĺćŋőň áńãçăě.

Šăł łăł ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő ďńï j ∈ J^∗ ćëŕőńŋïîâáï ŋěàăćěŋáâćă c_i�_j − c_i� p_i�_j ≤ c_{kj} − c_kp_{kj} ; âő

Zk(x^∗; y^∗) + fk + ckB=˛k = Zk(x; y) ĺ Z^∗_k ≥^∑_{j∈J}(ckj − ckpkj ):

Śńěďőćăâěńìŋő

Z^∗_k = max{^∑_{j∈J}(c_{kj} − c_kp_{kj} ); Z^∗_k} − f_k − c_kB=˛_k:

Ńěňňă 14 ďőłăğăŋă.

Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ Ğ Ř :

Ÿăč 1. Ŕőńőęĺâì k := 1; Z^g :=^{n∑}_{j=1}(c_{mj} − c_mp_{mj} ) − f_m − c_mB=˛_m:

Ÿăč 2. Ŋăľâĺ á ŕőňőéìî ęăďŋőčő ăńčőàĺâňă àěèěŋĺě (x^k; y^k) ğăďăçĺ Ğ Ř_k:

Ćëçĺáńĺâì Z^g_k := Z_k(x^k; y^k) ĺ Z^g_k := max{^∑_{j∈J}(c_{kj} − c_kp_{kj} ); Z^g_k} − f_k − c_kB=˛_k:

Ěáńĺ Z^g_k > Z^g; âő Z^g := Z^g_k :

Ÿăč 3. Ŕőńőęĺâì k := k + 1: Ěáńĺ k < m; âő ćěàŋãâìáï ŋă èăč 2.

Őŕàěďěńĺň őæěŋłã áŋĺğã ŋă ňĺŋĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ Ğ Ř_k:

Z^l_k =^∑_{j∈J} min_{i∈Ik} (c_{ij} − c_ip_{ij} ) − M max_{i∈Ik} f_i − c_kB=˛_k;

ĺ ŕőńőęĺň Z^l = min_{k∈I} Z^l_k: Ąãďěň áçĺâăâì, çâő Z^∗ = max_{k∈I} Z^∗_k | őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ Ğ Ř: Ďńï ŕőńãçěŋŋőčő ŕàĺąńĺęěŋŋőčő àěèěŋĺï Z^g áŕàăćěďńĺćă áńěďãîéăï őæěŋłă ŋă ěčő őâŋőáĺâěńìŋőě ãłńőŋěŋĺě őâ őŕâĺňãňă. Šěőàěňă 13 (Z^∗ − Z^g)=(Z^∗ − Z^l) ≤ 1=e:

Ďőłăğăâěńìáâćő. Ŕãáâì Z^∗ = Z^∗_k : Ďőŕãáâĺň, çâő Z^∗_k =^∑_{j∈J} (c_{kj} − c_kp_{kj} ) − f_k − c_kB=˛_k: Šőčďă ĺğ Ńěňňë 14 ĺňěěň, çâő ŋă èăčě 2 ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă ćëŕőńŋïěâáï àăćěŋáâćő Z^g_k = Z^∗_k : Ŕőíâőňã Z^g = Z^∗ ĺ, áńěďőćăâěńìŋő, ćëŕőńŋïěâáï ãâćěàęďěŋĺě âěőàěňë.

Ŕàěďŕőńőęĺň, çâő Z^∗_k = Z^g_k − f_k − c_kB=˛_k: Ĺğ őŕàěďěńěŋĺï ćěńĺçĺŋ c_{ij} áńěďãěâ, çâő

Z^l_k ≤^∑_{j∈J} min_{i∈Ik+1} c_{ij} − M max_{i∈Ik} f_i − c_kB=˛_k:

Şçĺâëćăï áőőâŋőèěŋĺï

M max_{i∈Ik} f_i = (M−1) max{ max_{i∈Ik\k} f_i; f_k}+max{ max_{i∈Ik\k} f_i; f_k} ≥ (M−1) max_{i∈Ik\k} f_i+f_k;

ŕőńãçĺň ŋěàăćěŋáâćő Z^l_k ≤ Z^l_k − f_k − c_kB=˛_k; čďě Z^l_k =^∑_{j∈J} min_{i∈Ik+1} c_{ij} − (M − 1) max_{i∈Ik+1} f_i | őæěŋłă áŋĺğã ŋă ňĺŋĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ Ğ Ř_k: Ĺğ Ńěňňë 14 ĺ ŕàěďŕőńőęěŋĺï áńěďãěâ, çâő Z^∗_k = Z^∗_k − f_k − c_kB=˛_k:

Šăł łăł Z^g_k ≥ Z^g_k − f_k − c_kB=˛_k;

âő ĺğ (3.32) ĺňěěň áńěďãîéãî őæěŋłã ďńï ćěńĺçĺŋë Z^g_k : (Z^∗_k − Z^g_k )=(Z^∗_k − Z^l_k) ≤ 1=e:

Ĺğ ãáńőćĺï Z^∗ = Z^∗_k ĺ őŕàěďěńěŋĺï Z^l áńěďãěâ, çâő (Z^∗ − Z^g_k )=(Z^∗ − Z^l) ≤ 1=e:

Şçĺâëćăï, çâő Z^g ≥ Z^g_k ; ŕőńãçăěň âàěąãěňőě. Šěőàěňă 13 ďőłăğăŋă.

3.5 Ćëàőęďěŋŋëľ áńãçăľ

Ŕàěďŕőńőęĺň, çâő ćěńĺçĺŋë ¸_i=˛_i; i ∈ I; ŋě ïćńïîâáï ŕőŕăàŋő àăğńĺçŋëňĺ ĺ ňŋőęěáâćő I ãŕőàïďőçěŋő âăł, çâő ¸_1=˛_1 ≥ ¸_2=˛_2 ≥ : : : ≥ ¸_m=˛_m > 0: Řăğőąìěň ňŋőęěáâćő I ŋă ŋěŕěàěáěłăîéĺěáï ŕőďňŋőęěáâćă S_l; l = 1; 2; : : : ; T; âăł, çâőąë ćěńĺçĺŋë ¸_i=˛_i áőćŕăďăńĺ ďàãč á ďàãčőň, ěáńĺ őŋĺ ŕőŕăďăîâ ć őďŋő ňŋőęěáâćő, ĺ őâńĺçăńĺáì ąë ďàãč őâ ďàãčă ć ŕàőâĺćŋőň áńãçăě.

Ŕãáâì (v^∗_i ); (y^∗_{ij}); (w^∗_i ) | ŕàőĺğćőńìŋőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ĆŘ. Ďńï ŋěčő áãéěáâćãěâ ŋőňěà k; ďńï łőâőàőčő ćëŕőńŋïîâáï áńěďãîéĺě áőőâŋőèěŋĺï: ∑ i∈∪kl_{=1}Sl ˛_iw^∗_i = B; w^∗_i = v^∗_i ŕàĺ i ∈ ∪^{k−1}_{l=1} S_l ĺ

w^∗_i ≤ v^∗_i ŕàĺ i ∈ S_k:

Šăł łăł ć őąéěň áńãçăě ňŋőęěáâćő S_k áőďěàęĺâ ŋěáłőńìłő íńěňěŋâőć, âő ğăďăçă ŃŘ(v^∗) ňőęěâ ĺňěâì ąěáłőŋěçŋő ňŋőčő őŕâĺňăńìŋëå àěèěŋĺľ, ãďőćńěâćőàïîéĺå ŕàĺćěďěŋŋëň áőőâŋőèěŋĺïň. Łăł ĺ ć ŋěćëàőęďěŋŋőň áńãçăě, áàěďĺ őŕâĺňăńìŋëå àěèěŋĺľ ğăďăçĺ ĆŘ ŋăľďěâáï àěèěŋĺě á őďŋőľ ŋěŋãńěćőľ łőňŕőŋěŋâőľ ã ćěłâőàă w^∗: Šăł łăł ďőłăğăâěńìáâćă âěőàěň 7{12 őáŋőćëćăńĺáì ŋă íâőň áćőľáâćě őŕâĺňăńìŋëå àěèěŋĺľ ĺ ŋě ĺáŕőńìğőćăńăáì ěďĺŋáâćěŋŋőáâì őŕâĺňăńìŋëå àěèěŋĺľ ğăďăçĺ ŃŘ(v^∗), âő ãŕőňïŋãâëě àěğãńìâăâë ĺ ć ćëàőęďěŋŋőň áńãçăě ĺňěîâ ňěáâő.

Šěň ŋě ňěŋěě ŋăńĺçĺě ŋěáłőńìłĺå őŕâĺňăńìŋëå àěèěŋĺľ ŋă ŋĺęŋěň ãàőćŋě áãéěáâćěŋŋő ňěŋïěâ áćőľáâćă ğăďăçĺ ĆŘ. Ŕőłăęěň, çâő ć ćëàőęďěŋŋőň áńãçăě ńîąőě őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ňőęěâ őłăğăâìáï ŋěčăàăŋâĺàőćăŋŋëň. Řăááňőâàĺň ńĺŋěľŋãî ğăďăçã (3.10)-(3.17). Ŕãáâì I = J = {1; 2; 3}; f_i = 10; c_i = 1; c_{ij} = 0; ¸_i = 1; ˛_i = 1; B = 1000;

p_{ij} =

1 100 100 100 1 100 100 100 1 ŕàĺ i ∈ I; j ∈ J: Šăł łăł ¸_i=˛_i = 1; âő T = 1 ĺ S_1 = I: Ŕàïňëňĺ ćëçĺáńěŋĺïňĺ ŋěâàãďŋő ŕőłăğăâì, çâő ďńï ćáěå őŕâĺňăńìŋëå àěèěŋĺľ (x^∗; y^∗; v^∗; w^∗) ğăďăçĺ ćëŕőńŋïěâáï àăćěŋáâćő (x^∗_1; x^∗_2; x^∗_3) = (1; 1; 1) ĺ őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ àăćŋő 1033. Řăááňőâàĺň őďŋő ĺğ âăłĺå àěèěŋĺľ:

y^∗_{ij} =

1; ěáńĺ i = j;

0 ć ŕàőâĺćŋőň áńãçăě ;

v^∗_i =

1001; ěáńĺ i = 1;

1 ć ŕàőâĺćŋőň áńãçăě ;

w^∗_i =

1000; ěáńĺ i = 1;

0 ć ŕàőâĺćŋőň áńãçăě :

Ćěłâőà w^∗ | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ŃŘ (v^∗): Ćěłâőà

—w_i =

998; ěáńĺ i = 1;

1 ć ŕàőâĺćŋőň áńãçăě âăłęě ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň íâőľ ğăďăçĺ. Ŋěáńőęŋő ŕàőćěàĺâì, çâő ďńï ćěłâőàă (x^∗; y^∗; v^∗; —w) ŋăàãèăîâáï őčàăŋĺçěŋĺï (3.13) ĺ, áńěďőćăâěńìŋő, őŕâĺňăńìŋőě àěèěŋĺě (x^∗; y^∗; v^∗; w^∗) ğăďăçĺ ĆŘ ŋě ïćńïěâáï čăàăŋâĺàőćăŋŋëň àěèěŋĺěň.

Śŕĺáőł ńĺâěàăâãàë

[1] Ăčěěć Ă.Ă. Ő ňĺŋĺňĺğăæĺĺ ŋěłőâőàëå ŕőńĺŋőňőć őâ ąãńěćëå ŕěàěňěŋŋëå. // Űěńőçĺáńěŋŋëě íłáâàěňăńìŋëě ğăďăçĺ (Şŕàăćńïěňëě áĺáâěňë). Ŋőćőáĺąĺàáł, 1981. Ćëŕ. 21, 3{5.

[2] Ăŋâĺŕĺŋ

Ă.Ś. Ąĺńĺŋěľŋőě àăćŋőćěáŋőě ŕàőčàăňňĺàőćăŋĺě(ŕàĺńőęěŋĺě ł ĺčàăň á ŋěŋãńěćőľ áãňňőľ) //Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï. 12-ï Ąăľłăńìáłăï ňěęďãŋăàőďŋăï łőŋäěàěŋæĺï. Ĺàłãâáł, 2001. 10{24.

[3] Ąěàěáŋěć Ć.Ń. Ő ğăďăçě ćëąőàă őŕâĺňăńìŋëå àïďőć ĺğďěńĺľ ĺ łőňŕńěłâãîéĺå ãğńőć. I. // Őŕâĺňăńìŋëě ŕàőæěááë (Şŕàăćńïěňëě áĺáâěňë). Ŋőćőáĺąĺàáł, 1977. Ćëŕ. 16. 35{46.

[4] Ąěàěáŋěć Ć.Ń. Ăńčőàĺâňë ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňőć őâ ąãńěćëå ŕěàěňěŋŋëå. // Ŕàőąńěňë łĺąěàŋěâĺłĺ. Ňőáłćă, 1979. Ćëŕ. 36. 225{246.

[5] Ąěàěáŋěć Ć.Ń., Čĺňăďĺ İ.Ţ., Ďěňěŋâìěć Ć.Š. İłáâàěňăńìŋëě ğăďăçĺ áâăŋďăàâĺğăæĺĺ. { Ŋőćőáĺąĺàáł: Ŋăãłă, 1978.

[6] Čěàňěľěà đ.Ą. Ĺčàë á ŋěŕàőâĺćőŕőńőęŋëňĺ ĺŋâěàěáăňĺ. Ňőáłćă: Ŋăãłă, 1976.

[7] Čĺňăďĺ İ.Ţ. İääěłâĺćŋëľ ăńčőàĺâň àěèěŋĺï ğăďăçĺ àăğňěéěŋĺï á őąńăáâïňĺ őąáńãęĺćăŋĺï, áćïğŋëňĺ őâŋőáĺâěńìŋő ăæĺłńĺçěáłőľ áěâĺ. // Şŕàăćńïěňëě áĺáâěňë. Ŋőćőáĺąĺàáł, 1983. Ćëŕ. 23. 12{23.

[8] Čĺňăďĺ İ.Ţ. Ğăďăçă áâăŋďăàâĺğăæĺĺ á ďăŋŋëňĺ ŕàőĺğćőńìŋőčő ğŋăłă ĺ áćïğŋëňĺ, łćăğĺćëŕãłńëňĺ ĺ ŕőçâĺ łćăğĺćëŕãłńëňĺ ňăâàĺæăňĺ. // Şŕàăćńïěňëě áĺáâěňë. Ŋőćőáĺąĺàáł, 1987. Ćëŕ. 27. 3{11.

[9] Čőàąăçěćáłăï Ń.Ě. Ăńčőàĺâňë ĺ áńőęŋőáâì àěèěŋĺï ďćãåãàőćŋěćëå ğăďăç áâăŋďăàâĺğăæĺĺ á łőààěłæĺěľ ďőåőďă. // Ďĺáłàěâ. ăŋăńĺğ ĺ ĺááńěď. őŕěàăæĺľ. Śěà. 2. 1998. Š. 5. N 2. Ś. 20{33.

[10] Čőàąăçěćáłăï Ń.Ě., Ďěňěŋâìěć Ć.Š., Ÿăňăàďĺŋ đ.Ć. Ďćãåãàőćŋěćăï ğăďăçă áâăŋďăàâĺğăæĺĺ á ãáńőćĺěň ěďĺŋáâćěŋŋőáâĺ őŕâĺňăńìŋőčő ŕőâàěąĺâěńìáłőčő áŕàőáă. // Ďĺáłàěâ. ăŋăńĺğ ĺ ĺááńěď. őŕěàăæĺľ. Śěà. 2. 1999. Š. 6. N 2. Ś. 3{11.

[11] Čőàąăçěćáłăï Ń.Ě. Ďćãåãàőćŋěćëě ğăďăçĺ áâăŋďăàâĺğăæĺĺ ŕàĺ ãáńőćĺïå ŋěďŋőğŋăçŋőáâĺ őŕâĺňăńìŋőčő ŕőâàěąĺâěńìáłőčő ćëąőàă. // Ďĺáłàěâ. ăŋăńĺğ ĺ ĺááńěď. őŕěàăæĺľ. Śěà. 2. 2000. Š. 7. N 1. Ś. 35{46.

[12] Číàĺ Ň., Ďęőŋáőŋ Ď., Ćëçĺáńĺâěńìŋëě ňăèĺŋë ĺ âàãďŋőàěèăěňëě ğăďăçĺ. Ňőáłćă: Ňĺà, 1982.

[13] Ďěňěŋâìěć Ć.Š., Ÿăňăàďĺŋ đ.Ć. Šàěåãàőćŋěćăï ňőďěńì ćëąőàă ŋőňěŋłńăâãàë ĺğďěńĺľ. //Ďĺáłàěâ. ăŋăńĺğ ĺ ĺááńěď. őŕěàăæĺľ. Śěà. 2. 2001. Š. 8. N 1. Ś. 40{46.

[14] Łăàŕ Ř.Ň. Śćőďĺňőáâì łőňąĺŋăâőàŋëå ğăďăç. Łĺąěàŋěâĺçěáłĺľ áąőàŋĺł (ŋőćăï áěàĺï). 1975. Ňőáłćă: Ňĺà. N. 12. Ś. 123{148.

[15] Łőńőłőńőć Ă.Ă., Řãąăŋőćă Ŋ.Ă. Őą őďŋőň ďěłőňŕőğĺæĺőŋŋőň ăńčőàĺâňě àěèěŋĺï ďćãåãàőćŋěćőľ ğăďăçĺ àăğňěéěŋĺï. // Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï. Šàãďë XII Ąăľłăńìáłőľ ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ. Ĺàłãâáł, 2001. 206{210.

[16] Łőçěâőć đ.Ă., Ŕńïáãŋőć Ă.Ć. Ŕőńĺŋőňĺăńìŋëě ăńčőàĺâňë ďńï ğăďăçĺ ćëąőàă áőáâăćă áĺáâěňë á ăłâĺćŋëň ŕàőâĺćőďěľáâćĺěň. // Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï. X Ąăľłăńìáłăï èłőńă{áěňĺŋăà. Ĺàłãâáł, 1995. 86{87.

[17] Łőçěâőć đ.Ă., Ŕńïáãŋőć Ă.Ć. Ŕőńĺŋőňĺăńìŋő àăğàěèĺňëľ łńăáá ğăďăç ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. // Ďĺáłàěâ. ăŋăńĺğ ĺ ĺááńěď. őŕěàăæĺľ. Śěà. 2. 1997. Š. 4. N 2. Ś. 23{33.

[18] Łãł Ś. Śńőęŋőáâì ŕàőæěďãà ćëćőďă. Łĺąěàŋěâĺçěáłĺľ áąőàŋĺł (ŋőćăï áěàĺï). 1975. Ňőáłćă: Ňĺà. N. 12. Ś. 149{174.

[19] Ńăàĺŋ Ř.Ň., Ŕïâłĺŋ Ă.Ć. Ďćãåãàőćŋěćăï ğăďăçă ő ŋăğŋăçěŋĺïå.

// Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï. Šàãďë XII Ąăľłăńìáłőľ ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ. Ĺàłãâáł, 2001. 212{218.

[20] Ńěćĺŋ Ń.Ă. Şŋĺćěàáăńìŋëě ğăďăçĺ ŕěàěąőàă. //Ŕàőąńěňë ŕěàěďăçĺ ĺŋäőàňăæĺĺ. 1973. Š. 9. N. 3. Ś. 115{117.

[21] Ŕńïáãŋőć Ă.Ć. Ğăďăçĺ ďćãåãàőćŋěćőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. // Ŕàőąńěňë őŕâĺňĺğăæĺĺ ĺ íłőŋőňĺçěáłĺě ŕàĺńőęěŋĺï. Šěğĺáë ďőłńăďőć ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ. Őňáł. 1997. C. 127.

[22] Ŕńïáãŋőć Ă.Ć. Ŕőńĺŋőňĺăńìŋő àăğàěèĺňăï ğăďăçă ďćãåãàőćŋěćőčő ćőčŋãâőčő ŕàőčàăňňĺàőćăŋĺï. //Ňěęďãŋăàőďŋăï Śĺąĺàáłăï łőŋäěàěŋæĺï ŕő ĺááńěďőćăŋĺî őŕěàăæĺľ. Ňăâěàĺăńë łőŋäěàěŋæĺĺ.| Ŋőćőáĺąĺàáł: Ĺğď-ćő Ĺŋáâĺâãâă ňăâěňăâĺłĺ ŚŐ ŘĂŊ, 1998. C. 98.

[23] Ŕńïáãŋőć Ă.Ć. Ŕőńĺŋőňĺăńìŋő àăğàěèĺňëľ áńãçăľ ğăďăçĺ ďćãåãàőćŋěćőčő łćăďàăâĺçŋőčő ŕàőčàăňňĺàőćăŋĺï. //Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï. Šàãďë XI Ąăľłăńìáłőľ ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ. Ĺàłãâáł, 1998. C. 257{260.

[24] Ŕńïáãŋőć Ă.Ć. Ŕőńĺŋőňĺăńìŋő àăğàěèĺňăï ğăďăçă ďćãåãàőćŋěćőčő łćăďàăâĺçŋőčő ŕàőčàăňňĺàőćăŋĺï. //Ňěęďãŋăàőďŋăï łőŋäěàěŋæĺï "Ďĺáłàěâŋëľ ăŋăńĺğ ĺ ĺááńěďőćăŋĺě őŕěàăæĺľ". Ňăâěàĺăńë łőŋäěàěŋæĺĺ.| Ŋőćőáĺąĺàáł: Ĺğď-ćő Ĺŋáâĺâãâă ňăâěňăâĺłĺ ŚŐ ŘĂŊ, 2000. C. 201.

[25] Ŕńïáãŋőć Ă.Ć. Ŕőńĺŋőňĺăńìŋő àăğàěèĺňëľ łńăáá ğăďăç ďćãåãàőćŋěćőčő ŋěńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. // Ďĺáłàěâ. ăŋăńĺğ ĺ ĺááńěď. őŕěàăæĺľ. Śěà. 2. 2000. Š. 7. N 2. Ś. 89{113.

[26] Ŕńïáãŋőć Ă.Ć. Őą őďŋőň ŕőďåőďě ł àěèěŋĺî ğăďăç ďćãåãàőćŋěćőčő ŕàőčàăňňĺàőćăŋĺï. // Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï. Šàãďë XII Ąăľłăńìáłőľ ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ. Ĺàłãâáł, 2001. C. 227{231.

[27] Řőłăäěńńăà Ř. Ćëŕãłńëľ ăŋăńĺğ. Ňőáłćă: Ňĺà. 1973.

[28] Řëŕăńőćă Ő.Ă. Ďćãåãàőćŋěćëě ňőďěńĺ ŋăńőčőőąńăęěŋĺï áěńìáłőåőğïľáâćěŋŋëå ŕàěďŕàĺïâĺľ ć àěčĺőŋě. // Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï. Šàãďë XII Ąăľłăńìáłőľ ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ. Ĺàłãâáł, 2001. C. 233{237.

[29] Śåàěľćěà Ă., Šěőàĺï ńĺŋěľŋőčő ĺ æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï. Ňőáłćă: Ňĺà, 1991.

[30] Ÿăňăàďĺŋ đ.Ć. Ő ďćãåãàőćŋěćőľ ğăďăçě àăğňěéěŋĺï ŕàĺ őčàăŋĺçěŋĺïå ŋă őąìěň ŕàőĺğćőďáâćă. //Ďĺáłàěâ. ăŋăńĺğ ĺ ĺááńěď. őŕěàăæĺľ. Śěà. 2. 2000. Š. 8. N 2. Ś. 114{118.

[31] Aiyoshi E., Shimizu K. Hierarchical decentralized systems and its new solution by a barrier method. //IEEE Trans. on systems, Man, and Cybernetics. 1981. V. SMC{11. N. 6. P. 444-449.

[32] Alexandrov D., Kochetov Y. Siple plant location problem with partial external ˛nance: lower bound, heuristic and exact solution. // Operations Research Proceedings 1996. Berlin: Springer{Verlag. 1997. 90{94.

[33] Anandalingam G., Mathieu R., Pittard L., Sinha R. Arti˛cial Intelligence Based Approaches for Hierarchical Optimization. // in Sharda R. et all (eds.). Impact of Recent Computer Advances in Operations Research. New York: North{Holland. 1989.

[34] Anandalingam G., Apprey V. Multi-level programming and con‚ict resolution. //European Journal of Operational Researh. 1991. V. 51. P. 233{247.

[35] Anandalingam G., Friesz T.L. (eds.) Hierarchical optimization: an introduction. //Annals of Operations Researh. 1992. V. 34. P. 281{ 292.

[36] Anandalingam G., Friesz T.L., Hierarchical optimization: an introduction, Annals of Operations Research, 1992. v. 34. P. 1-11.

[37] Antipin A. A gradient{type method for the equilibrium programming problem with coupled constraints. //Yugoslav J. of Operations Research. 2000. N. 6. P. 163-184.

[38] Antipin A. Equilibrium programming problems: prox-regularization and prox-methods. Recent Advances in Optimization. Lecture notes in Economics and Mathematical Systems.{Berlin: Springer. 1997. P. 1{18.

[39] Bard J.F., Falk J.E. An explicit solution to the general multi-level programming problem. //Computers & Operations Research. 1982. V. 9. P. 77{100.

[40] Bard J.F. An E‹cient Point Algorithm for a Linear Two{Stage Optimization Problem. //Operations Research. 1983. V. 31. N. 4. P. 670{684.

[41] Bard J.F. An Algorithm for solving the general bilevel programming program. //Math. of Oper. Res. 1983. V. 8. P. 260{272.

[42] Bard J.F. Coordination of a multidivisional ˛rm through two levels of management //Omega. 1983. V. 11. N. 5. P. 457{465.

[43] Bard J.F. Convex two{level optimization. //Math. Program. 1988.

V. 40. P. 15{27.

[44] Bard J.F., Moore J.T. A Branch and Bound Algorithm for the bilevel programming problem //SIAM Journal of Sci. and Statistical Computing. 1990. V. 11. N 2 P. 281{292.

[45] Bard J.F., Moore J.T. The mixed integer linear bilevel programming problem. //Operations Research. 1990. V. 38. N. 5. P. 911{921.

[46] Bard J.F., Moore J.T. An algorithm for the Discrete bilevel programming problem. //Naval Research Logistics. 1992. V. 39. P. 419{435.

[47] Bard

J.F. Bilevel practical optimization. Algorithms and Applications. //Netherlands: Kluwer Academic Publishers. 1998.

[48] Ben{Ayed O., Blair C.E., Boyce D.E. A general bilevel linear programmming formulation of the network desisgn problem. //Transportation researh. 1988. V. B22. P. 311{318.

[49] Ben-Ayed O., Bilevel linear programming, // Computers and Operations Research. 1993. V. 20. N 5. P. 485-501.

[50] Bialas W.F., Karwan M.H. On two{level optimization. //IEEE Trans. Automatic Control. 1982. V. AC-27. N 1. P. 211{214.

[51] Bracken J., McGill J.T. Mathematical programs with Optimization problems in the constraints. //Operations researh. 1973. V. 21. N. 1. P. 37{44.

[52] Candler W., Norton R. Multi{level programmming and development policy. //Working paper. 1977. N.258. World Bank.

[53] Candler W., Townsely R. A linear two{level programming problem.

//Computers & Operations Research. 1982. V. 9. N. 1. P. 59{76

[54] Cornuejols G., Fisher M., Nemhauser G. Location of bank accounts to optimize ‚oat : an analytic study of exact and approximate algorithms. // Management Science. 1977. V. 23. N.8. P. 789{810.

[55] Cornuejols G., Fisher M., Nemhauser G. On the uncapacitated location problem. // Annals of Discrete Mathematics. Amsterdam: North{Holland Publishing Company. 1977. V. 1. P. 163{177.

[56] Danskin J.M. The theory of max-min with applications. //SIAM J.

of Applied Mathematics. 1966. V. 14. N. 4. P. 641{664.

[57] Dyer M.E. An O(n) algoritm for the multiple-choice knapsak linear program. //Math. Program. 1984. V. 29. N. 1. P. 57{63.

[58] Edmonds J. Paths, trees and ‚owers. //Canad. J. Math. 1965. V.

17. P. 449{467.

[59] Edmunds T.A., Bard J.F. Algorithm for nonlinear bilevel mathematical programs. //IEEE Trans. on systems, Man, and Cybernetics. 1991. V. 21. P. 83{89.

[60] Falk J.E., Liu J. On bilevel programming, Part 1: general nonlinear Cases. //Math. Prog. 1995. V. 70. P. 47{52.

[61] Feige U. A threshold of ln n for approximating set cover. //Proc.

28th Ann. ACM Symp. on Theory of Comp. ACM. 1996. P. 314{ 318.

[62] Fortuny-Amat J., McCarl B. A representation and economic interpretation of a two{level programming problem. //Journal of the Operational Research Society. 1981. V. 32. P. 783{792.

[63] Gendreau M., Marcotte P., Savard G. A Hybrid Tabu{Ascent Algorithm for the Linear Bilevel Programming Problem. //Journal of Global Optimization. 1996. V. 8. N. 3. P. 217{233.

[64] Geo¸rion A.M. Lagrangian relaxation for Integer Programming. // Math. Prog. Study. 1974. V. 2. P. 82{114.

[65] Hansen P., Jaumard B., Savard G., A variable elimination algorithm for bilevel linear programming. //SIAM Journal Scienti˛c and Statistical Computing, 1992. V. 13. P. 1194{1217.

[66] Ishizuka Y., Aiyoshi E. Doubly penalty method for bilevel programming problem. //Annals of Operations Research. 1992. V. 34. N 1{4. P. 73{88.

[67] Kochetov Y., Plysunov A. E‹cient algorithm for a class of bilevel linear programming problems. //Operations Research Proceedings 1996. Berlin: Springer{Verlag. 1997. P. 10{13.

[68] Kolstad C.D., Lasdon L.S. Derivative evaluation and computational experience with large bilevel mathematical programs. //J. of Optimization Theory & Appl. 1990. V. 65. P. 485{499.

[69] Krarup J., Bilde O. The simple plant location problem: Survey and Synthesis. // European Journal of Operational Research. 1983. V. 12. P. 36{81.

[70] Judice J.J., Faustino A.M. A sequential LCP method for bilevel linear programming. //Annals of Operations Research. 1992. V. 34. N 1{4. P. 89{106.

[71] Leontiev A. Contact shape optimization: a bilevel programming approach //Structural and Multidiscoplinary Optimization. 2000. V. 20. N 3. P. 214{221.

[72] Leontiev A. Mathematical programming approach for uncon˛ned seepage ‚ow problem. //Engineering Analysis with Boundary Elements. 2000. V. 10. P. 1{8.

[73] Leontiev A., Huacasi W., Herskovits J. Bilevel programming problems: an interior point algorithm and engineering applications. //Optimization methods and their applications. Proceedings of 12- th Baikal International Conference. Irkutsk. 2001. P. 220{225.

[74] Marcotte P. Network desisgn problem with congestion e¸ects: A case of bilevel programmming. //Math. Program. 1986. V. 34. P. 142{162.

[75] Martello S., Toth P. Knapsack problems. Algorithms and computer implementations. //Chichester:John Wiley & Sons, 1990.

[76] Mathieu R., Pittard L., Anandalingam G. Genetic Algorithm Based Approach to Bi{Level Linear Programming. //Recherche operationnelle. 1994. V. 28. N 1. P. 1{21.

[77] Plyasunov A. A polynomially solvable case of the bilevel nonlinear programming problem. //Symposium on Operations Research 1997. Jena, 1997, P. 33.

[78] Savard G., Gauvin J., The steepest descent direction for the nonlinear bilevel programming problem, //Operations Research Letters. 1994. V. 15. N 5. P. 265-272.

[79] Shimizu K., Aiyoshi E. New computational method for Stackelberg and min{max problems by use of a penalty method. // IEEE Trans. Automatic Control. 1981. V. AC-26. P. 460{466.

[80] Shimizu K., Lu M. A global optimization method for the Stackelberg Problem with convex functions via problem transformations and concave programming. //IEEE Trans. Systems, Man, Cybernetics. 1995. V. 25. N. 12. P. 1635{1640.

[81] Stackelberg H.V., The Theory of the Market Economy. //Oxford:

Oxford University Press, 1952.

[82] Tobin R. Uniqueness results and algorithm for Stackelberg{ Cournot{Nash equilibra. // Annals of Operations Research. 1992. V. 34. P. 21{36.

[83] White D.J., Anandalingam G. A penalty function for solving bilevel linear programs. //Journal of Global Optimization. 1993. V. 3. P. 397{419.

[84] Vicente L.N., Savard G., Judice J.J. Descent approaches for quadratic bilevel programming. //J. of Optimization Theory & Appl. 1994. V. 81. N. 2. P. 379{399.