ĂŁĂĎĚŇĹ§ ŊĂŞŁ ŘŐŚŚĹĹ ŚĹĄĹŘŚŁŐĚ ŐŠĎĚŃĚŊĹĚ ĹŊŚŠĹŠŞŠ ŇĂŠĚŇĂŠĹŁĹ ĺň. Ś.Ń.ŚŐĄŐŃĚĆĂ

Ŋă ŕàăćăå àãłőŕĺáĺ

ŚĆĹŘĹĎĚŊŁŐ Ňăłáĺň Ĺćăŋőćĺç

ĂŃČŐŘĹŠŇŻ Ś ŐŰĚŊŁĂŇĹ ĎŃ§ ĎĹŚŁŘĚŠŊŻŢ ĞĂĎĂŮ ŘĂĞŇĚŹĚŊĹ§

(01.01.09 { ňăâěňăâĺçěáłăï łĺąěàŋěâĺłă)

Ďĺááěàâăæĺï ŋă áőĺáłăŋĺě ãçěŋőľ áâěŕěŋĺ łăŋďĺďăâă äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł

Ŋăãçŋëľ àãłőćőďĺâěńì ď.ä.-ň.ŋ., ŕàőäěááőà Ć.Ń.Ąěàěáŋěć

Ŋőćőáĺąĺàáł { 1998 č.

Őčńăćńěŋĺě

Ććěďěŋĺě 4

1 Ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï ŋă ňăłáĺňãň 22 Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 22 1.1 Ďćãåáâőàőŋŋěě áćěďěŋĺě ŔĞŘ ŋă ňăłáĺňãň ć áďćĺŋãâőľ äőàňě ł ğăďăçě MAX SAT^∗: : : : : : : : : : : : : : : : : : 25 1.2 Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ MAX SAT* : : : : 28 1.3 Śńőęŋőáâì ăŕŕàőłáĺňăæĺĺ : : : : : : : : : : : : : : : : : 31 1.4 Řăğàëć ďćőľáâćěŋŋőáâĺ : : : : : : : : : : : : : : : : : : 34

2 Ğăďăçă ő à-ňěďĺăŋě ŋă ňăłáĺňãň ĺ ěě őąőąéěŋĺï 37 Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 37 2.1 Śćőľáâćă äãŋłæĺĺ f(S) : : : : : : : : : : : : : : : : : : : 41 2.2 Őæěŋłĺ âőçŋőáâĺ ęăďŋëå ăńčőàĺâňőć : : : : : : : : : : 49 2.3 Ďĺŋăňĺçěáłăï ğăďăçă ő à-ňěďĺăŋě ŋă ňăłáĺňãň : : : : : 56 2.4 İłćĺćăńěŋâŋăï äőàňãńĺàőćłă ďĺŋăňĺçěáłőľ ğăďăçĺ ő àňěďĺăŋě ŋă ňăłáĺňãň : : : : : : : : : : : : : : : : : : : : 58 2.5 Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ĺ ěčő ăŋăńĺğ : : : : : : : : : : 60 2.6 Ďěàăŋďőňĺğăæĺï ăńčőàĺâňă : : : : : : : : : : : : : : : : : 63

3 Ŋőćăï âěåŋĺłă őłàãčńěŋĺï ďńï ğăďăç á őčàăŋĺçěŋĺěň ňőéŋőáâì 65 Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 65 3.1 Ğăďăçă ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ : : : 68

3.2 Ğăďăçă ő ňăłáĺňăńìŋőň àăğàěğě á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 71 3.3 Ğăďăçă ő ňăłáĺňăńìŋőň ł-àăğàěğě á őčàăŋĺçěŋĺïňĺ ŋă ňőéŋőáâì : : : : : : : : : : : : : : : : : : : : : : : : : : : 73 3.4 Ğăďăçă ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ á àăŋæěćëň őčàăŋĺçěŋĺěň : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 77

4 Ğăďăçă ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì 84 Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 84 4.1 Ńĺŋěľŋăï àěńăłáăæĺï ĺ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň : : : : 86 4.2 Ăŋăńĺğ ăńčőàĺâňă : : : : : : : : : : : : : : : : : : : : : : 89 4.2.1 Šěåŋĺçěáłĺě ńěňňë : : : : : : : : : : : : : : : : : 89 4.2.2 Őæěŋłă ňăâěňăâĺçěáłőčő őęĺďăŋĺï : : : : : : : : 92 4.3 Ďěàăŋďőňĺğăæĺï : : : : : : : : : : : : : : : : : : : : : : : 94

5 Łćăďàăâĺçŋăï ğăďăçă ő ŋăğŋăçěŋĺïå 97 Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 97 5.1 Ăńčőàĺâň ĺ ěčő ăŋăńĺğ : : : : : : : : : : : : : : : : : : : 99

6 Ğăďăçă ő à-æěŋâàě 102 Ććěďěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 102 6.1 Őŕĺáăŋĺě ĺ ăŋăńĺğ ăńčőàĺâňă : : : : : : : : : : : : : : : 103 6.2 Őæěŋłă őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ : : : : : : : : : : : : 106

Ğăłńîçěŋĺě 108

Śŕĺáőł ńĺâěàăâãàë 110

Śŕĺáőł ŕãąńĺłăæĺľ ăćâőàă ŕő âěňě ďĺááěàâăæĺĺ 129

Ććěďěŋĺě

Ğă ŕőáńěďŋĺě ďěáïâĺńěâĺï ďőáâĺčŋãâë ğŋăçĺâěńìŋëě ãáŕěåĺ ć ŕőáâàőěŋĺĺ ĺ àăğćĺâĺĺ ňăâěňăâĺçěáłőčő ăŕŕăàăâă ďńï őąőáŋőćăŋĺï àěèěŋĺľ ć áăňëå àăğńĺçŋëå őąńăáâïå çěńőćěçěáłőľ ďěïâěńìŋőáâĺ. Őďŋĺň ĺğ âăłĺå ĺŋâěŋáĺćŋő àăğćĺćăîéĺåáï ŋăŕàăćńěŋĺľ ĺááńěďőćăŋĺľ ïćńïěâáï âěőàĺï ďĺáłàěâŋëå ğăďăç àăğňěéěŋĺï, ćëďěńĺćèăïáï ć áăňőáâőïâěńìŋãî ŋăãçŋãî ďĺáæĺŕńĺŋã őłőńő âàĺďæăâĺ ńěâ ŋăğăď.

Ďĺáłàěâŋëě ğăďăçĺ àăğňěéěŋĺï ňőďěńĺàãîâ áĺâãăæĺĺ, ć łőâőàëå âàěąãěâáï ć łőŋěçŋőľ őąńăáâĺ àăğňěáâĺâì łőŋěçŋőě çĺáńő őąêěłâőć âăł, çâőąë ďőáâĺçì ŋăĺąőńìèěčő íääěłâă ĺńĺ ŕőńãçĺâì ŋăĺňěŋìèĺě ĺğďěàęłĺ. Ć àěăńìŋőľ ęĺğŋĺ ć łăçěáâćě àăğňěéăěňëå őąêěłâőć ňőčãâ ćëáâãŕăâì ŕàőňëèńěŋŋëě ŕàěďŕàĺïâĺï, àăğńĺçŋëě áàěďáâćă őąáńãęĺćăŋĺï, áłńăďáłĺě áĺáâěňë, őąêěłâë őąőàőŋŋőčő ŋăğŋăçěŋĺï ĺ ňŋőčőě ďàãčőě.

Ć ďĺáłàěâŋëå ğăďăçăå àăğňěéěŋĺï ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ łőŋěçŋő, ŕőíâőňã ğăàăŋěě ĺğćěáâŋő, çâő őŕâĺňăńìŋőě àěèěŋĺě áãéěáâćãěâ. Ąőńěě âőčő áãéěáâćãěâ ãŋĺćěàáăńìŋëľ áŕőáőą őâëáłăŋĺï âăłőčő àěèěŋĺï ŕőáàěďáâćőň ŕőńŋőčő ŕěàěąőàă ćáěå ďőŕãáâĺňëå àěèěŋĺľ. Őďŋăłő âăłőľ ăńčőàĺâň ŕőĺáłă ŕàĺňěŋĺň âőńìłő ć âěå ĺáłńîçĺâěńìŋëå áńãçăïå, łőčďă ňőéŋőáâì ňŋőęěáâćă ďőŕãáâĺňëå àěèěŋĺľ áàăćŋĺâěńìŋő ŋěćěńĺłă. Ć ĺŋâěàěáŋëå á ŕàăłâĺçěáłőľ âőçłĺ ğàěŋĺï ğăďăçăå, łăł ŕàăćĺńő, ňőéŋőáâì ňŋőęěáâćă ďőŕãáâĺňëå àěèěŋĺľ ąëáâàő ( ŋăŕàĺňěà, íłáŕőŋěŋæĺăńìŋő) àăáâěâ á ãćěńĺçěŋĺěň àăğňěàŋőáâĺ ( őąêěňă ĺáåőďŋëå ďăŋŋëå ) ğăďăçĺ. İâő ŕàĺćőďĺâ ł âőňã, çâő ć ğăďăçăå àěăńìŋőľ àăğňěàŋőáâĺ łőńĺçěáâćő ďőŕãáâĺňëå àěèěŋĺľ áâăŋőćĺâáï ćěńĺçĺŋőľ ăáâàőŋőňĺçěáłőčő ŕőàïďłă, çâő ďěńăěâ ŕěàěąőà ŕàăłâĺçěáłĺ ŋěćőğňőęŋëň ŋĺ ć ŋăáâőïéěň ćàěňěŋĺ, ŋĺ ć őąőğàĺňőň ąãďãéěň. Ŋăğŋăçěŋĺě âěőàĺĺ ďĺáłàěâŋëå ğăďăç àăğňěéěŋĺï { áőğďăŋĺě àăąőâőáŕőáőąŋëå ć ŕàăłâĺçěáłőň áňëáńě ăńčőàĺâňĺçěáłĺå ĺŋáâàãňěŋâőć àěèěŋĺï ğăďăç. Ł áőęăńěŋĺî, ŕőçâĺ ćáě ěáâěáâćěŋŋëě ĺ ĺŋâěàěáŋëě ŕőáâăŋőćłĺ ğăďăç àăğňěéěŋĺï őłăğëćăîâáï NP -âàãďŋëňĺ, ŕőíâőňã ŕőŕëâłĺ ŕőáâàőěŋĺï âőçŋëå ĺ íääěłâĺćŋëå ( ąëáâàëå ) ăńčőàĺâňőć ďńï íâĺå ğăďăç ćěàőïâŋěľ ćáěčő őąàěçěŋë ŋă ŋěãďăçã. Ć áĺńã íâőčő ďńï ďĺáłàěâŋëå ğăďăç àăğňěéěŋĺï, łăł ĺ ďńï ďàãčĺå NP -âàãďŋëå ğăďăç ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ, ňőęŋő ćëďěńĺâì áńěďãîéĺě őáŋőćŋëě ŋăŕàăćńěŋĺï ĺááńěďőćăŋĺľ:

{ ćëďěńěŋĺě íääěłâĺćŋő àěèăěňëå ŕőďğăďăç ĺ ŕőáâàőěŋĺě ďńï ŋĺå âőçŋëå íääěłâĺćëå ăńčőàĺâňőć á àěłőàďŋëňĺ őæěŋłăňĺ âàãďőěňłőáâĺ;

{ ăďăŕâăæĺï ãŋĺćěàáăńìŋëå áåěň ŋěïćŋőčő ŕěàěąőàă ł łőŋłàěâŋëň ğăďăçăň ĺ ŕőáâàőěŋĺě àăąőâőáŕőáőąŋëå ăńčőàĺâňőć ŋěïćŋőčő ŕěàěąőàă;

{ ŕőáâàőěŋĺě íääěłâĺćŋëå ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć á ăŕàĺőàŋëňĺ őæěŋłăňĺ âőçŋőáâĺ.

Ůĺáńő àăğńĺçŋëå ňăâěňăâĺçěáłĺå ŕőáâăŋőćőł, łőâőàëě ňőęŋő őâŋěáâĺ ł ďĺáłàěâŋëň ğăďăçăň àăğňěéěŋĺï ďőáâăâőçŋő ćěńĺłő. Őą íâőň áćĺďěâěńìáâćãîâ, ć çăáâŋőáâĺ, őčàőňŋőě çĺáńő ŕãąńĺłăæĺľ ŋă íâã âěňã. Őďŋăłő áàěďĺ ňŋőęěáâćă ğăďăç, ćáâàěçăîéĺåáï ć ńĺâěàăâãàě, ňőęŋő ćëďěńĺâì áńěďãîéĺě çěâëàě őáŋőćŋëå: ŕàőáâěľèãî ğăďăçã àăğňěéěŋĺï, ğăďăçã ő à-ňěďĺăŋě, ğăďăçã ő à-æěŋâàě ĺ łćăďàăâĺçŋãî ğăďăçã ő ŋăğŋăçěŋĺïå. İâĺ ğăďăçĺ áőáâăćńïîâ őáŋőćã ŕàăłâĺçěáłĺ ćáěå ĺŋâěàěáŋëå ňăâěňăâĺçěáłĺå ňőďěńěľ àăğňěéěŋĺï ĺ ăłłãňãńĺàãîâ ć áěąě ąőńìèĺŋáâćő ňăâěňăâĺçěáłĺå âàãďŋőáâěľ, á łőâőàëňĺ ŕàĺåőďĺâáï áâăńłĺćăâìáï ŕàĺ ĺááńěďőćăŋĺĺ àăğńĺçŋëå ňőďěńěľ àăğňěéěŋĺï. İâĺ ğăďăçĺ, łőâőàëě ňőęŋő ŋăğćăâì łńăááĺçěáłĺňĺ, őâŋőáïâáï ł åőàőèő ĺğãçěŋŋëň ğăďăçăň ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ, łőâőàëě ŕàĺćńěłăńĺ ĺ ŕàĺćńěłăîâ ł áěąě ćŋĺňăŋĺě ąőńìèőčő çĺáńă ĺááńěďőćăâěńěľ. Ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï, ćěàőïâŋő, áăňăï ĺğćěáâŋăï ĺ ĺğãçěŋŋăï ğăďăçă ĺğ ãłăğăŋŋëå çěâëàěå, ŋăàïďã á ğăďăçěľ łőňňĺćőïęěàă, ïćńïěâáï ŕőńĺčőŋőň ďńï ĺáŕëâăŋĺï ŋőćëå ňěâőďőć ĺ ŕőďåőďőć ć ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ.

Őáŋőćŋőě áőďěàęăŋĺě ŋăáâőïéěľ ďĺááěàâăæĺőŋŋőľ àăąőâë áőáâăćńïîâ àěğãńìâăâë ĺááńěďőćăŋĺľ ŕő âàěâìěňã ĺğ ãłăğăŋŋëå ćëèě ŋăŕàăćńěŋĺľ ŕàĺňěŋĺâěńìŋő ł çěâëàěň ŕěàěçĺáńěŋŋëň "łńăááĺçěáłĺň"ğăďăçăň àăğňěéěŋĺï ĺ ĺå őąőąéěŋĺïň.

Ŕàĺćěďěň ňăâěňăâĺçěáłĺě äőàňãńĺàőćłĺ íâĺå ğăďăç ĺ ďăďĺň łàăâłĺě őąğőàë őáŋőćŋëå ĺğćěáâŋëå àěğãńìâăâőć ĺå ĺááńěďőćăŋĺï.

Ŕãáâì ĺňěîâáï łőŋěçŋëě ňŋőęěáâćă I = {1; : : : ; m} ĺ J = {1; : : : ; n}, ŕěàćőě ĺğ łőâőàëå ğăďăěâ ňŋőęěáâćő ćőğňőęŋëå ŕãŋłâőć àăğňěéěŋĺï ŕàěďŕàĺïâĺľ ďńï ćëŕãáłă ŋěłőâőàőčő őďŋőàőďŋőčő ŕàőďãłâă, ă ćâőàőě { ňŋőęěáâćő ŕőâàěąĺâěńěľ íâőčő ŕàőďãłâă. Ć ŋěłőâőàëå ğăďăçăå ňŋőęěáâćă I ĺ J ňőčãâ áőćŕăďăâì. Ŕãáâì, łàőňě âőčő, ğăďăŋë ćěńĺçĺŋë c_i, i ∈ I, őŕàěďěńïîéĺě ŋăçăńìŋëě ğăâàăâë ŋă àăğňěéěŋĺě ŕàěďŕàĺïâĺï ć ŕãŋłâě i ĺ ćěńĺçĺŋë c_{ij} , i ∈ I; j ∈ J, àăćŋëě ğăâàăâăň ŋă ďőáâăćłã ŕàőďãłâă őâ ŕàěďŕàĺïâĺï, àăğňěéěŋŋőčő ć ŕãŋłâě i, ďő ŕőâàěąĺâěńï j. Šàěąãěâáï ćëąàăâì ĺğ ňŋőęěáâćă ćőğňőęŋëå ŕãŋłâőć àăğňěéěŋĺï ŕàěďŕàĺïâĺľ ŕőďňŋőęěáâćő ŕãŋłâőć S, ć łőâőàëå áńěďãěâ àăğňěáâĺâì ŕàěďŕàĺïâĺï, âăłĺň őąàăğőň, çâőąë áãňňă ŋăçăńìŋëå ğăâàăâ ŕńîá áãňňă ŋăĺňěŋìèĺå ğăâàăâ ŋă ďőáâăćłã ŕàőďãłâă łăęďőňã ŕőâàěąĺâěńî ąëńă ňĺŋĺňăńìŋőľ. Ťőàňăńìŋő ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï (ŔĞŘ) ć łőňąĺŋăâőàŋőľ ŕőáâăŋőćłě ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň: min_{S⊆I} ∑ j∈J min_{i∈S} c_{ij} +^∑_{i∈S} c_i : Ŋăàïďã á łőňąĺŋăâőàŋőľ ŕőáâăŋőćłőľ çăáâő àăááňăâàĺćăěâáï ŕőáâăŋőćłă ŔĞŘ ć ćĺďě ğăďăçĺ ńĺŋěľŋőčő æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï:

min^∑_{i∈I}^∑_{j∈J} c_{ij} x_{ij} +^∑_{i∈I} c_ix_i; ∑ i∈I x_{ij} = 1; j ∈ J;

x_{ij} ≤ x_i; i ∈ I; j ∈ J; x_{ij} ; x_i ∈ {0; 1}; i ∈ I; j ∈ J:

Ĺáŕőńìğãěňëě ć íâőľ ğăďăçě ŕěàěňěŋŋëě ĺňěîâ áńěďãîéĺľ áňëáń: x_i = 1, ěáńĺ ć ŕãŋłâě i àăğňěéăěâáï ŕàěďŕàĺïâĺě, x_i = 0, ć ŕàőâĺćŋőň áńãçăě; x_{ij} = 1, ěáńĺ ŕãŋłâ ŕőâàěąńěŋĺï j őąáńãęĺćăěâáï ŕàěďŕàĺïâĺěň, àăğňěéěŋŋőň ć ŕãŋłâě i, ĺ x_{ij} = 0, ć ŕàőâĺćŋőň áńãçăě.

Łăł ãęě őâňěçăńőáì ŔĞŘ ïćńïěâáï ďőáâăâőçŋő åőàőèő ĺğãçěŋŋőľ ğăďăçěľ. Őŋă őâŋőáĺâáï ł çĺáńã NP -âàãďŋëå ğăďăç ŕőáłőńìłã áőďěàęĺâ ć áěąě ğăďăçã ő ŕőłàëâĺĺ łőŋěçŋőčő ňŋőęěáâćă áĺáâěňőľ łőŋěçŋëå ŕőďňŋőęěáâć. Ĺááńěďőćăŋĺï íâőľ ğăďăçĺ ćěńĺáì ŕő àăğŋëň ŋăŕàăćńěŋĺïň ŕő łăęďőňã ĺğ łőâőàëå ąëńĺ ďőáâĺčŋãâë ğŋăçĺâěńìŋëě ãáŕěåĺ. Šăł ć àăąőâăå Ąěàěáŋěćă [8], Ąěàěáŋěćă, Čĺňăďĺ, Ďěňěŋìâěćă [11] ĺ Erlenkotter [66] őŕĺáăŋë ăńčőàĺâňë àěèěŋĺï ŔĞŘ á ŕőňőéìî ăńčőàĺâňőć ŋěïćŋőčő ŕěàěąőàă. İâĺ ňěâőďë őáŋőćăŋë ŋă ŕàĺňěŋěŋĺĺ ĺğćěáâŋőľ áåěňë ňěâőďă ćěâćěľ ĺ čàăŋĺæ.

Űěńëľ àïď àěğãńìâăâőć áćïğăŋ á àăááňőâàěŋĺěň çăáâŋëå áńãçăěć ğăďăçĺ. Ąëńő őąŋăàãęěŋő, çâő ěáńĺ ňăâàĺæă (c_{ij} ) ãďőćńěâćőàïěâ àăğńĺçŋëň áŕěæĺäĺçěáłĺň âàěąőćăŋĺïň, âő ŔĞŘ ŕőńĺŋőňĺăńìŋő àăğàěèĺňă. Ĺğćěáâŋő, çâő ŔĞŘ ŕàĺŋăďńěęĺâ łńăááã P ěáńĺ ňăâàĺæă őďŋőáćïğŋă (Ąěàěáŋěć, Čĺňăďĺ, Ďěňěŋâìěć[11]), ďćãáćïğŋă (Ąěàěáŋěć [9]), łćăğĺćëŕãłńă ĺńĺ őąőąéěŋŋő-łćăğĺćëŕãłńă (Čĺňăďĺ [20]). Ć àăąőâě Šàãąĺŋă [30] ŕàĺćőďĺâáï ŕőńĺŋőňĺăńìŋëľ ăńčőàĺâň ďńï ŔĞŘ ŋă ďěàěćě, á âàãďőěňłőáâìî O(m^3) (áň. âăłęě [31]). Čĺňăďĺ [16] ŕàěďńőęĺń ăńčőàĺâň á áãéěáâćěŋŋő ńãçèěľ âàãďőěňłőáâìî O(m^2). Ăčěěć [34] ãáâăŋőćĺń, çâő ďńï őçěŋì èĺàőłőčő łńăááă ğăďăç (á ňăâàĺæăňĺ ŕőàőęďěŋŋëňĺ çăáâĺçŋëňĺ q-ďěàěćìïňĺ) áãéěáâćãěâ ŕőńĺŋőňĺăńìŋëľ ăńčőàĺâň á âàãďőěňłőáâìî O(nm^{q+1}). ŔĞŘ ĺ ěě őąőąéěŋĺï âăłęě ĺğãçăńĺáì ć àăąőâăå [2, 10, 21, 15, 17, 19, 25, 18, 5, 6, 7, 14, 22, 26, 33] łăł á âőçłĺ ğàěŋĺï ŕőńĺŋőňĺăńìŋő àăğàěèĺňëå ŕőďłńăááőć âăł ĺ á âőçłĺ ğàěŋĺï ďàãčĺå ćĺďőć ăŋăńĺğă NP-âàãďŋëå ğăďăç (áň. âăłęě őąğőà ŕő ŕőńĺŋőňĺăńìŋő àăğàěèĺňëň ŕőďłńăááăň ďńï ŔĞŘ [27]). Łàőňě âőčő, Ąěàěáŋěć [9] ãáâăŋőćĺń íłćĺćăńěŋâŋőáâì ŔĞŘ ĺ ğăďăçĺ ňĺŋĺňĺğăæĺĺ ąãńěćëå ŕőńĺŋőňőć, çâő ŕőğćőńĺńő ćëďěńĺâì ŋőćëě łńăááë íääěłâĺćŋő àěèăěňëå ğăďăç [9, 2, 4, 3]. Ć àăąőâě [35] Ăčěěćëň ąëń ŕőńãçěŋ őâàĺæăâěńìŋëľ àěğãńìâăâ: ŔĞŘ őłăğăńăáì NP -âàãďŋőľ, ďăęě ěáńĺ ňăâàĺæă (c_{ij}) ŕőàőęďěŋă àăááâőïŋĺïňĺ ŋă ŕńőáłőľ àěèěâłě.

Ąńĺğłőľ ł ŔĞŘ ïćńïěâáï âăł ŋăğëćăěňăï ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï ŋă ňăłáĺňãň (ŔĞŘŇ), łőâőàăï ć łőňąĺŋăâőàŋőľ ŕőáâăŋőćłě ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň: max_{S⊆I} ∑ j∈J max_{i∈S} f_{ij} −^∑_{i∈S} c_i : Ć íâőľ ğăďăçě ćěńĺçĺŋë f_{ij} , i ∈ I; j ∈ J ĺŋâěàŕàěâĺàãîâáï, łăł ŕàĺąëńì, ŕőńãçăěňăï őâ őąáńãęĺćăŋĺï ŕőâàěąĺâěńï j ŕàěďŕàĺïâĺěň, àăğňěéěŋŋëň ć ŕãŋłâě i. Ŕàĺ íâőň ğăďăçă áőáâőĺâ ć őâëáłăŋĺĺ âăłőčő ŕőďňŋőęěáâćă S ŕãŋłâőć àăğňěéěŋĺï ŕàěďŕàĺïâĺľ, çâőąë áãňňă ňăłáĺňăńìŋőľ ŕàĺąëńĺ őâ őąáńãęĺćăŋï ŕőâàěąĺâěńěľ ňĺŋãá áãňňă ŋăçăńìŋëå ğăâàăâ ąëńă ňăłáĺňăńìŋőľ.

Ğăďăçĺ ŔĞŘ ĺ ŔĞŘŇ íłćĺćăńěŋâŋë ć âőň áňëáńě, çâő ńîąőľ âőçŋëľ ăńčőàĺâň őďŋőľ ğăďăçĺ ŕàĺňěŋĺň ĺ ł ďàãčőľ. Őďŋăłő á âőçłĺ ğàěŋĺï ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć íâĺ ğăďăçĺ őâńĺçăîâáï. Ĺáâőàĺçěáłăï áŕàăćłă ĺ őąğőà ŕő ŔĞŘ ĺ ŔĞŘŇ ňőčãâ ąëâì ŋăľďěŋë ć [62].

Ďàãčőľ łńăááĺçěáłőľ ğăďăçěľ àăğňěéěŋĺï ïćńïěâáï ğăďăçă ő à-ňěďĺăŋě, łőňąĺŋăâőàŋăï äőàňãńĺàőćłă łőâőàőľ ĺňěěâ áńěďãîéĺľ ćĺď: min_{S⊆I} ∑ j∈J min_{i∈S} c_{ij} : |S| ≤ p : Ğăďăçă ő à-ňěďĺăŋě ňőďěńĺàãěâ áĺâãăæĺî, ŕàĺ łőâőàőľ ć ćőğňőęŋëå ŕãŋłâăå àăğňěéěŋĺï ŋãęŋő àăğňěáâĺâì ŋě ąőńěě p ŕàěďŕàĺïâĺľ âăł, çâőąë áãňňăàŋëě ğăâàăâë ŋă ďőáâăćłã ŕàőďãłâă ŕőâàěąĺâěńïň ąëńĺ ňĺŋĺňăńìŋëňĺ.

Ğăďăçă ő à-ňěďĺăŋě âăłęě łăł ĺ ŔĞŘ ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě ğăďăçĺ ńĺŋěľŋőčő æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï min^∑_{i∈I}^∑_{j∈J} c_{ij} x_{ij} ; ∑ i∈I x_{ij} = 1; j ∈ J;

x_{ij} ≤ x_i; i ∈ I; j ∈ J; ∑ i∈I x_i ≤ p;

x_{ij} ; x_i ∈ {0; 1}; i ∈ I; j ∈ J:

Kariv ĺ Hakimi [96] ŕőłăğăńĺ, çâő ğăďăçă ő à-ňěďĺăŋě ïćńïěâáï NP - âàãďŋőľ. Ć íâőľ ęě àăąőâě ŕőłăğăŋő, çâő ěáńĺ ňăâàĺæă (c_{ij} ) ěáâì ňăâàĺæă łàăâçăľèĺå àăááâőïŋĺľ ŋă ďěàěćě, âő ğăďăçă ŕőńĺŋőňĺăńìŋő àăğàěèĺňă. Ć őąğőàě [110] ňőęŋő ŋăľâĺ áŕĺáőł őáŋőćŋëå àěğãńìâăâőć ďńï íâőľ ğăďăçĺ.

Ğăďăçă ő à-ňěďĺăŋě ňőęěâ àăááňăâàĺćăâìáï ĺ łăł ğăďăçă ŋă ňăłáĺňãň. Łőňąĺŋăâőàŋăï äőàňãńĺàőćłă âăłőľ ğăďăçĺ ĺňěěâ ćĺď max_{S⊆I} ∑ j∈J max_{i∈S} c_{ij} : |S| ≤ p :

İâă ğăďăçă íłćĺćăńěŋâŋă ğăďăçě ő à-ňěďĺăŋě á âőçłĺ ğàěŋĺï ŋăåőęďěŋĺï âőçŋőčő àěèěŋĺï, ŋő âăł ęě łăł ĺ ć áńãçăě ŔĞŘ, ŕőáâăŋőćłĺ ğăďăç ő à-ňěďĺăŋě őâńĺçăîâáï á âőçłĺ ğàěŋĺï ŋăåőęďěŋĺï ŕàĺąńĺęěŋŋëå àěèěŋĺľ.

Šàěâìěľ àăááňăâàĺćăěňőľ ć àăąőâě ğăďăçěľ ïćńïěâáï ğăďăçă ő àæěŋâàě. Łőňąĺŋăâőàŋăï äőàňãńĺàőćłă íâőľ ğăďăçĺ ćëčńïďĺâ áńěďãîéĺň őąàăğőň: min_{S⊆I} { max_{i∈I\S} min_{j∈S} c_{ij} : |S| = p } : Ć íâőľ ğăďăçě ŋãęŋő ćëąàăâì ŕãŋłâë àăğňěéěŋĺï àőćŋő p ŕàěďŕàĺïâĺľ âăłĺň őąàăğőň, çőąë ŋăĺąőńìèĺě ğăâàăâë ŋă ďőáâăćłã ŕàőďãłâă ŕőâàěąĺâěńî ąëńĺ ŋăĺňěŋìèĺňĺ. Šăłãî ğăďăçã ŋăğëćăîâ ěéě ğăďăçěľ ő àăáèĺàěŋĺĺ ãğłőčő ňěáâă.

Ğăďăçă ő à-æěŋâàě NP -âàãďŋă [93]. İâő áńěďãěâ ĺğ âőčő, çâő ĺğćěáâŋăï ğăďăçă ő ďőňĺŋĺàãîéěň ňŋőęěáâćě ňőęěâ ąëâì áćěďěŋă ł ğăďăçě ő à-æěŋâàě. İääěłâĺćŋëľ ăńčőàĺâň ďńï ğăďăçĺ ő à-æěŋâàě áãéěáâćãěâ ( áň. [56] ) ŕàĺ âěå ęě áăňëå ŕàěďŕőńőęěŋĺïå, çâő ĺ ďńï ğăďăçĺ ő à-ňěďĺăŋě, łőčďă ňăâàĺæă (c_{ij} ) ěáâì ňăâàĺæă łàăâçăľèĺå àăááâőïŋĺľ ŋă ďěàěćě. Ĺáâőàĺçěáłĺě áćěďěŋĺï, ă âăłęě ŕěàěçěŋì àěğãńìâăâőć ďńï ğăďăçĺ ő à-æěŋâàě ŕàĺćőďĺâáï ć őąğőàăå [83], [129].

Őďŋőľ ĺğ ŋăĺąőńěě âàãďŋëå ďńï ĺááńěďőćăŋĺľ ğăďăç àăğňěéěŋĺï ïćńïěâáï łćăďàăâĺçŋăï ğăďăçă ő ŋăğŋăçěŋĺĺ (ŁĞŊ). Ć ćĺďě ğăďăçĺ æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï őŋă ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň: min^∑_{i∈I}^∑_{p∈J} ∑ j∈I w_{ij}^∑_{q∈J} d_{pq}y_{jq} y_{ip}; ∑ p∈J y_{ip} = 1; i ∈ I; ∑ i∈I y_{ip} ≤ 1; p ∈ J;

y_{ip} ∈ {0; 1}; i ∈ I; p ∈ J:

Śőďěàęăâěńìŋő ŁĞŊ ňőęŋő ŕàőĺŋâěàŕàěâĺàőćăâì áńěďãîéĺň őąàăğőň. Ŕãáâì J = {1; : : : ; n} { ňŋőęěáâćő ćőğňőęŋëå ŕãŋłâőć àăğňěéěŋĺï ŕàěďŕàĺïâĺľ, ă I = {1; : : : ; m} (m ≤ n) { ňŋőęěáâćő àăğňěéăěňëå ŕàěďŕàĺïâĺľ. Ŕãáâì ćěńĺçĺŋë d_{pq}, p; q ∈ J, ğăďăîâ àăááâőïŋĺě ňěęďã ŕãŋłâăňĺ p ĺ q, ă ćěńĺçĺŋë w_{ij} i; j ∈ I, ïćńïîâáï ãďěńìŋëňĺ ( ŋă ěďĺŋĺæã àăááâőïŋĺï ) ğăâàăâăňĺ ŋă ŕěàěćőğłã čàãğőć ňěęďã ŕàěďŕàĺïâĺïňĺ i ĺ j. Őŕàěďěńĺň ŕěàěňěŋŋëě y_{ip}, i ∈ I; p ∈ J áńěďãîéĺň őąàăğőň:

y_{ip} =

1 ěáńĺ ŕàěďŕàĺïâĺě i àăğňěéăěâáï ć ŕãŋłâě p; 0 ĺŋăçě.

Šőčďă ğăďăçă ŁĞŊ ňőęěâ àăááňăâàĺćăâìáï łăł ğăďăçă, ć łőâőàőľ âàěąãěâáï àăğňěáâĺâì m ŕàěďŕàĺïâĺľ ć n ŕãŋłâăå âăłĺň őąàăğőň, çâőąë áãňňăàŋëě ğăâàăâë ŋă âàăŋáŕőàâĺàőćłã čàãğőć ňěęďã ŕàěďŕàĺïâĺïňĺ ąëńĺ ŋăĺňěŋìèĺňĺ.

ŁĞŊ őâŋőáĺâáï ł çĺáńã NP -âàãďŋëå ğăďăç, âăł łăł ğăďăçă łőňňĺćőïęěàă ĺ ğăďăçă ő ňăłáĺňăńìŋőľ łńĺłě ïćńïîâáï çăáâëňĺ áńãçăïňĺ ŁĞŊ [54]. Ŋěáňőâàï ŋă âő, çâő ŁĞŊ ïćńïěâáï őďŋőľ ĺğ áăňëå ĺğãçěŋŋëå ğăďăç łőňąĺŋăâőàŋőľ őŕâĺňĺğăæĺĺ (áň. őąğőà [54] ĺ őąğőà ŕő ŕőńĺŋőňĺăńìŋő àăğàěèĺňëň ŕőďłńăááăň [55]) âőçŋëě àěèěŋĺï ãďăěâáï ŕőńãçĺâì ďńï ğăďăç àăğňěàŋőáâĺ ŋě ąőńěě 30 × 30.

Łăł ãęě őâňěçăńőáì ćëèě ĺŋâěàěáãîéĺě ŋăá ğăďăçĺ ïćńïîâáï NP - âàãďŋëňĺ. İâő őğŋăçăěâ, çâő ŕőáâàőěŋĺě âőçŋëå íääěłâĺćŋëå (ŕőńĺŋőňĺăńìŋëå) ăńčőàĺâňőć áłőàěě ćáěčő ŋěćőğňőęŋő (ŕőďàőąŋãî ďĺáłãááĺî ŕő âěőàĺĺ NP -ŕőńŋőâë áň. ć [28]). Őďŋĺň ĺğ őáŋőćŋëå ŋăŕàăćńěŋĺľ ĺááńěďőćăŋĺï âăłĺå ğăďăç ïćńïěâáï ŕőáâàőěŋĺě ŕàĺąńĺęěŋŋëå íäěłâĺćŋëå ăńčőàĺâňőć á ăŕàĺőàŋëňĺ őæěŋłăňĺ ĺå âőçŋőáâĺ. Šăłĺě ăńčőàĺâňë ŋě ďńï ćáïłőľ ĺŋďĺćĺďãăńìŋőľ ğăďăçĺ ŋăåőďïâ âőçŋőě àěèěŋĺě, ŋő ćáěčďă őâëáłĺćăîâ ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ, łőâőàőě ãďőćńěâćőàïěâ ŋěłőâőàëň âàěąőćăŋĺïň ŕő âőçŋőáâĺ, ãáâăŋőćńěŋŋëňĺ ěéě ďő ŕőńãçěŋĺï ŕàĺąńĺęěŋŋőčő àěèěŋĺï.

Ĺďěï ŕőáâàőěŋĺï ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă ŋăáâőńìłő ěáâěáâćěŋŋă, çâő ŋěćőğňőęŋő ŕàőáńěďĺâì, łâő ŕěàćëň ěě ŕàĺďãňăń ĺ áâăń ĺáŕőńìğőćăâì. Śçĺâăěâáï, çâő ŕěàćëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ĺ ěčő ăŋăńĺğ ąëń ďăŋ ć őçěŋì ĺğćěáâŋőľ àăąőâě [80] ŕő âěőàĺĺ àăáŕĺáăŋĺľ. Ďàãčĺňĺ äãŋďăňěŋâăńìŋëňĺ àăąőâăňĺ ć íâőľ őąńăáâĺ ïćńïîâáï àăąőâë [94, 23], ć łőâőàëå ććőďïâáï ŕőŋïâĺï ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă ĺ ěčő âőçŋőáâĺ ć åãďèěň áńãçăě.

Śãéěáâćãîâ ďćă ŋăĺąőńěě àăáŕàőáâàăŋěŋŋëå ŕőďåőďă ł ăŋăńĺğã ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć ĺ őŕàěďěńěŋĺî ĺå âőçŋőáâĺ: ăŋăńĺğ ŕőćěďěŋĺï ć åãďèěň áńãçăě ĺ ćěàőïâŋőáâŋëľ ăŋăńĺğ ŕőćěďěŋĺï ăńčőàĺâňă. Ŕàĺ ăŋăńĺğě ć åãďèěň áńãçăě őæěŋĺćăěâáï ŕőčàěèŋőáâì ăńčőàĺâňă ŋă ŋăĺåãďèěľ ĺğ ćőğňőęŋëå ĺŋďĺćĺďãăńìŋőľ ğăďăçě, ă ć áńãçăě ćěàőïâŋőáâŋőčő ăŋăńĺğă ŕàěďŕőńăčăěâáï, çâő ŋă ňŋőęěáâćě ĺŋďĺćĺďãăńìŋëå ğăďăç ğăďăŋő ŋěłőâőàőě ćěàőïâŋőáâŋőě àăáŕàěďěńěŋĺě ĺ őæěŋĺćăěâáï ňăâěňăâĺçěáłőě őęĺďăŋĺě ŕőčàěèŋőáâĺ ăńčőàĺâňă ŋă íâőň àăáŕàěďěńěŋĺĺ.

Śãéěáâćãîâ âăłęě ĺ ďàãčĺě ĺŋâěàěáŋëě ŕőďåőďë ł ćěàőïâŋőáâŋőľ őæěŋłě âőçŋőáâĺ ăńčőàĺâňă. Śàěďĺ âăłĺå ŕőďåőďőć áńěďãěâ ćëďěńĺâì ŕőďåőď Ŕěàěŕěńĺæë ĺ Čĺňăďĺ [29]. Ć íâőľ àăąőâě ăŋăńĺğĺàãěâáï ăńčőàĺâň "ĺďĺ ć ąńĺęăľèĺľ ěéě ŋě ŕàőľďěŋŋëľ čőàőď"ďńï ğăďăçĺ łőňňĺćőïęěàă ŋă àăğńĺçŋëå ćěàőïâŋőáâŋëå àăáŕàěďěńěŋĺïå ćåőďŋëå ďăŋŋëå.

Ŋăáâőïéăï àăąőâă ŕőáćïéěŋă ŕőáâàőěŋĺî ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć ďńï ğăďăç àăğňěéěŋĺï ĺ ăŋăńĺğã ĺå âőçŋőáâĺ ć åãďèěň áńãçăě. Ŋăŕőňŋĺň őŕàěďěńěŋĺï őáŋőćŋëå ŕőŋïâĺľ, ĺáŕőńìğãěňëå ŕàĺ âăłőň ăŋăńĺğě. Ŕãáâì ĺňěěâáï őŕâĺňĺğăæĺőŋŋăï ğăďăçă ĺ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň A ďńï ěě àěèěŋĺï. Őąőğŋăçĺň çěàěğ I ĺŋďĺćĺďãăńìŋãî őŕâĺňĺğăæĺőŋŋãî ğăďăçã, F (I) ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ŕàĺąńĺęěŋŋőň àěèěŋĺĺ, ŕőńãçěŋŋőň ăńčőàĺâňőň, ă çěàěğ F^∗(I) ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă őŕâĺňăńìŋőň àěèěŋĺĺ. Śãéěáâćãěâ ŋěáłőńìłő áŕőáőąőć ĺğňěàěŋĺï âőçŋőáâĺ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă. Ŋăĺąőńěě àăáŕàőáâàăŋěŋŋőľ ĺ ĺáŕőńìğãěňőľ ćěńĺçĺŋőľ, åăàăłâěàĺğãîéěľ âőçŋőáâì ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă, ïćńïěâáï âăł ŋăğëćăěňăï őâŋőáĺâěńìŋăï âőçŋőáâì, ŕőď łőâőàőľ ŕőŋĺňăěâáï äãŋłæĺï fi_A(I) = F (I)=F^∗(I). Őæěŋłőľ (ăŕàĺőàŋőľ) őâŋőáĺâěńìŋőľ âőçŋőáâĺ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă A àěèěŋĺï őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ ŋă ňăłáĺňãň (ňĺŋĺňãň) ïćńïěâáï ćěńĺçĺŋă R_A âăłăï, çâő ďńï ńîąőľ ĺŋďĺćĺďãăńìŋőľ ğăďăçĺ I ćëŕőńŋïěâáï ŋěàăćěŋáâćő

fi_A(I) ≥ R_A (fi_A(I) ≤ R_A) :

Šăłãî őæěŋłã R_A, ŋě ğăćĺáïéãî őâ àăğňěàŋőáâĺ ĺŋďĺćĺďãăńìŋőľ ğăďăçĺ I, ŋăğëćăîâ łőŋáâăŋâŋőľ.

Ďàãčĺňĺ ćăęŋëňĺ ŕőŋïâĺïňĺ łőňąĺŋăâőàŋőľ őŕâĺňĺğăæĺĺ, áćïğăŋŋëňĺ á ŕàĺąńĺęěŋŋëňĺ ăńčőàĺâňăňĺ, ïćńïîâáï ŕőŋïâĺï ăŕŕàőłáĺňăæĺőŋŋőľ áåěňë ĺ ŕőńŋőľ ăŕŕàőłáĺňăæĺőŋŋőľ áåěňë. Ăŕŕàőłĺňăæĺőŋŋőľ áåěňőľ ďńï ŋěłőâőàőľ őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ ŋăğëćăěâáï ăńčőàĺâň, łőâőàëľ ďńï ńîąőčő äĺłáĺàőćăŋŋőčő " > 0 ŋăåőďĺâ ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ á őâŋőáĺâěńìŋőľ őæěŋłőľ ŕőčàěèŋőáâĺ 1 − " (ďńï ğăďăçĺ ŋă ňăłáĺňãň) ĺ âàãďőěňłőáâì ăńčőàĺâňă ŕőńĺŋőňĺăńìŋă ŕàĺ äĺłáĺàőćăŋŋőň " > 0. Śåěňă ŋăğëćăěâáï ŕőńŋőľ, ěáńĺ âàãďőěňłőáâì ăńčőàĺâňă őčàăŋĺçěŋă ŕőńĺŋőňőň őâ 1=" ĺ ďńĺŋë ćåőďŋëå ďăŋŋëå.

Ć łőŋæě áěňĺďěáïâëå čőďőć ćëèńő ňŋőčő ćăęŋëå àăąőâ ŕő ŕàĺąńĺęěŋŋëň ăńčőàĺâňăň ĺ, łăł áńěďáâćĺě íâőčő, ŕőïćĺńőáì ŋěáłőńìłő őąğőàőć [72, 122, 123, 13] ć łőâőàëå áãňňĺàãîâáï àěğãńìâăâë, ŕőńãçěŋŋëě ğă íâĺ čőďë. Ğăâěň ŋăáâãŕĺńő ğăâĺèìě ĺ ŋă ŕàőâïęěŋĺĺ ąőńěě ďěáïâĺ ńěâ łőńĺçěáâćő őŕãąńĺłőćăŋŋëå áâăâěľ ŕő ŕàĺąńĺęěŋŋëň ăńčőàĺâňăň ąëńő ŋěćěńĺłő. Ś łőŋæă ćőáìňĺďěáïâëå čőďőć ŕàőĺğőèěń ćğàëć ŕőŕãńïàŋőáâĺ ĺááńěďőćăŋĺľ ć őąńăáâĺ ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć. Őçěŋì ćăęŋëň őâłàëâĺěň áâăńő ŕőŋĺňăŋĺě âőčő, çâő ďńï ŕőńãçěŋĺï őæěŋőł ğŋăçěŋĺľ æěńěćëå äãŋłæĺľ ĺááńěďãěňëå ğăďăç ňőęŋő ĺáŕőńìğőćăâì àăğńĺçŋëě ŕőńĺŋőňĺăńìŋő àăğàěèĺňëě àěńăłáăæĺĺ íâĺå ğăďăç. Ŕěàćëňĺ, łâő ĺáŕőńìğőćăń ńĺŋěľŋőě ŕàőčàăňĺàőćăŋĺě ŕàĺ ŕőáâàőěŋĺĺ ĺ ăŋăńĺğě ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć á őâŋőáĺâěńìŋőľ őæěŋłőľ âőçŋőáâĺ ąëńĺ Raghavan, Tompson [120], ă ŕőáńě àăąőâë [77] ĺáŕőńìğőćăŋĺě ńĺŋěľŋőčő ŕàőčàăňĺàőćăŋĺï áâăńő őáŋőćŋëň ňěâőďőň ŕőáâàőěŋĺï ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć. Őďŋĺň ĺğ őáŋőćŋëå ňěâőďőć ĺáŕőńìğãěňëå ć ďĺááěàâăæĺĺ ïćńïěâáï ňěâőď őłàãčńěŋĺï ńĺŋěľŋëå àěńăłáăæĺľ. Śãâì ňěâőďă ğăłńîçăěâáï ć áńěďãîéěň. Ŕàěďŕőńőęĺň, çâő ĺááńěďãěňãî őŕâĺňĺğăæĺőŋŋãî ğăďăçã ňőęŋő áäőàňãńĺàőćăâì łăł ğăďăçã ńĺŋěľŋőčő ąãńěćőčő ŕàőčàăňňĺàőćăŋĺï. Řăááňőâàĺň ńĺŋěľŋãî àěńăłáăæĺî íâőľ ğăďăçã, ŕőńãçăěňãî ğăňěŋőľ ąãńěćëå ŕěàěňěŋŋëå ŋă ŋěŕàěàëćŋëě ŕěàěňěŋŋëě ĺğ őâàěğłă [0; 1]. İâă ğăďăçă ïćńïěâáï ğăďăçěľ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, łőâőàăï łăł ĺğćěáâŋő ŕőńĺŋőňĺăńìŋő àăğàěèĺňă [32]. Ŕőŋïâŋő, çâő őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ àěńăłáĺàőćăŋŋőľ ğăďăçĺ ïćńïěâáï ćěàåŋěľ őæěŋłőľ (ďńï ğăďăçĺ ŋă ňăłáĺňãň) őŕâĺňăńìŋőčő ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ ĺáåőďŋőľ ğăďăçĺ. Ć àěğãńìâăâě őłàãčńěŋĺï őŕâĺňăńìŋőčő àěèěŋĺï àěńăłáĺàőćăŋŋőľ ğăďăçĺ ňőęŋő ŕőńãçĺâì ŕàĺąńĺęěŋŋőě àěèěŋĺě ĺáåőďŋőľ ğăďăçĺ, ă ćőáŕőńìğőćăćèĺáì ćěàåŋěľ őæěŋłőľ őâĺňăńìŋőčő ğŋăçěŋĺï ěě æěńěćőľ äãŋłæĺĺ ŕőńãçĺâì ĺ őæěŋłã âőçŋőáâĺ ŕőáâàőěŋŋőčő ŕàĺąńĺęěŋŋőčő àěèěŋĺï. Ćăęŋěľèěľ áőáâăćŋőľ çăáâìî íâőčő ŕőďåőďă ïćńïěâáï ăńčőàĺâň őłàãčńěŋĺï őŕâĺňăńìŋőčő àěèěŋĺï àěńăłáĺàőćăŋŋőľ ğăďăçĺ. Śãéěáâćãěâ èĺàőłĺľ áŕěłâà âěåŋĺł, łőâőàëě ňőčãâ ŕàĺňěŋïâáï ŕàĺ őłàãčńěŋĺĺ. Őáőąěŋŋő ĺğćěáâŋőľ áâăńă âěåŋĺłă ćěàőïâŋőáâŋőčő őłàãčńěŋĺï [120]. Ć ďĺááěàâăæĺőŋŋőľ àăąőâě ĺáŕőńìğãîâáï ŋěłőâőàëě ĺğ ĺğćěáâŋëå âěåŋĺł őłàãčńěŋĺï, ć çăáâŋőáâĺ, ćěàőïâŋőáâŋőě őłàãčńěŋĺě. Šăłęě ŕàěďńăčăěâáï ŋőćëľ ňěâőď őłàãčńěŋĺï ďńï ğăďăç á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì.

Ć ŋăçăńě 90-å ŕàőĺğőèěń ďàãčőľ ŕàőàëć ć ŕőŋĺňăŋĺĺ ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć, őąãáńőćńěŋŋëľ ŕőïćńěŋĺěň âěőàěâĺçěáłĺå őáŋőć ďńï ďőłăğăâěńìáâćă őâàĺæăâěńìŋëå àěğãńìâăâőć. Ąãàŋőě àăğćĺâĺě ć íâőľ őąńăáâĺ ąëńő ĺŋĺæĺĺàőćăŋő ďćãňï àăąőâăňĺ [70, 117]. Ć ŕěàćőľ àăąőâě ćŕěàćëě ąëń ŕőńãçěŋ őâàĺæăâěńìŋëľ àěğãńìâăâ ďńï ğăďăçĺ ő łńĺłě, ĺ ŕàěďńőęěŋă âěåŋĺłă, łőâőàăï ć ďăńìŋěľèěň ãáőćěàèěŋáâćőćăńăáì ĺ őââăçĺćăńăáì ć æěńőň àïďě àăąőâ. Ćő ćâőàőľ àăąőâě ŕàěďńőęěŋő áĺŋâăłáĺçěáłőě őŕàěďěńěŋĺě ŋěłőâőàőčő łńăááă áńőęŋőáâĺ, łőâőàëľ ŋăğćăńĺ MAXSNP, ĺ ććěďěŋő ŕőŋïâĺě L-áćőďĺňőáâĺ. Őłăğăńőáì, çâő ŕőçâĺ ćáě ěáâěáâćěŋŋëě ğăďăçĺ łőňąĺŋăâőàŋőľ őŕâĺňĺğăæĺĺ ńěęăâ ć íâőň łńăááě ĺ ňŋőčĺě ĺğ ŋĺå őłăğăńĺáì ŕőńŋëňĺ ć íâőň łńăááě őâŋőáĺâěńìŋő L-áćőďĺňőáâĺ. Papadimitrou ĺ Yannakakis ŕàěďŕőńőęĺńĺ, çâő ďńï ğăďăç ŕőńŋëå ć łńăááě MAXSNP ŋě áãéěáâćãěâ ăŕŕàőłáĺňăæĺőŋŋőľ áåěňë. İâă čĺŕőâěğă ąëńă ďőłăğăŋă ć àăąőâě [46] ŕàĺ ãáńőćĺĺ, çâő P ≠ NP . Ţőàőèĺňĺ ććěďěŋĺïňĺ ć íâã ąãàŋő àăğćĺćăîéãîáï őąńăáâì ïćńïîâáï ďĺááěàâăæĺï Arora [38] ĺ őąğőà Arora ĺ Lund [45], ă âăłęě őąğőàë [126, 87] ő ŕőáńěďŋĺå ďőáâĺęěŋĺïå ć őąńăáâĺ ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć.

Ĺğńőęĺň łàăâłő àěğãńìâăâë ďĺááěàâăæĺőŋŋőľ àăąőâë, áőáâőïéěľ ĺğ ććěďěŋĺï, èěáâĺ čńăć, ğăłńîçěŋĺï, áŕĺáłă ĺáŕőńìğãěňőľ ńĺâěàăâãàë ĺ áŕĺáłă ŕãąńĺłăæĺľ ăćâőàă ŕő âěňě ďĺááěàâăæĺĺ.

Łăł ãęě őâňěçăńőáì, ŋăáâőïéăï ďĺááěàâăæĺï ŕőáćïéěŋă ŕőáâàőěŋĺî ĺ ăŋăńĺğã ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć ďńï ďĺáłàěâŋëå ğăďăç àăğňěéěŋĺï. Ć ŕěàćőľ čńăćě àăááňăâàĺćăěâáï ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï ŋă ňăłáĺňãň. Ďńï íâőľ ğăďăçĺ áâàőĺâáï ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ 2( √ 2−1) ≈ 0:828, çâő ńãçèě őæěŋłĺ âőçŋőáâĺ ęăďŋőčő ăńčőàĺâň [61]. Őáŋőćã ŕàěďńőęěŋŋőčő ăńčőàĺâňă áőáâăćńïěâ ŕàőæěďãàă ćěàőïâŋőáâŋőčő őłàãčńěŋĺï őŕâĺňăńìŋőčő àěèěŋĺï ńĺŋěľŋőľ àěńăłáăæĺĺ ğăďăçĺ. Ŕőłăğăŋő, çâő ć áńãçăě ĺáŕőńìğőćăŋĺï âăłőľ àěńăłáăæĺĺ, ŕőńãçěŋŋăï őæěŋłă ŋě ňőęěâ ąëâì ãńãçèěŋă. Łàőňě âőčő, ďőłăğăŋő, çâő ďńï ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï ŋă ňăłáĺňãň ŋě áãéěáâćãěâ ăŕŕàőłáĺňăæĺőŋŋőľ áåěňë ŕàĺ ãáńőćĺĺ, çâő P ≠ NP .

Ćâőàăï čńăćă ŕőáćïéěŋă ĺááńěďőćăŋĺî őąőąéěŋĺľ ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň. Řăááňăâàĺćăěâáï őąőąéěŋŋăï ğăďăçă ő à-ňěďĺăŋě á ďćãňï ćĺďăňĺ őčàăŋĺçěŋĺľ: á őąëçŋëň ňőéŋőáâŋëň őčàăŋĺçěŋĺěň |S| ≤ p ĺ á ąőńěě őąéĺň őčàăŋĺçěŋĺěň "àăŋæěćőčő"ćĺďă^∑_{i∈S} d_i ≤ D. Űěńěćăï äãŋłæĺï ğăďăçĺ őŕàěďěńïěâáï łăł őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋěłőâőàőľ őŕâĺňĺğăæĺőŋŋőľ ğăďăçĺ. İâă őŕâĺňĺğăæĺőŋŋăï ğăďăçă ïćńïěâáï ąőńěě őąéěľ, çěň, ŋăŕàĺňěà, àăááňőâàěŋŋăï ć [132], ĺ ĺňěěâ k ďőŕőńŋĺâěńìŋëå àěáãàáŋëå őčàăŋĺçěŋĺľ. Ďńï őąěĺå ğăďăç ő à-ňěďĺăŋě (á ďćãňï ćĺďăňĺ őčàăŋĺçěŋĺľ) ŕőńãçěŋë őæěŋłĺ âőçŋőáâĺ ęăďŋëå ăńčőàĺâňőć. Ŕàĺ k = 0 íâĺ őæěŋłĺ áőćŕăďăîâ á őæěŋłăňĺ ĺğ [61, 132]. Ć íâőľ čńăćě àăááňăâàĺćăěâáï âăłęě ěéě őďŋő őąőąéěŋĺě ğăďăçĺ ő p-ňěďĺăŋě ŋă ňăłáĺňãň âăł ŋăğëćăěňăï ďĺŋăňĺçěáłăï ğăďăçă ő à-ňěďĺăŋě. Ďĺŋăňĺçěáłăï ğăďăçă őŕĺáëćăěâ áĺâãăæĺî, łőčďă àăğňěéěŋĺě ŕàěďŕàĺïâĺľ ŕàőĺğćőďĺâáï ć âěçěŋĺě ŋěłőâőàőčő ŕěàĺőďă ćàěňěŋĺ, áőáâőïéěčő ĺğ ŋěáłőńìłĺå ěďĺŋĺçŋëå őâàěğłőć (ńěâ). Šàěąãěâáï ć łăęďőň čőďã àăğňěáâĺâì őčàăŋĺçěŋŋőě çĺáńő ŕàěďŕàĺïâĺľ âăł, çâőąë ňăłáĺňĺğĺàőćăâì áãňňăàŋãî ŕàĺąëńì ğă ćěáì àăááňăâàĺćăěňëľ ŕěàĺőď ćàěňěŋĺ. Ďńï íâőľ ğăďăçĺ ŕàěďńăčăěâáï ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ (1 − e^{−1}). Ŕàĺ ŕőáâàőěŋĺĺ ăńčőàĺâňă ĺáŕőńìğãěâáï âěåŋĺłă ćěàőïâŋőáâŋőčő őłàãčńěŋĺï àěèěŋĺï ńĺŋěľŋőľ àěńăłáăæĺĺ ğăďăçĺ.

Ć âàěâìěľ čńăćě ĺğãçăěâáï ğăďăçă ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ, łőâőàăï ïćńïěâáï çăáâŋëň áńãçăěň ğăďăçĺ ő p-ňěďĺăŋě ŋă ňăłáĺňãň, ă âăłęě ŋěłőâőàëě ąńĺğłĺě ł ŋěľ ğăďăçĺ. Ŕàěďńăčăěâáï ŋőćăï âěåŋĺłă őłàãčńěŋĺï àěèěŋĺľ ńĺŋěľŋëå àěńăłáăæĺľ őŕâĺňĺğăæĺőŋŋëå ğăďăç á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì. Ś ĺáŕőńìğőćăŋĺěň íâőľ âěåŋĺłĺ, ŋăğćăŋŋőľ ŕàőæěďãàőľ ŕěàěłăçłĺ, ďńï ğăďăçĺ ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ ŕőáâàőěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ ńãçèě, çěň ĺğćěáâŋăï őæěŋłă âőçŋőáâĺ ęăďŋőčő ăńčőàĺâňă. Ďàãčőľ àăááňăâàĺćăěňőľ ć čńăćě ğăďăçěľ á ňőéŋőáâŋëň őčàăŋĺçěŋĺěň ïćńïěâáï ğăďăçă ő ňăłáĺňăńìŋőň àăğàěğě á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì. Ďńï íâőľ ğăďăçĺ ŕàěďńăčăěâáï ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ àăćŋőľ 1=2. Ć ďăŋŋőľ čńăćě àăááňăâàĺćăîâáï âăłęě őąőąéěŋĺï ďćãå ãłăğăŋŋëå ğăďăç, ďńï łőâőàëå á ĺáŕőńìğőćăŋĺěň âěåŋĺłĺ ŕěàěłăçłĺ ãďăěâáï ŕőáâàőĺâì ŕàĺąńĺęěŋŋëě ăńčőàĺâňë á âăłĺňĺ ęě őæěŋłăňĺ âőçŋőáâĺ, çâő ĺ ďńï ĺáåőďŋëå ğăďăç.

Ć çěâćěàâőľ čńăćě ĺááńěďãěâáï ğăďăçă ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň á ňőéŋőáâŋëň őčàăŋĺçěŋĺěň. Ďńï íâőľ ğăďăçĺ ŕàěďńăčăěâáï ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 1−e^{−1}. Ăńčőàĺâň ŕőáâàőěŋ á ĺáŕőńìğőćăŋĺěň âěåŋĺłĺ ćěàőïâŋőáâŋőčő őłàãčńěŋĺï àěèěŋĺï ńĺŋěľŋőľ àěńăłáăæĺĺ. Ŕőńãçěŋŋăï őæěŋłă ïćńïěâáï ŋěãńãçèăěňőľ ŕàĺ ãáńőćĺĺ, çâő P ≠ NP [68].

Ć ŕïâőľ čńăćě àăááňăâàĺćăěâáï łćăďàăâĺçŋăï ğăďăçă ő ŋăğŋăçěŋĺïå. Ďńï íâőľ ğăďăçĺ ďăěâáï ŕőńőęĺâěńìŋëľ őâćěâ ŋă ŕőáâăćńěŋŋëľ ć [118] ćőŕàőá ő áãéěáâćőćăŋĺĺ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ ďńï çăáâŋőčő áńãçăï ğăďăçĺ, łőčďă ňăâàĺæă (d_{pq}) ãďőćńěâćőàïěâ ŋěàăćěŋáâćã âàěãčőńìŋĺłă, ă ćáě íńěňěŋâë ňăâàĺæë (w_{ij} ) àăćŋë ěďĺŋĺæě. Ďńï ãłăğăŋŋőčő çăáâŋőčő áńãçăï ğăďăçĺ ŕőáâàőěŋ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 2.

Ć èěáâőľ čńăćě ŕàěďńăčăěâáï ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ ő p-æěŋâàě á àăŋæěćëň őčàăŋĺçěŋĺěň. Őæěŋłă âőçŋőáâĺ ăńčőàĺâňă àăćŋă 3 ĺ áőćŕăďăěâ á ńãçèěľ ĺğćěáâŋőľ, őďŋăłő őæěŋłă ćàěňěŋŋőľ áńőęŋőáâĺ ŕàěďńőęěŋŋőčő ăńčőàĺâňă ńãçèě ĺğćěáâŋëå.

Ć ğăłńîçěŋĺĺ ŕàĺćőďïâáï őáŋőćŋëě àěğãńìâăâë ďĺááěàâăæĺőŋŋőľ àăąőâë.

Őáŋőćŋëě àěğãńìâăâë ďĺááěàâăæĺĺ őŕãąńĺłőćăŋë ĺ ďőłńăďëćăńĺáì ŋă 2-őň Śĺąĺàáłőň łőŋčàěááě ŕő ĺŋďãáâàĺăńìŋőľ ĺ ŕàĺłńăďŋőľ ňăâěňăâĺłě (Ŋőćőáĺąĺàáł, 1996), Ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ "Ŕàőąńěňë őŕâĺňĺğăæĺĺ ĺ íłőŋőňĺçěáłĺě ŕàĺńőęěŋĺï" (Őňáł, 1997), 16-őň Śĺňŕőğĺãňě ŕő ňăâěňăâĺçěáłőňã ŕàőčàăňňĺàőćăŋĺî (Ńőğăŋŋă, Ÿćěľæăàĺï, 1997), Śĺąĺàáłőľ łőäěàěŋæĺĺ ŕő ĺááńěďőćăŋĺî őŕěàăæĺľ (Ŋőćőáĺąĺàáł, 1998), 1-őľ Ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ ŕő ŕàĺąńĺęěŋŋëň ăńčőàĺâňăň (Őńìąő, Ďăŋĺï, 1998), ŋă ŋăãçŋëå áěňĺŋăàăå Ĺŋáâĺâãâă ňăâěňăâĺłĺ ŚŐ ŘĂŊ ĺ áěňĺŋăàě Űěŋâàă ŕő Ťãŋďăňěŋâăńìŋëň Ĺááńěďőćăŋĺïň ć Őąńăáâĺ Łőňŕìîâěàŋëå Ŋăãł (Őàčãá, Ďăŋĺï, 1998).

Řěğãńìâăâë ŕěàćőľ ĺ âàěâìěľ čńăćë ąëńĺ ŕőńãçěŋë áőćňěáâŋő á Ă. Ă. Ăčěěćëň.

Čńăćă 1 Ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï ŋă ňăłáĺňãň

Ććěďěŋĺě

Ć ŋăáâőïéěľ čńăćě àăááňăâàĺćăěâáï ŕàőáâěľèăï ğăďăçă àăğňěéěŋĺï ŋă ňăłáĺňãň max_{S⊆I} ∑ j∈J max_{i∈S} b_{ij} −^∑_{i∈S} c_i

: (1.1)

Ďńï ąńĺğłőľ ł ŋěľ ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï ŋă ňĺŋĺňãň (ŔĞŘ) ĺğćěáâěŋ [85] ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ àăćŋőľ ln n+ 1. İâă őæěŋłă áőćŕăďăěâ á őæěŋłőľ âőçŋőáâĺ ęăďŋőčő ăńčőàĺâňă ďńï ğăďăçĺ ő ŕőłàëâĺĺ [58, 128].

Ğăďăçă ő ŕőłàëâĺĺ ć âěçěŋĺě ďőńčőčő ćàěňěŋĺ ąëńă ŕàěďňěâőň ĺŋâěŋáĺćŋőčő ĺááńěďőćăŋĺï á æěńìî ŕőáâàőěŋĺï ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć [52, 86, 88]. Ďńï íâőľ ğăďăçĺ Feige [68], ĺáŕőńìğãï ĺďěĺ Lund ĺ Yannakakis [109] ĺ ňőéŋëľ àěğãńìâăâ Raz [121] ĺğ âěőàĺĺ áńőęŋőáâĺ, ďőłăğăń, çâő ďńï ńîąőčő " > 0 ŋěńìğï ŕőáâàőĺâì ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ (1 − ") ln n ŕàĺ ãáńőćĺĺ, çâő NP-âàãďŋëě ğăďăçĺ ŋě ĺňěîâ áãąíłáŕőŋěŋæĺăńìŋëå âőçŋëå ăńčőàĺâňőć. Šăł łăł ğăďăçă ő ŕőłàëâĺĺ ïćńïěâáï çăáâŋëň áńãçăěň ŔĞŘ, âő íâőâ őâàĺæăâěńìŋëľ àěğãńìâăâ ŕěàěŋőáĺâáï ĺ ŋă ŔĞŘ ĺ, áńěďőćăâěńìŋő, ňăńőćěàőïâŋő, çâő ďńï ŋěě áãéěáâćãěâ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ áãéěáâćěŋŋő ńãçèěľ, çěň ln n.

Ć âăłőľ áĺâãăæĺĺ ěáâěáâćěŋŋő őąàăâĺáï ł ăŋăńĺğã çăáâŋëå áńãçăěć ŔĞŘ. Ć [127] àăááňăâàĺćăěâáï ŔĞŘ á ŋěàăćěŋáâćőň âàěãčőńìŋĺłă, â.ě. ğăďăçă, ć łőâőàőľ íńěňěŋâë ňăâàĺæë (c_{ij} ) ãďőćńěâćőàïîâ áńěďãîéěňã ãáńőćĺî: ďńï ńîąëå i; j; k ćëŕőńŋïěâáï ŋěàăćěŋáâćő c_{ij} + c_{jk} ≥ c_{ik}. Ďńï âăłőľ ğăďăçĺ Shmoys, Tardos ĺ Aardal [127], ĺáŕőńìğãï äĺńìâàăæĺőŋŋãî âěåŋĺłã Lin ĺ Vitter [106, 107], ŕőáâàőĺńĺ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ 3,16, ă Guha ĺ Khuller [82] ãńãçèĺńĺ ăńčőàĺâň ĺ ŕőńãçĺńĺ őæěŋłã àăćŋãî 2,3. Ć ŋăáâőïéěě ćàěňï ńãçèãî őæěŋłã âőçŋőáâĺ àăćŋãî 1 + 2=e ≈ 1; 7 ĺňěěâ ăńčőàĺâň, ŕőńãçěŋŋëľ Chudak ĺ Shmoys [59]. Ś ďàãčőľ áâőàőŋë, Guha ĺ Khuller [82], ĺáŕőńìğãï őâàĺæăâěńìŋëě àěğãńìâăâë Feige [68], ďőłăğăńĺ, çâő ďńï ŔĞŘ á ŋěàăćěŋáâćőň âàěãčőńìŋĺłă ŋěńìğï ŕőáâàőĺâì ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ ńãçèě, çěň ˛ ≈ 1:43, čďě ˛ łőàěŋì ãàăćŋěŋĺï 1 + 2e^{−x} = x. Šăłĺň őąàăğőň, áãéěáâćãěâ àăğàëć ňěęďã ŕőńőęĺâěńìŋëňĺ ĺ őâàĺæăâěńìŋëňĺ àěğãńìâăâăňĺ, łăáăîéĺåáï őæěŋőł âőçŋőáâĺ ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć ďńï ŔĞŘ á ŋěàăćěŋáâćőň âàěãčőńìŋĺłă. İâő ŕőğćőńïěâ ŋăďěïâáï ŋă ãáĺńěŋĺě ŕőńãçěŋŋőľ ďńï ďăŋŋőľ ğăďăçĺ àěğńìâăâőć.

Ďńï ąőńěě ãğłőčő łńăááă ğăďăç ŔĞŘ á ňăâàĺæěľ ěćłńĺďőćëå àăááâőïŋĺľ Arora, Raghavan ĺ Rao [44] ŕőáâàőĺńĺ ŕőńĺŋőňĺăńìŋãî ăŕŕàőłáĺňăæĺőŋŋãî áåěňã, ĺáŕőńìğãï âěåŋĺłã, àăğćĺâãî Arora [39, 40]. Őďŋăłő ďő áĺå ŕőà őáâăěâáï őâłàëâëň ćőŕàőá ő áãéěáâćőćăŋĺĺ ăŕŕàőłáĺňăæĺőŋŋőľ áåěňë ďńï ŔĞŘ á ňăâàĺæěľ łàăâçăľèĺå àăááâőïŋĺľ ŋă ŕńăŋăàŋőň čàăäě, åőâï ňŋőčĺě MAXSNP-âàãďŋëě ğăďăçĺ łőňąĺŋăâőàŋőľ őŕâĺňĺğăæĺĺ áâăŋőćïâáï ŕàőéě ŋă ŕńăŋăàŋëå čàăäăå ĺ ĺňěîâ ăŕŕàőłáĺňăæĺőŋŋëě áåěňë [44, 50, 81].

Šăł łăł æěńěćăï äãŋłæĺï ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï ŋă ňăłáĺňãň Z(S) =^∑_{j∈J} max_{i∈S} b_{ij} −^∑_{i∈S} c_i ňőęěâ ŕàĺŋĺňăâì łăł ŕőńőęĺâěńìŋëě, âăł ĺ őâàĺæăâěńìŋëě ğŋăçěŋĺï, âő ćőğŋĺłăîâ âàãďŋőáâĺ á őŕàěďěńěŋĺěň őæěŋłĺ őâŋőáĺâěńìŋőľ âőçŋőáâĺ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă. İâĺå âàãďŋőáâěľ ňőęŋő ĺğąěęăâì, ěáńĺ ŕěàěľâĺ ł àăááňőâàěŋĺî ğăďăçĺ á æěńěćőľ äãŋłæĺěľ (Z(S) − Z_R), čďě Z_R =^∑_{j∈J} min_{i∈I} b_{ij} −^∑_{i∈I} c_i { âàĺćĺăńìŋăï ŋĺęŋïï őæěŋłă ďńï ğŋăçěŋĺľ äãŋłæĺĺ Z(S). Cornuejols, Fisher ĺ Nemhauser [61] ďőłăğăńĺ, çâő ďńï ŔĞŘ ŋă ňăłáĺňãň áő áďćĺŋãâőľ æěńěćőľ äãŋłæĺěľ ĺ ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň |S| ≤ K ŕàőáâőľ ęăďŋëľ ăńčőàĺâň ŋăåőďĺâ ďőŕãáâĺňőě àěèěŋĺě S, ďńï łőâőàőčő

(Z(S) − Z_R)=(Z^∗ − Z_R) ≥ 1 − e^{−1} ≈ 0:632;

čďě Z^∗ { ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă őŕâĺňăńìŋőň àěèěŋĺĺ ğăďăçĺ.

Ć ŋăáâőïéěľ čńăćě ŕàěďńăčăěâáï ŕőńĺŋőňĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ŔĞŘ ŋă ňăłáĺňãň áő áďćĺŋãâőľ æěńěćőľ äãŋłæĺěľ á őæěŋłőľ âőçŋőáâĺ 2( √ 2 − 1) ≈ 0:828, çâő áãéěáâćěŋŋő ńãçèě ãłăğăŋŋőľ ćëèě őæěŋłĺ. Ăńčőàĺâň őáŋőćăŋ ŋă ĺďěě ćěàőïâŋőáâŋőčő őłàãčńěŋĺï, ŕàĺŋăďńěęăéěľ Goemans ĺ Williamson [77]. Łàőňě âőčő ŕőłăğăŋő, çâő áãéěáâćãěâ âăłőě " > 0, çâő ğăďăçă őâëáłăŋĺï ŕàĺąńĺęěŋŋőčő àěèěŋĺï S ďńï łőâőàőčő (Z(S) − Z_R)=(Z^∗ − Z_R) ≥ 1 − " ïćńïěâáï NP - âàãďŋőľ. Ďőłăğăâěńìáâćő őáŋőćëćăěâáï ŋă âőň äăłâě, çâő ďńï ŔĞŘ ŋă ňăłáĺňãň áő áďćĺŋãâőľ æěńěćőľ äãŋłæĺěľ ćőğňőęŋő ěě ďćãåáâőàőŋŋěě áćěďěŋĺě ł áŕěæĺăńìŋőňã áńãçăî ğăďăçĺ ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň (MAX SAT*). Őáőąěŋŋőáâĺ MAX SAT* ŕőğćőńïîâ áłőŋáâàãĺàőćăâì ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á ńãçèěľ őæěŋłőľ âőçŋőáâĺ çěň őæěŋłĺ âőçŋőáâĺ ăńčőàĺâňőć, ĺğćěáâŋëě ďńï őąéěčő áńãçăï ğăďăçĺ ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň.

1.1 Ďćãåáâőàőŋŋěě áćěďěŋĺě ŔĞŘ ŋă ňăłáĺňãň ć áďćĺŋãâőľ äőàňě ł ğăďăçě MAX SAT^�.

Ŕãáâì x_1; x_2; : : : ; x_m { ąãńěćëě ŕěàěňěŋŋëě. Ńĺâěàăń { íâő ńĺąő ŕěàěňěŋŋăï x, ńĺąő ěě őâàĺæăŋĺě x. Ğăďăçă ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň (MAX SAT) äőàňãńĺàãěâáï áńěďãîéĺň őąàăğőň: ďăŋő ňŋőęěáâćő ďĺğêîŋłæĺľ C, čďě łăęďăï ďĺğêîŋłæĺï áőáâőĺâ ĺğ ńĺâěàăńőć ŕěàěňěŋŋëå {x_1; x_2; : : : ; x_m} ĺ äãŋłæĺï ćěáőć w : C → R_+, âàěąãěâáï ŋăľâĺ ŋăğŋăçěŋĺě ğŋăçěŋĺľ ĹŚŠĹŊĂ ŋă ŕěàěňěŋŋëě x_1; x_2; : : : ; x_m, ňăłáĺňĺğĺàãîéěě őąéĺľ ćěá ćëŕőńŋěŋëå ďĺğêîŋłæĺľ (ďĺğêîŋłæĺï ïćńïěâáï ćëŕőńŋěŋŋőľ, ěáńĺ őŋă áőďěàęĺâ åőâï ąë őďĺŋ ĺáâĺŋŋëľ ńĺâěàăń). Ďńï łàăâłőáâĺ ňë ąãďěň őąőğŋăçăâì ğŋăçěŋĺï ĹŚŠĹŊĂ ĺ ŃŐĘĲ çěàěğ 1 ĺ 0 áőőâćěâáâćěŋŋő.

Řăááňőâàĺň ĺŋďĺćĺďãăńìŋãî ğăďăçã ŔĞŘ ŋă ňăłáĺňãň. Ďńï ńîąőčő j ∈ J, őŕàěďěńĺň ŕěàěáâăŋőćłã (i_1(j); i_2(j); : : : ; i_m(j)) ňŋőęěáâćă I âăłãî, çâő b_{i1(j),j} ≥ b_{i2(j),j} ≥ : : : ≥ b_{im(j),j} . Ďńï ńîąëå k = 1; : : : ; m ĺ j ∈ J, őŕàěďěńĺň ňŋőęěáâćă C_{kj} = {i_1(j); i_2(j); : : : ; i_k(j)} ĺ ćěáă w_{kj} = b_{ik(j),j} −b_{ik+1(j),j} , čďě b_{im+1 (j),j} ŕőńăčăěâáï àăćŋëň b_{im(j),j} ďńï ćáěå j. Řăááňőâàĺň ĺŋďĺćĺďãăńìŋãî ğăďăçã MAX SAT, čďě ňŋőęěáâćő ďĺğêîŋłæĺľ őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň: {^⋁_{i∈Ckj} x_i : k = 1; : : : ; m; j ∈ J}∪{x_i : i ∈ I} ĺ äãŋłæĺï ćěáőć w őŕàěďěńïěâáï àăćěŋáâćăňĺ w(^⋁_{i∈Ckj} x_i) = w_{kj} ĺ w(x_i) = c_i ďńï ćáěå k = 1; : : : ; m, i ∈ I ĺ j ∈ J.

Ćőğìňěň ŕàőĺğćőńìŋőě ňŋőęěáâćő S ⊆ I ĺ ŕãáâì x = (x_1; x_2; : : : ; x_m) { ćěłâőà ĺŋæĺŋďěŋæĺľ ňŋőęěáâćă S. Šőčďă ∑ j∈J max_{i∈S} b_{ij} −^∑_{i∈S} c_i = ∑ j∈J (^{m∑}_{k=1} w_{kj} (^⋁_{i∈Ckj} x_i) + min_{i∈I} b_{ij} ) +^∑_{i∈I} c_ix_i −^∑_{i∈I} c_i = m∑ k=1 ∑ j∈J w_{kj}(^⋁_{i∈Ckj} x_i) +^∑_{i∈I} c_ix_i +^∑_{j∈J} min_{i∈I} b_{ij} −^∑_{i∈I} c_i:

Őâłãďă áńěďãěâ, çâő Z(S) − Z_R =^{m∑}_{k=1}^∑_{j∈J} w_{kj}(^⋁_{i∈Ckj} x_i) +^∑_{i∈I} c_ix_i: (1.2) Śńěďőćăâěńìŋő, ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ňŋőęěáâćě S ⊆ I ĺŋďĺćĺďãăńìŋőľ ğăďăçĺ ŔĞŘ ŋă ňăłáĺňãň ć áďćĺŋãâőľ äőàňě àăćŋő ćěáã ćëŕőńŋěŋŋëå ďĺğêîŋłæĺľ ć áőőâćěâáâćãîéěň ŋăğŋăçěŋĺĺ ŋă ŕěàěňěŋŋëě ĺáâĺŋŋőáâŋëå ğŋăçěŋĺľ ć őŕàěďěńěŋŋőľ ćëèě ĺŋďĺćĺďãăńìŋőľ ğăďăçĺ MAX SAT.

Řăćěŋáâćő (1.2) ŕőłăğëćăěâ, çâő ŔĞŘ ŋă ňăłáĺňãň áćőďĺâáï ł áŕěæĺăńìŋőňã áńãçăî ğăďăçĺ MAX SAT, łőâőàăï ňőęěâ ąëâì ğăŕĺáăŋă ć áńěďãîéěľ őąéěľ äőàňě: max x∈{0,1}^m L∑ l=1 f_l(^⋁_{i∈Cl} x_i) +^{m∑}_{i=1} g_ix_i; (1.3)

čďě C_l ⊆ {1; : : : ; m} ĺ f_l; g_i ≥ 0, l = 1; : : : ; L, i = 1; : : : ; m. Ć ďăńìŋěľèěň ňë ąãďěň ŋăğëćăâì ğăďăçã (1.3) { MAX SAT*.

Őąàăâŋőě áćěďěŋĺě MAX SAT* ł ŔĞŘ ŋă ňăłáĺňãň ćëčńïďĺâ áńěďãîéĺň őąàăğőň. Ŕãáâì (1.3) ïćńïěâáï ĺŋďĺćĺďãăńìŋőľ ğăďăçěľ MAX SAT*. Řăááňőâàĺň ĺŋďĺćĺďãăńìŋãî ğăďăçã (1.1) ŔĞŘ ŋă ňăłáĺňãň á I = {1; : : : ; m}, J = {1; : : : ; L}, c_i = g_i, i = 1; : : : ; m, ĺ

b_{ij} := f_l ěáńĺ i ∈ C_l;

0 ć ŕàőâĺćŋőň áńãçăě :

Ğăňěâĺň, çâő ěáńĺ ňë ŕàĺňěŋĺň ł íâőľ ĺŋďĺćĺďãăńìŋőľ ğăďăçě áćěďěŋĺě, őŕĺáăŋŋőě ćëèě, ňë ŕőńãçĺň ŕěàćőŋăçăńìŋãî ğăďăçã MAX SAT*. Ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ňŋőęěáâćě S ⊆ I ć ğăďăçě ŔĞŘ àăćŋő ćěáã ćëŕőńŋěŋŋëå ďĺğêîŋłæĺľ ŋă ćěłâőàě ĺŋæĺŋďěŋæĺľ ňŋőęěáâćă S ć ŕěàćőŋăçăńìŋőľ ğăďăçě MAX SAT*. Śńěďőćăâěńìŋő, őŕĺáăŋŋőě áćěďěŋĺě ňěęďã MAX SAT* ĺ ŔĞŘ ŋă ňăłáĺňãň áőåàăŋïěâ őâŋőáĺâěńìŋãî őæěŋłã âőçŋőáâĺ ŋă áőőâćěâáâćãîéĺå ďàãč ďàãčã ďőŕãáâĺňëå àěèěŋĺïå.

1.2 Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ MAX SAT*

Ć ŋăáâőïéěň àăğďěńě ňë ŕőáâàőĺň ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï àěèěŋĺï MAX SAT*.

Řăááňőâàĺň äőàňãńĺàőćłã ğăďăçĺ (1.3) łăł ğăďăçĺ æěńőçĺáńěŋŋőčő ńĺŋěľŋőčő ŕàőčàăňĺàőćăŋĺï:

max^{L∑}_{l=1} f_lz_l +^{m∑}_{i=1} g_i(1 − y_i); ∑ i∈C_l y_i ≥ z_l; l = 1; : : : ; L;

y_i ∈ {0; 1}; i = 1; : : : ; m; 0 ≤ z_l ≤ 1; l = 1; : : : ; L:

Őąőğŋăçĺň íâã ğăďăçã æěńőçĺáńěŋŋőčő ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï çěàěğ (IP ). Ăŋăńőčĺçŋăï äőàňãńĺàőćłă àăááňăâàĺćăńăáì ć [77] ŕàĺ ŕőáâàőěŋĺĺ ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć ďńï ğăďăçĺ MAX SAT.

Ŕőńăčăï y_i = x_i ĺ z_l =^⋁_{i∈Cl} x_i, i = 1; : : : ; m, l = 1; : : : ; L, ňë ãáâăŋăćńĺćăěň ćğăĺňŋőőďŋőğŋăçŋőě áőőâćěâáâćĺě ňěęďã őŕâĺňăńìŋëňĺ àěèěŋĺïňĺ ďćãå ğăďăç. Ğăňěâĺň, çâő őŕâĺňăńìŋőě ğŋăçěŋĺě F^∗_{IP} ğăďăçĺ (IP) áőćŕăďăěâ á őŕâĺňăńìŋëň ğŋăçěŋĺěň ğăďăçĺ MAX SAT*. Őąőğŋăçĺň çěàěğ (LP) ńĺŋěľŋãî àěńăłáăæĺî ğăďăçĺ (IP), ŕőńãçěŋŋãî ğăňěŋőľ őčàăŋĺçěŋĺľ y_i ∈ {0; 1} ŋă őčàăŋĺçěŋĺï 0 ≤ y_i ≤ 1. Őçěćĺďŋő, F^∗_{IP} ≤ F^∗_{LP} .

Ŋăè ăńčőàĺâň ïćńïěâáï ŕàïňőľ ňőďĺäĺłăæĺěľ ćěàőïâŋőáâŋőčő ăńčőàĺâňă á őæěŋłőľ (1 − 1=e) ďńï ğăďăçĺ MAX SAT, őŕĺáăŋŋőčő ć àăąőâě [77](čńăćă 3). Ăńčőàĺâň áőáâőĺâ ĺğ ďćãå èăčőć. Ŋă ŕěàćőň èăčě ăńčőàĺâň ŋăåőďĺâ őŕâĺňăńìŋőě àěèěŋĺě (y^∗_i ; z^∗_l ) ńĺŋěľŋőľ ŕàőčàăňňë (LP). Ŋă ćâőàőň èăčě ŋěğăćĺáĺňő ŕőńăčăěň ďńï łăęďőčő i, y_i := 1 á ćěàőïâŋőáâìî p_i = 1 − –^∗ + –^∗y^∗_i ĺ y_i := 0 á ćěàőïâŋőáâìî 1 − p_i, čďě –^∗ = 2( √ 2 − 1). Ďěâěàňěŋĺàőćăŋŋëľ ăńčőàĺâň ŕőńãçăěâáï ŕàïňëň ĺáŕőńìğőćăŋĺěň ňěâőďă ãáńőćŋëå ćěàőïâŋőáâěľ (áň. [37]). Őâňěâĺň, çâő őŕĺáăŋŋëľ ăńčőàĺâň őâńĺçăěâáï őâ ăńčőàĺâňă Goemans ĺ Williamson âőńìłő ŋă ćâőàőň èăčě, ŋă łőâőàőň ĺå ăńčőàĺâň ćëąĺàăěâ ĺŋďěłá i á ćěàőïâŋőáâìî p_i = y^∗_i .

Ůâőąë ãŕàőáâĺâì ŕőŋĺňăŋĺě ĺáŕőńìğãěňőčő ňěâőďă, àăááňőâàĺň őąéĺľ áńãçăľ á p_i = 1 − – + –y^∗_i , – ∈ [0; 1], łőâőàëľ ćłńîçăěâ őąă ăńčőàĺâňă. Őąőğŋăçĺň çěàěğ W (–) ňăâěňăâĺçěáłőě őęĺďăŋĺě ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ ŋă àěèěŋĺĺ ğăďăçĺ (IP), ŕőńãçěŋŋőň ćěàőïâŋőáâŋëň ăńčőàĺâňőň ďńï ŋěłőâőàőčő äĺłáĺàőćăŋŋőčő –.

Ďńï ďőłăğăâěńìáâćă őæěŋłĺ ăńčőàĺâňă ňë ąãďěň áàăćŋĺćăâì W (–) á F^∗_{LP} . Ć ďőłăğăâěńìáâćě ŋĺęě ĺáŕőńìğãěâáï ńěňňă 3.1 ĺğ àăąőâë [77]. Őçěćĺďŋő, çâő

W (–) =^{L∑}_{l=1} f_l(1 −^∏_{i∈Cl}(1 − p_i)) +^{m∑}_{i=1} g_i(1 − p_i)

=^{L∑}_{l=1} f_l(1 − –^{|Cl| ∏}_{i∈Cl}(1 − y^∗_i )) + –^{m∑}_{i=1} g_i(1 − y^∗_i ): (1.4)

Ňë ďőłăğëćăěň, çâő

1 − –^{k ∏}_{i∈Cl}(1 − y^∗_i ) ≥ ´_k(–)z^∗_l ; (1.5)

čďě k = |C_l| ĺ ´_k(–) = 1 − –^k(1 − 1=k)^k. Ďěľáâćĺâěńìŋő, ĺáŕőńìğãï ŋěàăćěŋáâćő ő áàěďŋěň čěőňěâàĺçěáłőň ĺ áàěďŋěň ăàĺäňěâĺçěáłőň ĺ őčàăŋĺçěŋĺě ŋă z_l, ňë ŕőńãçăěň, çâő

1 − –^{k ∏}_{i∈Cl}(1 − y^∗_i ) ≥ 1 − –^k(1 − ∑ i∈C_l y ∗ i k )^k ≥ 1 − –^k(1 − z^∗_l k )^k :

Ŋěàăćěŋáâćő (1.5) áńěďãěâ ĺğ âőčő äăłâă, çâő f(z_l) = 1 − –^k(1 − z_l=k)^k { ćőčŋãâăï äãŋłæĺï ĺ f(0) = 1 − –^k, f(1) = ´_k(–).

Ĺáŕőńìğãï (1.4) ĺ (1.5), ŕőńãçăěň W (–) ≥ min { min_{k≥1} ´_k(–); –}F^∗_{LP} ≥ min { min_{k≥1} ´_k(–); –}F^∗_{IP} :

Ĺáŕőńìğãï ňěâőď ãáńőćŋëå ćěàőïâŋőáâěľ, ĺňěěň, çâő ’(–) = min { min_{k≥1} ´_k(–); –} ěáâì őæěŋłă âőçŋőáâĺ ďěàăŋďőňĺğĺàőćăŋŋőčő ăńčőàĺâňă. Ďőłăęěň, çâő –^∗ ïćńïěâáï ŋăĺńãçèĺň ŕăàăňěâàőň – ć ăńčőàĺâňě, âő ěáâì ’(–) ≤ ’(–^∗) ďńï ćáěå – ∈ [0; 1]. Ğăňěâĺň, çâő min{´_2(–); –} ≤ min{´_2(–^∗); –^∗} = –^∗;

čďě –^∗ = 2( √ 2 − 1) łőàěŋì ãàăćŋěŋĺï ´_2(–) = –. Ğăňěâĺň ďăńěě, çâő ´_k(–^∗) ≥ ´_2(–^∗) ďńï ćáěå k ≥ 1. Ďěľáâćĺâěńìŋő, ďńï k = 1; 3; 4 íâő ŋěàăćěŋáâćő ňőęěâ ąëâì ŕàőćěàěŋő ŕàïňëň ćëçĺáńěŋĺěň. Ďńï őáâăćèĺåáï k ≥ 5 őŋő áńěďãěâ ĺğ ŋěàăćěŋáâć ´_k(–^∗) ≥ 1 − –^{∗k}e ≥ 1 − –^{∗5}e > 0:85 > ´_2(–^∗):

Śńěďőćăâěńìŋő,

’(–) ≤ min{´_2(–); –} ≤ min{´_2(–^∗); –^∗} = –^∗ = ’(–^∗): Šăłĺň őąàăğőň, ňë ďőłăğăńĺ áńěďãîéěěě ãâćěàęďěŋĺě.

Šěőàěňă 1 Ďńï ğăďăçĺ MAXSAT^∗ áãéěáâćãěâ ćěàőïâŋőáâŋëľ ŕàĺ-

ąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ 2( √ 2 − 1):

Ňë ňőęěň ďěàăŋďőňĺğĺàőćăâì âőńìłő çâő őŕĺáăŋŋëľ ăńčőàĺâň áńěďãîéĺň őąàăğőň. Ďěàăŋďőňĺğăæĺï áőáâőĺâ ĺğ n èăčőć, ŋă èăčě i; i = 1; : : : ; n ŕěàěňěŋŋëě x_1; : : : ; x_{i−1} ãęě ğăäĺłáĺàőćăŋë. Ŕěàěňěŋŋăï x_i őŕàěďěńïěâáï ŕő áńěďãîéěňã ŕàăćĺńã: ćëçĺáńïîâáï ãáńőćŋëě ňăâěňăâĺçěáłĺě őęĺďăŋĺï ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ ŋă àěèěŋĺĺ ŕőńçěŋŋőň ćěàőïâŋőáâŋëň ăńčőàĺâňőň ŕàĺ ãáńőćĺĺ, çâő ŋěłőâőàëě ŕěàěňěŋŋëě ğăäĺłáĺàőćăŋë

E_0 = E(x_1; : : : ; x_{i−1}; x_i = 0) ĺ E_1 = E(x_1; : : : ; x_{i−1}; x_i = 1):

Ěáńĺ E_1 ≥ E_0, âő ňë ŕőńăčăěň x_i = 1, ć ŕàőâĺćŋőň áńãçăě ŕőńăčăěň x_i = 0. Šăł łăł max{E_1; E_0} ≥ E(x_1; : : : ; x_{i−1});

âő ňë ĺňěěň ł łőŋæã n-čő èăčă àěèěŋĺě x áő ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ, łőâőàőě ŋě ňěŋìèě ňăâěňăâĺçěáłőčő őęĺďăŋĺï W (–).

1.3 Śńőęŋőáâì ăŕŕàőłáĺňăæĺĺ

Ć íâőň àăğďěńě ňë ŕőłăęěň, çâő ďńï ńîąőčő " > 0 áãéěáâćőćăŋĺě (1−")-ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă ďńï àěèěŋĺï MAX SAT* ćńěçěâ NP = P. Ĺğ íâőčő äăłâă ĺ ĺğ áćěďěŋĺï, őŕĺáăŋŋőčő ć àăğďěńě 1.2 áńěďãěâ, çâő MAX SAT* âăłęě, łăł ĺ ŔĞŘ ć áďćĺŋãâőľ äőàňě, ŋě ĺňěěâ ŕőńĺŋőňĺăńìŋőľ ăŕŕàőłáĺňăæĺőŋŋőľ áåěňë.

Ŕãáâì SAT őąőğŋăçăěâ ňŋőęěáâćő ćëŕőńŋěŋŋëå äőàňãń ć ğăďăçě àăáŕőğŋăćăŋĺï ĆŻŔŐŃŊĹŇŐŚŠĲ (łőâőàãî ňë âăłęě ąãďěň őąőğŋăçăâì SAT). Ŕãáâì MAX 3SAT(5) őąőğŋăçăěâ áŕěæĺăńìŋëľ áńãçăľ MAX SAT, ć łőâőàőň łăęďăï ďĺğêîŋłæĺï ĺňěěâ ďńĺŋã 3 ĺ ěďĺŋĺçŋëľ ćěá, ĺ łăęďăï ŕěàěňěŋŋăï ćåőďĺâ âőçŋő ć 5 ďĺğêîŋłæĺľ.

Ďńï ńîąőľ ĺŋďĺćĺďãăńìŋőľ ğăďăçĺ I ğăďăçĺ MAX SAT őąőğŋăçĺň çěàěğ w^∗(I) áãňňăàŋëľ ćěá ďĺğêîŋłæĺľ, ćëŕőńŋěŋŋëå őŕâĺňăńìŋëň ŋăğŋăçěŋĺěň ć ğăďăçě I. Őŕàěďěńĺň r(I) łăł w^∗(I) ďěńěŋŋőě ŋă őąéĺľ ćěá ďĺğêîŋłæĺľ ć I. Ŋăèě ďőłăğăâěńìáâćő őáŋőćëćăěâáï ŋă áńěďãîéěň àěğãńìâăâě.

Šěőàěňă 2 (Arora,Lund [45], âěőàěňă 10.2) Śãéěáâćãěâ ŕőńĺŋő-

ňĺăńìŋőě áćěďěŋĺě fi őâ ğăďăçĺ SAT ł ğăďăçě MAX 3SAT(5) âăłőě, çâő ďńï ŋěłőâőàőčő äĺłáĺàőćăŋŋőčő " > 0 ĺ ćáěå ĺŋďĺćĺďãăńìŋëå ğăďăç I ğăďăçĺ SAT ćëŕőńŋïěâáï: I ∈ SAT ⇒ r(fi(I)) = 1;

I =∈ SAT ⇒ r(fi(I)) < 1 − ":

Ğăňěâĺň, çâő âăł łăł^{5m}_3 ïćńïěâáï áãňňăàŋëň ćěáőň ďĺğêîŋłæĺľ ć MAX 3SAT(5), âő w^∗(fi(I)) =^{5m}_3 r(fi(I).

Ňë őŕĺèěň áěľçăá ŕőńĺŋőňĺăńìŋőě áćěďěŋĺě ff őâ ğăďăçĺ MAX 3- SAT(5) ł ğăďăçě MAX SAT*. Ŕãáâì C = {C_l : l = 1; : : : ; L} (L = 5m=3) { ňŋőęěáâćő ďĺğêîŋłæĺľ ŕàĺňěàă I ğăďăçĺ MAX 3-SAT(5). Ŕàĺňěà ff(I) ğăďăçĺ MAX SAT* őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň. Ňŋőęěáâćőň ŕěàěňěŋŋëå ğăďăçĺ ff(I) ïćńïěâáï {y_1; : : : ; y_m} ∪ {z_1; : : : ; z_m}.

Ňŋőęěáâćő ďĺğêîŋłæĺľ ïćńïěâáï őąêěďĺŋěŋĺěň âàěå ňŋőęěáâć D, E, ĺ C^′, čďě D = {y_i ∨ z_i : i = 1; : : : ; m}, E = {y_i : i = 1; : : : ; m} ∪ {z_i : i = 1; : : : ; m}, ĺ C^′ áőáâőĺâ ĺğ ďĺğêîŋłæĺľ {C_l : l = 1; : : : ; L}, ć łőâőàëå łăęďăï ŕěàěňěŋŋăï x_i ğăňěŋïěâáï ŋă y_i ĺ ěě őâàĺæăŋĺě x_i { ŋă z_i. Ďĺğêîŋłæĺĺ ć D ĺňěîâ ćěá 11, ďĺğêîŋłæĺĺ ć E { 5 ĺ ć C^′ { 1. Şâćěàęďěŋĺě 1 Ěáńĺ (y^∗; z^∗) ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ć ff(I),

âő y^∗_i + z^∗_i = 1 ďńï ćáěå i = 1; : : : ; m.

Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň, çâő y^∗_i + z^∗_i = 0 ďńï ŋěłőâőàőčő i. Ğăňěŋïï y^∗_i = 0 ŋă 1 ć ŋăğŋăçěŋĺĺ (y^∗; z^∗), ňë ãćěńĺçĺćăěň ěčő ćěá ŕő ňěŋìèěľ ňěàě ŋă 1, çâő ŕàőâĺćőàěçĺâ őŕâĺňăńìŋőáâĺ (y^∗; z^∗). Ŕàěďŕőńőęĺň, çâő y^∗_i + z^∗_i = 2 ďńï ŋěłőâőàőčő i. Ćáŕőňŋĺň, çâő ŕěàěňěŋŋëě y^∗_i , z^∗_i ćåőďïâ (ć áãňňě) âőçŋő ć 5 ďĺğêîŋłæĺľ ć C_l. Šőčďă ŕő ňěŋìèěľ ňěàě őďŋă ĺğ ŋĺå, áłăęěň y^∗_i , ćåőďĺâ ňěŋìèě, çěň ć 5 ďĺğêîŋłæĺľ ć C_l. Ğăňěŋïï y^∗_i = 1 ŋă 0 ć àěèěŋĺĺ (y^∗; z^∗) ňë ãćěńĺçĺćăěň ćěá, ŕő ňěŋìèěľ ňěàě, ŋă 1, çâő őŕïâì ŕàőâĺćőàěçĺâ őŕâĺňăńìŋőáâĺ (y^∗; z^∗).

Śńěďãîéěě ãâćěàęďěŋĺě ïćńïěâáï ŋěŕőáàěďáâćěŋŋëň áńěďáâćĺěň Şâćěàęďěŋĺï 1 ĺ őŕĺáăŋĺï áćěďěŋĺï ff.

Şâćěàęďěŋĺě 2 Ćěłâőà x^∗ ïćńïěâáï őŕâĺňăńìŋëň ć ŕàĺňěàě I ğă-

ďăçĺ MAX 3SAT(5) âőčďă ĺ âőńìłő âőčďă, łőčďă (y^∗; z^∗), čďě y^∗_i = x^∗_i , z^∗_i = 1 − x^∗_i , i = 1; : : : ; m, ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ŕàĺňěàă ff(I). Łàőňě âőčő, w^∗(I) = w^∗(ff(I)) − 16m.

Řăááňőâàĺň ŕőńĺŋőňĺăńìŋőě áćěďěŋĺě fi^′ őâ SAT ł MAX SAT*, łőâőàőě ïćńïěâáï áãŕěàŕőğĺæĺěľ ďćãå áćěďěŋĺľ fi ĺ ff. Ĺáŕőńìğãï Šěőàěňã

2 ĺ Şâćěàęďěŋĺě 2, ňë ŕőńãçăěň áńěďãîéěě:

Ěáńĺ I ∈ SAT, âőčďă w^∗(fi^′(I)) =^{5m}_3 + 16m, ĺ ŕőíâőňã őąéĺľ ćěá ďĺğêîŋłæĺľ ć fi^′(I) àăćěŋ^{5m}_3 + 16m, r(fi^′(I)) = 1. Ŕãáâì I =∈ SAT, âőčďă w^∗(fi^′(I)) = w^∗(fi(I)) + 16m =^{5m}_3 r(fi(I)) + 16m <^{5m}_3 (1 − ") + 16m. Śńěďőćăâěńìŋő,

r(fi^′(I)) <^{5m3}

(1 − ") + 16m 5m 3 + 16m = 53 − 5" 53 = 1 − 5 53 ": Ŕőíâőňã, ďńï ńîąőčő "^′ ≤^5_{53} ", áãéěáâćőćăŋĺě (1 − "^′) ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă ďńï àěèěŋĺï MAX SAT* ćńěłńő ąë P=NP. Řěğãńìâăâ íâőčő àăğďěńă (áńőęŋőáâì ăŕŕàőłáĺňăæĺĺ) ňőęŋő ćëćěáâĺ ĺğ ąőńěě őąéěčő àěğãńìâăâă [101], čďě ŕőńãçěŋă åăàăłâěàĺğăæĺï áńőęŋőáâĺ àăğńĺçŋëå ňăłáĺňĺğăæĺőŋŋëå ğăďăç.

1.4 Řăğàëć ďćőľáâćěŋŋőáâĺ

Ć ŋăáâőïéěň àăğďěńě ňë ŕàěďáâăćĺň ŕőáńěďőćăâěńìŋőáâì ĺŋďĺćĺďãăńìŋëå ğăďăç MAX SAT* á F^∗_{IP} =F^∗_{LP} , áâàěňïéĺåáï ł 2( √ 2 − 1), łőčďă ďńĺŋă ćåőďă ğăďăçĺ áâàěňĺâáï ł ∞. İâő őğŋăçăěâ, çâő őæěŋłă âőçŋőáâĺ 2( √ 2 − 1) ŋěãńãçèăěňă, ąőńěě âőčő, őłàãčńěŋĺě, őŕĺáăŋŋőě ć àăğďěńě 1.3, ŋăĺńãçèěě áàěďĺ ćáěå ćőğňőęŋëå őłàãčńěŋĺľ őŕâĺňăńìŋőčő àěèěŋĺï ńĺŋěľŋőľ àěńăłáăæĺĺ (LP).

Řăááňőâàĺň áńěďãîéãî ĺŋďĺćĺďãăńìŋãî ğăďăçã (IP): C = C^′ ∪ C^{′′}; čďě C^′ = {—x_i : 1 ≤ i ≤ m}, C^{′′} = {x_i ∨ x_j : 1 ≤ i < j ≤ m}, ĺ w(—x_i) = 1, w(x_i ∨ x_j ) = ˛=(m − 1), čďě ˛ ≥ 1 ĺ 1 ≤ i ≤ j ≤ m. Ğăňěâĺň, çâő |C^′| = m, |C^{′′}| = m(m − 1)=2.

Ŋăèă ğăďăçă őæěŋĺâì ćěńĺçĺŋã F^∗_{IP} =F^∗_{LP} .

Šăł łăł (1=2; : : : ; 1=2) ďőŕãáâĺňőě àěèěŋĺě (LP), ňë ŕőńãçăěň

F^∗_{LP} ≥ ˛ m − 1 · m(m − 1) 2 + m 2 = m ˛ + 1 2 : (1.6)

Ŕãáâì L_m = {l ∈ [0; 1] : lm æěńőě çĺáńő }. Ďńï ńîąőčő l ∈ L_m, ŕãáâì F^l_{IP} őąőğŋăçăěâ őąéĺľ ćěá ćëŕőńŋěŋŋëå ďĺğêîŋłæĺľ ć C^{′′}, čďě âőçŋő lm ŕěàěňěŋŋëå ĺňěěâ ğŋăçěŋĺě "ŃŐĘĲ". Šőčďă, ĺáŕőńìğãï áĺňňěâàĺî ğăďăçĺ, ňë ŕőńãçăěň:

F^∗_{IP} = max_{l∈Lm} F^l_{IP}

≤ max_{l∈[0,1]} { ( m(m − 1) 2 − lm(lm − 1) 2 ) ˛ m − 1

+ lm^}

= max_{l∈[0,1]} { ˛m 2 + lm −

˛lm(lm − 1) 2(m − 1) } ( âăł łăł m(lm − 1)

m − 1 ≥ lm − m m − 1 )

≤ max_{l∈[0,1]} {m( ˛ 2 + l −

˛l^2 2 + ˛l 2(m − 1) )} ≤ max_{l∈[0,1]} {m( ˛ 2 + l −

˛l^2 2 + ˛ 2(m − 1) )} ( âăł łăł ˛ ≥ 1; ňăłáĺňãň ďőáâĺčăěâáï ŕàĺ l = 1=˛)

= m(

˛^2 + 1 2˛ + ˛ 2(m − 1) ): Ŕőńăčăï ˛ = 1 + √ 2 ĺ ĺáŕőńìğãï ďőłăğăŋŋëě ŋěàăćěŋáâćă, ŕőńãçăěň F^∗_{IP} F^∗_{LP} ≤ ˛^2 + 1 ˛(˛ + 1) + ˛ (m − 1)(˛ + 1)

= 2(2 + √ 2) (1 + √ 2)(2 + √ 2) + ˛ (m − 1)(˛ + 1)

= 2( √ 2 − 1) + ˛ (m − 1)(˛ + 1)

→ 2( √ 2 − 1);

ŕàĺ m áâàěňïéěňáï ł ∞.

Čńăćă 2 Ğăďăçă ő à-ňěďĺăŋě ŋă ňăłáĺňãň ĺ ěě őąőąéěŋĺï

Ććěďěŋĺě

Ďńï ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň max_{S⊆I} {^∑_{j∈J} max_{i∈S} f_{ij} : |S| ≤ p}: (2.1) ĺğćěáâŋő [61, 74], çâő őąëçŋëľ ęăďŋëľ ăńčőàĺâň ĺňěěâ őæěŋłã âőçŋőáâĺ àăćŋãî 1 − e^{−1}. Ăŋăńőčĺçŋëľ àěğãńìâăâ ĺňěěâ ňěáâő ďńï àăááňőâàěŋŋőčő ć [132] ěáâěáâćěŋŋőčő őąőąéěŋĺï ğăďăçĺ ő à-ňěďĺăŋě ćĺďă max_{S⊆I} {^∑_{j∈J} max_{i∈S} f_{ij} :^∑_{i∈S} d_i ≤ D}:

Ŕàőáâăï ňőďĺäĺłăæĺï ęăďŋőčő ăńčőàĺâňă ŕőğćőńïěâ ŕőńãçĺâì ăńčőàĺâň á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ. Ć ŋăáâőïéěľ čńăćě ĺááńěďãîâáï áńěďãîéĺě őąőąéěŋĺï ãłăğăŋŋëå ćëèě ğăďăç max_{S⊆I} {f(S) : |S| ≤ p}; (2.2) max_{S⊆I} {f(S) :^∑_{i∈S} d_i ≤ D}; (2.3) čďě f(S) | äãŋłæĺï, ğăďăŋŋăï ŋă ŕőďňŋőęěáâćăå ňŋőęěáâćă I ĺ ŕàĺŋĺňăîéăï ďěľáâćĺâěńìŋëě ğŋăçěŋĺï.

Ć àăąőâăå [60, 61, 62, 63, 74, 114, 115, 131, 132] àăğćĺâë ňěâőďë, ŕőğćőńïîéĺě ŕőńãçăâì őæěŋłĺ âőçŋőáâĺ ęăďŋëå ăńčőàĺâňőć àěèěŋĺï íâĺå ğăďăç ć áńãçăïå, łőčďă äãŋłæĺï f(S) ãďőćńěâćőàïěâ áńěďãîéĺň ãáńőćĺïň:

(ă) f(ffl) = 0;

(ą) f(S) | ŋěãąëćăîéăï äãŋłæĺï, â. ě. ěáńĺ S ⊆ T , âő f(S) ≤ f(T ); (ć) ďńï ńîąëå S; T ⊆ I ćëŕőńŋïěâáï ŋěàăćěŋáâćő f(T ) ≤ f(S) +^∑_{p∈T \S} (f(S ∪ {p}) − f(S)) :

Ŕőáńěďŋěě áćőľáâćő ňőęěâ ąëâì ğăňěŋěŋő ĺğćěáâŋëň áćőľáâćőň áãąňőďãńïàŋőáâĺ. Ťãŋłæĺï f(S) ŋăğëćăěâáï áãąňőďãńïàŋőľ, ěáńĺ ďńï ńîąëå S_1; S_2 ⊆ I ćëŕőńŋïěâáï ŋěàăćěŋáâćő f(S_1) + f(S_2) ≥ f(S_1 ∪ S_2) + f(S_1 ∩ S_2):

Ć [113] áâà.662 ŕőłăğăŋő, çâő ŋěãąëćăîéăï äãŋłæĺï f(S) ïćńïěâáï áãąňőďãńïàŋőľ âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï ãáńőćĺě (ć). Ěáńĺ äãŋłæĺï f(S) ãďőćńěâćőàïěâ ãáńőćĺïň (ă)-(ć), âő ęăďŋëľ ăńčőàĺâň [115] ďńï ğăďăçĺ (2.2) ĺňěěâ őæěŋłã âőçŋőáâĺ àăćŋãî 1 − e^{−1} ≈ 0; 63, ă ăŋăńőč ęăďŋőčő ăńčőàĺâňă [132] àěèăěâ ğăďăçã (2.3) á őæěŋłőľ âőçŋőáâĺ 1 − e^{−β} ≈ 0; 35 čďě ˛ | łőàěŋì ãàăćŋěŋĺï e^x = 2 − x.

Ć [132] àăááňăâàĺćăěâáï çăáâŋëľ áńãçăľ ğăďăç (2.2) ĺ (2.3) á äãŋłæĺěľ f(S), őŕàěďěńïěňőľ łăł őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ áńěďãîéěľ ğăďăçĺ:

max^∑_{i∈S}^∑_{j∈J} f_{ij}x_{ij} ; (2.4) ∑ i∈S x_{ij} ≤ A_j; j ∈ J; (2.5) ∑ j∈J x_{ij} ≤ B_i; i ∈ S; (2.6)

x_{ij} ≥ 0 i ∈ S; j ∈ J: (2.7) Ŕőłăğăŋő, çâő âăł őŕàěďěńěŋŋăï äãŋłæĺï f(S) ïćńïěâáï áãąňőďãńïàŋőľ ĺ, áńěďőćăâěńìŋő, ãďőćńěâćőàïěâ ãáńőćĺî (ć). Šăłĺň őąàăğőň, ęăďŋëě ăńčőàĺâňë àěèěŋĺï ğăďăç (2.2), (2.3) á âăłőľ äãŋłæĺěľ f(S) ĺňěîâ ãłăğăŋŋëě ćëèě őæěŋłĺ âőçŋőáâĺ.

Ć ŋăáâőïéěľ čńăćě ĺğãçăîâáï ğăďăçĺ (2.2) ĺ (2.3) á ąőńěě őąéěľ äãŋłæĺěľ f(S), őŕàěďěńïěňőľ łăł őŕâĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ğăďăçĺ ćĺďă max^∑_{i∈S}^∑_{j∈J} f_{ij}x_{ij} ; (2.8) ∑ i∈S x_{ij} ≤ A_j; j ∈ J; (2.9) ’_i(x_{i1}; : : : ; x_{in}) ≤ 0; i ∈ S; (2.10) ∑ i∈S ∑ j∈J c_{ijl} x_{ij} ≤ C_l; l = 1; : : : ; k; (2.11)

x_{ij} ≥ 0 i ∈ S; j ∈ J; (2.12) čďě ’_i(x_{i1}; : : : ; x_{in}), i ∈ I, { ŋěŕàěàëćŋëě äãŋłæĺĺ, ãďőćńěâćőàïîéĺě ãáńőćĺïň:

1. ’_i(0; : : : ; 0) ≤ 0, 2. ěáńĺ x_j ≤ x^′_j , j ∈ J, âő ’_i(x_1; : : : ; x_n) ≤ ’_i(x^′_1; : : : ; x^′_n).

Ć ŕàĺćěďěŋŋőľ ğăďăçě őčàăŋĺçěŋĺï (2.10) ïćńïîâáï ąőńěě őąéĺňĺ ŕő áàăćŋěŋĺî á őčàăŋĺçěŋĺïňĺ (2.6). Łàőňě âőčő, ć ğăďăçě ŕàĺáãâáâćãîâ k ďőŕőńŋĺâěńìŋëå àěáãàáŋëå őčàăŋĺçěŋĺľ.

Ąãďěň ŕàěďŕőńăčăâì, çâő ćáě çĺáńőćëě ŕăàăňěâàë ĺááńěďãěňëå ğăďăç (2.1) ĺ (2.2) á äãŋłæĺěľ f(S) ğăďăćăěňőľ ğăďăçěľ (2.8)-(2.12) ïćńïîâáï ŋěőâàĺæăâěńìŋëňĺ. Ŕőłăğăŋő, çâő ďńï ńîąëå S; T ⊆ I äãŋłæĺï f(S) ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

f(T ) ≤ (k + 1)f(S) +^∑_{p∈T \S} (f(S ∪ {p}) − f(S)) :

Śńěďőćăâěńìŋő, ŕàĺ k = 0 äãŋłæĺï f(S) ïćńïěâáï áãąňőďãńïàŋőľ. Ć őąéěň áńãçăě ŕàĺ k ≥ 1 íâă äãŋłæĺï ŋě áãąňőďãńïàŋăï ĺ, áńěďőćăâěńìŋő, ďńï ęăďŋëå ăńčőàĺâňőć àěèěŋĺï ğăďăç (2.2) ĺ (2.3) á ďăŋŋőľ äãŋłæĺěľ f(S) ŕàĺćěďěŋŋëě ćëèě őæěŋłĺ âőçŋőáâĺ ŋě ĺňěîâ ňěáâă.

Ć ŋăáâőïéěľ čńăćě ďńï ęăďŋëå ăńčőàĺâňőć àěèěŋĺï ğăďăç (2.2) ĺ (2.3) á äãŋłæĺěľ f(S), őŕàěďěńïěňőľ ğăďăçěľ (2.8)-(2.12) ďőłăğëćăěâáï, çâő ć áńãçăě ğăďăçĺ (2.2) ĺňěěâ ňěáâő őæěŋłă âőçŋőáâĺ

r_k =

1 − e^{−(1+k)} k + 1 ; ă ğăďăçĺ (2.3) R_k = 1 − e^{−βk·(1+k)} k + 1 ; čďě ˛_k | łőàěŋì ãàăćŋěŋĺï e^{x·(1+k)} = (k + 1)(1 − x) + 1. Ŕőŋïâŋő, çâő ŕàĺ k = 0 ŕàĺćěďěŋŋëě őæěŋłĺ áőćŕăďăîâ á őæěŋłăňĺ ĺğ [61, 74, 132]. Ŕőłăğăŋő âăłęě, çâő çĺáńă r_k ĺ R_k ŕàĺ k ≥ 0 ãďőćńěâćőàïîâ áńěďãîéĺň ŋěàăćěŋáâćăň:

k + 1 < r^{−1}_k ≤ k + r^{−1}_0 ;

k + 2 < R^{−1}_k ≤ k + R^{−1}_0 ; čďě r^{−1}_0 ≈ 1; 58 ĺ R^{−1}_0 ≈ 2; 8.

Ć ďăŋŋőľ čńăćě ĺğãçăěâáï âăłęě ďĺŋăňĺçěáłăï ğăďăçă ő à-ňěďĺăŋě ŋă ňăłáĺňãň. İâă ğăďăçă ïćńïěâáï őąőąéěŋĺěň ğăďăçĺ ő à-ňěďĺăŋě ĺ őŕĺáëćăěâ áĺâãăæĺî, łőčďă àăğňěéěŋĺě ŕàěďŕàĺïâĺľ ŕàőĺğćőďĺâáï ŋě őďŋőćàěňěŋŋő, ă ć âěçěŋĺě ŋěłőâőàőčő ŕěàĺőďă ćàěňěŋĺ, áőáâőïéěčő ĺğ ŋěáłőńìłĺå ěďĺŋĺçŋëå őâàěğłőć (ńěâ). Šàěąãěâáï ć łăęďőň čőďã àăğňěáâĺâì őčàăŋĺçěŋŋőě çĺáńő ŕàěďŕàĺïâĺľ âăł, çâőąë ňăłáĺňĺğĺàőćăâì áãňňăàŋãî ŕàĺąëńì ğă ćěáì àăááňăâàĺćăěňëľ ŕěàĺőď ćàěňěŋĺ.

Ďĺŋăňĺçěáłĺě ğăďăçĺ ć ŕőáńěďŋěě ćàěňï áâăŋőćïâáï őąêěłâőň ŕàĺáâăńìŋőčő ćŋĺňăŋĺï. Šěň ŋě ňěŋěě ďńï ďĺŋăňĺçěáłĺå ğăďăç àăğňěéěŋĺï ŋě ĺğćěáâŋë àěğãńìâăâë ŕő őæěŋłăň âőçŋőáâĺ, ăŋăńőčĺçŋëě àěğãńìâăâăň ŕőńãçěŋŋëå ďńï łńăááĺçěáłĺå ğăďăç àăğňěéěŋĺï. Ŕőńãçěŋŋãî ć ďăŋŋőľ čńăćě őæěŋłã âőçŋőáâĺ ăńčőàĺâňă àěèěŋĺï ďĺŋăňĺçěáłőľ ğăďăçĺ ő à-ňěďĺăŋě, ćěàőïâŋő, ňőęŋő őâŋěáâĺ ł ŕěàćëň àěğãńìâăâăň ć íâőľ őąńăáâĺ.

2.1 Śćőľáâćă äãŋłæĺĺ f (S)

Ŕőńőęĺň f(ffl) = 0 ĺ ãąěďĺňáï ć âőň, çâő äãŋłæĺï f(S) ãďőćńěâćőàïěâ áćőľáâćã (ą). Ŕãáâì S ⊆ T . Šőčďă ĺğ ńîąőčő ďőŕãáâĺňőčő àěèěŋĺï (x_{ij} ), čďě i ∈ S ĺ j ∈ J, ğăďăçĺ (2.8){(2.12) c ňŋőęěáâćőň S, ŕőńăčăï x_{ij} = 0 ŕàĺ i ∈ T \ S ĺ j ∈ J, ŕőńãçăěň ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.8){(2.12) á ňŋőęěáâćőň T ĺ âěň ęě ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ. Šăł łăł ğăďăçă (2.8){(2.12) | ğăďăçă ŋă ňăłáĺňãň, âő f(S) | ãďőćńěâćőàïěâ áćőľáâćã (ą). Şąěďĺňáï ć łőààěłâŋőáâĺ őŕàěďěńěŋĺï f(S).

Şâćěàęďěŋĺě 3 . Őŕàěďěńěŋĺě äãŋłæĺĺ f(S) łőààěłâŋő, â. ě. ďńï

ćáěå S ⊆ I áãéěáâćãěâ ďěľáâćĺâěńìŋőě ğŋăçěŋĺě äãŋłæĺĺĺ f(S).

Ďőłăğăâěńìáâćő. Šăł łăł ńĺŋěľŋăï äãŋłæĺï ŕàĺ ňăłáĺňĺğăæĺĺ ŋă ğăňłŋãâőň ňŋőęěáâćě ćáěčďă ĺňěěâ łőŋěçŋëľ ĺńĺ ąěáłőŋěçŋëľ ňăłáĺňãň, âő ďńï ďőłăğăâěńìáâćă ãâćěàęďěŋĺï ďőáâăâőçŋő ŕőłăğăâì, çâő ňŋőęěáâćő ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ (2.8){(2.12) ŋěŕãáâő ĺ ğăňłŋã- âő. Ĺğćěáâŋő, çâő ěáńĺ ’(X) | ŋěŕàěàëćŋăï äãŋłæĺï, âő {X ∈ R^n :

’(X) ≤ 0} ïćńïěâáï ğăňłŋãâëň ňŋőęěáâćőň. Ĺáŕőńìğãï íâőâ äăłâ ĺ âő, çâő ŕěàěáěçěŋĺě ğăňłŋãâëå ňŋőęěáâć ğăňłŋãâő, ŕőńãçăěň, çâő ňŋőęěáâćő X ∈ R^{|S|m}, ãďőćńěâćőàïîéěě őčàăŋĺçěŋĺïň (2.10){(2.12), ïćńïěâáï ğăňłŋãâëň. Şâćěàęďěŋĺě 1 ďőłăğăŋő.

Şâćěàęďěŋĺě 4 . Ěáńĺ f(S) = +∞, âő áãéěáâćãěâ íńěňěŋâ i ∈ S

âăłőľ, çâő f({i}) = +∞.

Ďőłăğăâěńìáâćő. Ěáńĺ f(S) = +∞, âő ŋăľďěâáï ŕőáńěďőćăâěńìŋőáâì X_1 = (x^1_{ij} ); : : : ; X_k = (x^k_{ij} ); : : : ďőŕãáâĺňëå àěèěŋĺľ ğăďăçĺ (2.8){(2.12) âăłĺå, çâő lim_{k→+∞}^∑_{i∈S}^∑_{j∈J} f_{ij} x^k_{ij} = +∞:

Śãéěáâćãěâ âăłăï ŕăàă (i; j), çâő f_{ij} ≠ 0 ĺ lim_{k→+∞} x^k_{ij} = +∞, âăł łăł ć ŕàőâĺćŋőň áńãçăě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ňăâàĺæě X_k ŕàĺ k → +∞ ąëńő ąë őčàăŋĺçěŋő. Őŕàěďěńĺň ćěłâőà x^k áńěďãîéĺň őąàăğőň: x^k_l =

0 ŕàĺ l ≠ j; x^k_{ij} ŕàĺ l = j:

Ćěłâőà x^k ãďőćńěâćőàïěâ őčàăŋĺçěŋĺïň (2.10){(2.12) ŕàĺ S = {i} ĺ lim_{k→+∞}^∑_{j∈J} f_{ij}x^k_j = +∞. Şâćěàęďěŋĺě 2 ďőłăğăŋő.

Ďăńěě ąãďěň ŕàěďŕőńăčăâì, çâő f(S^∗) ≠ +∞, âăł łăł ć ŕàőâĺćŋőň áńãçăě âőçŋőě àěèěŋĺě ňőęŋő ćëçĺáńĺâì ğă O(^∑_{i∈I} T_i) ďěľáâćĺľ, čďě T_i | łőńĺçěáâćő ďěľáâćĺľ, ŋěőąåőďĺňëå ďńï ćëçĺáńěŋĺï äãŋłæĺĺ f({i}). Ńěňňă 1 . Ďńï ńîąëå S_1; S_2 ⊆ I áŕàăćěďńĺćő ŋěàăćěŋáâćő f(S_1) + f(S_2) ≥ f(S_1 ∪ S_2):

Ďőłăğăâěńìáâćő. Őąőğŋăçĺň çěàěğ x^∗_{ij} ; čďě i ∈ S_1 ∪ S_2 ĺ j ∈ J; őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.8){(2.12) c ňŋőęěáâćőň S = S_1 ∪ S_2. Ğăňěâĺň, çâő ďńï x^∗_{ij} ; čďě i ∈ S_1 ĺ j ∈ J; áŕàăćěďńĺćë ŋěàăćěŋáâćă (2:10) − (2:12), â. ě. x^∗_{ij} ; čďě i ∈ S_1 ĺ j ∈ J; | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.8){(2.12) á ňŋőęěáâćőň S = S_1. Ŕőíâőňã ćëŕőńŋïěâáï ŋěàăćěŋáâćő f(S_1) ≥^∑_{i∈S1}^∑_{j∈J} f_{ij} x^∗_{ij} :

Ăŋăńőčĺçŋő ãąěęďăěňáï ć âőň, çâő f(S_2) ≥^∑_{i∈S2}^∑_{j∈J} f_{ij} x^∗_{ij} :

Śńěďőćăâěńìŋő,

f(S_1) + f(S_2) ≥^∑_{i∈S1}^∑_{j∈J} f_{ij} x^∗_{ij} +^∑_{i∈S2}^∑_{j∈J} f_{ij} x^∗_{ij} ≥ f(S_1 ∪ S_2): Ńěňňă 1 ďőłăğăŋă.

Ńěňňă 2 . Ŕãáâì g(B; x_1; : : : ; x_n) | ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋě-

ŕàěàëćŋőľ ğăďăçĺ ő àăŋæě:_{n∑} i=1 g_ix_i; n∑ i=1 c_ix_i ≤ B;

0 ≤ x_i ≤ 1:

Šőčďă ďńï ńîąőčő ´ ∈ [0; B] ŋăľďěâáï ćěłâőà —x ∈ R^n âăłőľ, çâő g(B − ´; —x_1; : : : ; —x_n)=g(B; x_1; : : : ; x_n) ≥ 1 − ´=B;

ĺ —x_i ≤ x_i ďńï ćáěå i = 1; : : : ; n.

Ďőłăğăâěńìáâćő. Řăááňőâàĺň áńěďãîéãî őŕâĺňĺğăæĺőŋŋãî ğăďăçã G(B) = max^{n∑}_{i=1} g_iy_i; (2.13) ŕàĺ őčàăŋĺçěŋĺïå n∑ i=1 c_iy_i ≤ B; (2.14)

0 ≤ y_i ≤ x_i; (2.15) Ŕãáâì —x(B) | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.13){(2.15). Ĺáŕőńìğãï ćëŕãłńőáâì äãŋłæĺĺ G(B) ĺ âő, çâő G(0) = 0, ĺňěěň g(B − ´; —x_1(B − ´); : : : ; —x_n(B − ´)) B −´ = G(B − ´) B −´ ≥ ≥ G(B) B = g(B; x_1; : : : ; x_n) B : Ńěňňă 2 ďőłăğăŋă.

Őąőğŋăçĺň çěàěğ f(S; A_1; : : : ; A_n; C_1; : : : ; C_k) äãŋłæĺî (2.8){(2.12). Ĺŋőčďă ŋěłőâőàëě ŕěàěňěŋŋëě ć íâőň őąőğŋăçěŋĺĺ ďńï łàăâłőáâĺ ąãďěň őŕãáłăâì.

Ńěňňă 3 . Ěáńĺ ´ ∈ [0; C_1], âő 1 ≥ f(S; C_1 − ´; C_2; : : : ; C_k) f(S; C_1; : : : ; C_k) ≥ 1 − ´ C_1 : Śŕàăćěďńĺćőáâì ńěňňë áńěďãěâ ĺğ âőčő, çâő ěáńĺ X = (x_{ij} ) ãďőćńěâćőàïěâ őďŋőňã ĺğ őčàăŋĺçěŋĺľ (2.10){(2.12), âő Y ≤ X âőęě ãďőćńěâćőàïěâ íâőňã őčàăŋĺçěŋĺî. Őâáîďă ĺğ ńěňňë 2 ŕőńãçăěň ãâćěàęďěŋĺě ńěňňë.

Ć áńěďãîéěľ âěőàěňě őąőąéăěâáï ĺğćěáâŋőě áćőľáâćő áãąňőďãńïàŋëå äãŋłæĺľ.

Šěőàěňă 3 . Ďńï ńîąëå S; T ⊆ I áŕàăćěďńĺćő ŋěàăćěŋáâćő f(T ) ≤ (k + 1)f(S) +^∑_{p∈T \S} (f(S ∪ {p}) − f(S)) ; (2.16)

čďě k | çĺáńő őčàăŋĺçěŋĺľ (2:12).

Ďőłăğăâěńìáâćő. Ŋěàăćěŋáâćő (2.16) íłćĺćăńěŋâŋő ŋěàăćěŋáâćã f(T ) + |T |f(S) ≤ (k + 1)f(S) +^∑_{p∈T} f(S ∪ {p}):

Ŕãáâì x^∗_{ij} (T ), čďě i ∈ T ĺ j ∈ J; | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.8){ (2.12) á ňŋőęěáâćőň T . Ďńï łăęďőčő p ∈ T ŕőáâàőĺň ďőŕãáâĺňőě àěèěŋĺě x_{ij} (S ∪{p}), čďě i ∈ S ∪{p} ĺ j ∈ J; ğăďăç (2.8){(2.12) á ňŋőęěáâćőň S ∪ {p} ŕő áńěďãîéěňã ŕàăćĺńã. Ŕãáâì x_{ij} (S ∪ {p}) = x^∗_{ij} (T ) ŕàĺ i = p. Ďńï ńîąőčő i ∈ S ŕőńăčăěň x_{ij} (S ∪ {p}) = x_{ij} , čďě ňăâàĺæă (x_{ij} ), i ∈ S ĺ j ∈ J; | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ max_{xij≥0}^∑_{i∈S}^∑_{j∈J} f_{ij}x_{ij} ŕàĺ őčàăŋĺçěŋĺïå: ∑ i∈S x_{ij} ≤ A_j − x^∗_{pj} (T ); j ∈ J;

’_i(x_{i1}; : : : ; x_{in}) ≤ 0; i ∈ S; ∑ i∈S ∑ j∈J c_{ijl}x_{ij} ≤ C_l −^∑_{j∈J} c_{pjl}x^∗_{pj} (T ); 1 ≤ l ≤ k:

Ŕãáâì x^∗_{pj}(T ) = ‹_{pj} ĺ^∑_{j∈J} c_{pjl}x^∗_{pj} (T ) = ´_{pl}. Ĺğ ďőŕãáâĺňőáâĺ (x^∗_{ij} ) áńěďãěâ, çâő^∑_{p∈T} ‹_{pj} ≤ A_j ĺ^∑_{p∈T} ´_{pl} ≤ C_l ďńï ćáěå j ∈ J ĺ 1 ≤ l ≤ k. Ŋěàăćěŋáâćő (k + 1)f(S) +^∑_{p∈T} f(S ∪ {p}) ≥ (k + 1)f(S)+ +^∑_{p∈T}^∑_{i∈S∪{p}}^∑_{j∈J} f_{ij} x_{ij} (S ∪ {p}) ≥ (k + 1)f(S) + f(T )+ +^∑_{p∈T} f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1 − ´_{p1}; : : : ; C_k − ´_{pk}):

áńěďãěâ ĺğ âőčő, çâő (x_{ij} (S ∪{p})) | ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.8){ (2.12). Şâćěàęďěŋĺě âěőàěňë ćëâěłăěâ ĺğ áńěďãîéěčő ŋěàăćěŋáâćă (k + 1)f(S) +^∑_{p∈T} f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1 − ´_{p1}; : : : ; C_k − ´_{pk}) ≥ ≥ |T |f(S): (2.17) Ďőłăęěň ŋěàăćěŋáâćő (2.17). Ĺáŕőńìğãï ńěňňã 3, ŕőńãçăěň f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1 − ´_{p1}; : : : ; C_k − ´_{pk}) ≥ f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1 − ´_{p1}; : : : ; C_{k−1} − ´_{pk−1}; C_k)− − ´_{pk} C_k f(S): (2.18) Cãňňĺàãï ŋěàăćěŋáâćă (2.18) ŕő p ∈ T ĺ ĺáŕőńìğãï âőâ äăłâ, çâő ∑ p∈T ´_{pk} ≤ C_k, ĺňěěň

f(S) +^∑_{p∈T} f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1 − ´_{p1}; : : : ; C_k − ´_{pk}) ≥ ∑ p∈T f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1 − ´_{p1}; : : : ; C_{k−1} − ´_{pk−1}; C_k):

Ŕőćâőàĺć ăŋăńőčĺçŋãî ŕàőæěďãàã k àăğ, ŕőńãçăěň

kf(S) +^∑_{p∈T} f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1 − ´_{p1}; : : : ; C_k − ´_{pk}) ≥ ∑ p∈T f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}; C_1; : : : ; C_k):

Ďńï ďőłăğăâěńìáâćă âěőàěňë őáâăńőáì ãáâăŋőćĺâì áŕàăćěďńĺćőáâì áńěďãîéěčő ŋěàăćěŋáâćă:

f(S) +^∑_{p∈T} f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}) ≥ |T |f(S): (2.19)

Ŕãáâì X^∗(S) = (x^∗_{ij} (S)), i ∈ S, j ∈ J; | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.8){(2.12) á ŕàăćëňĺ çăáâïňĺ A_1; : : : ; A_n; C_1; : : : ; C_k. Ŕőáâàőĺň ďőŕãáâĺňëě àěèěŋĺï ğăďăç ĺğ ńěćőľ çăáâĺ ŋěàăćěŋáâćă (2.19), ŋă łőâőàëå őŋő ąãďěâ ćëŕőńŋïâìáï.

Ŕãáâì A^‘_j =^∑_{i∈S} x^∗_{ij} (S). Šăł łăł f(S; A_1; : : : ; A_n) = f(S; A^‘_1; : : : ; A^‘_n) ĺ ćëŕőńŋïěâáï ŋěàăćěŋáâćő

f(S; A_1; : : : ; A_n) +^∑_{p∈T} f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}) ≥

f(S; A^‘_1; : : : ; A^‘_n) +^∑_{p∈T} f(S; A^‘_1 − ‹_{p1}; : : : ; A^‘_n − ‹_{pn});

âő ďőáâăâőçŋő àăááňőâàěâì áńãçăľ, łőčďă A_j =^∑_{i∈S} x^∗_{ij} (S). Řăááňőâàĺň j-ľ áâőńąěæ ňăâàĺæë X^∗(S), x^∗_j = (x^∗_{ij}(S)), čďě i ∈ S. Ďńï łăęďőčő j ∈ J őŕàěďěńĺň ňŋőęěáâćő ćěłâőàőć {y^p_j |p ∈ T }, âăłĺå, çâő 1. Ďńï ćáěå j ∈ J ĺ p ∈ T àăğňěàŋőáâì ćěłâőàăy^p_j àăćŋă |S|. 2. Ďńï ćáěå i ∈ S ĺ j ∈ J ćëŕőńŋïěâáï ŋěàăćěŋáâćő^∑_{p∈T} y^p_{ij} ≤ x^∗_{ij} . 3. Ďńï ćáěå p ∈ T ĺ j ∈ J ćëŕőńŋïěâáï àăćěŋáâćő^∑_{i∈S} y^p_{ij} = ‹_{pj}. Ďńï łăęďőčő j ∈ J ćëçĺáńïěň {y^p_j |p ∈ T } ŕő áńěďãîéěňã ŕàăćĺńã: 1. Ŕőńăčăěň p àăćŋëň ňĺŋĺňăńìŋőňã ĺŋďěłáã ć T ĺ x_{ij} = x^∗_{ij} (S). 2. Ďńï i ∈ S ć ŕőàïďłě ćőğàăáâăŋĺï ĺŋďěłáă i ćëçĺáńïěň i-î łőňŕőŋěŋâã ćěłâőàă y^p_j :

y^p_{ij} = min x_{ij} ; ‹_{pj} −^{i−1∑}_{l=1} y^p_{lj}

: (2.20)

3. Ěáńĺ p | ňăłáĺňăńìŋëľ ĺŋďěłá ć T , âő ăńčőàĺâň őáâăŋăćńĺćăěâáï, ć ŕàőâĺćŋőň áńãçăě ŕőńăčăěň x_{ij} := x_{ij} −y^p_{ij} , p := min_{i∈T} {i|i > p}, ĺ ŕőćâőàïěň èăč 2.

Ğăňěâĺň, çâő ŕőáâàőěŋŋăï áĺáâěňă ćěłâőàőć {y^p_j |p ∈ T } ãďőćńěâćőàïěâ ŕěàćőňã ĺ ćâőàőňã áćőľáâćăň. Şąěďĺňáï ć âőň, çâő ćëŕőńŋïěâáï âàěâìě áćőľáâćő. Ŕő ŕőáâàőěŋĺî ďńï ćáěå p ∈ T ćëŕőńŋïěâáï ŋěàăćěŋáâćő^∑_{i∈S} y^p_{ij} ≤ ‹_{pj}. Ďőŕãáâĺň, çâő ďńï ŋěłőâőàőčő l ∈ T ćëŕőńŋïěâáï áâàőčőě ŋěàăćěŋáâćő^∑_{i∈S} y^l_{ij} < ‹_{lj} . Šőčďă ĺğ (2.20) áńěďãěâ, çâő ∑ p∈T y^p_{ij} = x^∗_{ij} ďńï ćáěå i ∈ S. Ğŋăçĺâ,

A_j =^∑_{i∈S} x^∗_{ij} =^∑_{i∈S}^∑_{p∈T} y^p_{ij} <^∑_{p∈T} ‹_{pj} ≤ A_j :

Ŕàőâĺćőàěçĺě. Šăłĺň őąàăğőň, {y^p_j : p ∈ T } ãďőćńěâćőàïěâ áćőľáâćã 3.

Ŕő áćőľáâćã 3 ňăâàĺæă x^p_{ij} = x^∗_{ij} (S)−y^p_{ij} , i ∈ S, j ∈ J; ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ (2.8){(2.12) c ňŋőęěáâćőň S ∪{p} ĺ ŕàăćëňĺ çăáâïňĺ A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn} ŋěàăćěŋáâć (2.10). Ĺáŕőńìğãï áćőľáâćő 2, ŕőńãçăěň

f(S) +^∑_{p∈T} f(S; A_1 − ‹_{p1}; : : : ; A_n − ‹_{pn}) ≥ ∑ i∈S ∑ j∈J f_{ij} (^∑_{p∈T} y^p_{ij}) +^∑_{p∈T}^∑_{i∈S}^∑_{j∈J} f_{ij}x^p_{ij} = |T |f(S);

çâő ďőłăğëćăěâ ŋěàăćěŋáâćő (2.19). Šěőàěňă 3 ďőłăğăŋă.

2.2 Őæěŋłĺ âőçŋőáâĺ ęăďŋëå ăńčőàĺâňőć

Ŕàĺćěďěň őŕĺáăŋĺě ęăďŋőčő ăńčőàĺâňă ďńï àěèěŋĺï ğăďăçĺ (2.3). Ăńčőàĺâň áőáâőĺâ ĺğ ďćãå íâăŕőć:

1-ľ íâăŕ. Ŕőńőęĺň S^0 = ffl; t = 0:

Ĺňěěň S^t ŋă èăčě t + 1, ŋăåőďĺň ćěńĺçĺŋã

„_{t+1} = max_{i∈I\St} ȷ_i(S^t) d_i = ȷ_{it+1} d_{it+1} ; čďě ȷ_i(S^t) = f(S^t ∪ {i}) − f(S^t).

Ěáńĺ^∑_{i∈S}t d_i + d_{it+1} ≤ D, âő ŕőńăčăěň S^{t+1} = S^t ∪ {i_{t+1}} ĺ t = t + 1. Ć ŕàőâĺćŋőň áńãçăě ŕőńăčăěň r = t ĺ ŕěàěåőďĺň ŋă ćâőàőľ íâăŕ.

2-ľ íâăŕ. Ŕãáâì k ∈ I \ S^r | íńěňěŋâ, ŋă łőâőàőň ďőáâĺčăěâáï max_{i∈I\S}r f({i}). Ěáńĺ f(S^r) ≤ f({k}), âő ŕőńăčăěň ~S = {k}. Ć ŕàőâĺćŋőň áńãçăě ~S = S^r.

Ć [131] őŕĺáăŋŋëľ ăńčőàĺâň ŕàĺňěŋïńáï ł ğăďăçě (2.3) á áãąňőďãńïàŋőľ æěńěćőľ äãŋłæĺěľ. Ęăďŋëľ ăńčőàĺâň ďńï ğăďăçĺ (2.2) áőáâőĺâ âőńìłő ĺğ ŕěàćőčő íâăŕă á ãçěâőň âőčő, çâő D = p ĺ d_i = 1 ďńï ćáěå i. Śńőęŋőáâì ăńčőàĺâňă őæěŋĺćăěâáï áćěàåã ćěńĺçĺŋőľ O(|I|^2 · T_f ), čďě T_f | łőńĺçěáâćő íńěňěŋâăàŋëå őŕěàăæĺľ ŋěőąåőďĺňëå ďńï ćëçĺáńěŋĺï äãŋłæĺĺ f(S). Ŋăŕàĺňěà, ěáńĺ ’_i | ńĺŋěľŋëě äãŋłæĺĺ, âő f(S) ňőęŋő ćëçĺáńïâì á ŕőńĺŋőňĺăńìŋőľ ćàěňěŋŋőľ áńőęŋőáâìî ăńčőàĺâňőň íńńĺŕáőĺďőć [32] ĺńĺ ăńčőàĺâňőň Łăàňăàłăàă [98]. Šăł łăł f(S^r) = 0 (+∞) ⇐⇒ f(S^∗) = 0 (+∞), čďě S^∗ | őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.3), âő ŕàĺ ďőłăğăâěńìáâćě őæěŋőł ąãďěň áçĺâăâì, çâő 0 < f(S^∗) < +∞. Ďńï őąőáŋőćăŋĺï őæěŋőł âőçŋőáâĺ ĺáŕőńìğãěâáï Ńěňňă 4 . [132] Ŕãáâì k, n ĺ d | ŕàőĺğćőńìŋëě ŋăâãàăńìŋëě çĺáńă, ȷ_i; 1 ≤ i ≤ n; | ŕàőĺğćőńìŋëě ďěľáâćĺâěńìŋëě ŋěőâàĺæăâěńìŋëě çĺáńă ĺ ȷ_1 > 0. Šőčďă ȷ_1 + · · · + ȷ_n min t=1,...,n(k · ∑t−1 i=1 ȷ_i + dȷ_t) ≥ 1 − e^{− k·nd} k : Šěŕěàì ďőłăęěň âěőàěňã ő áćőľáâćě ďőŕãáâĺňőčő àěèěŋĺï S^r; ŕőńãçěŋŋőčő ŕőáńě ŕěàćőčő íâăŕă.

Šěőàěňă 4 . Ŕãáâì – ∈ [0; 1] ĺ^∑_{i∈S}r d_i = –D. Šőčďă f(S^r)=f(S^∗) ≥ (1 − e^{−λ(k+1)})=(k + 1): (2.21) Ďőłăğăâěńìáâćő ŕőçâĺ áőćŕăďăěâ á ďőłăğăâěńìáâćőň ăŋăńőčĺçŋőľ âěőàěňë ďńï áãąňőďãńïàŋëå äãŋłæĺľ, ŕàĺćěďěŋŋëň ć [132]. Ŕãáâì S^t; 0 ≤ t ≤ r; ňŋőęěáâćă, ŕőńãçeŋŋëě ć àěğãńìâăâě àăąőâë ăńčőàĺâňă. Ĺáŕőńìğãï âěőàěňã 1 ĺ őŕàěďěńěŋĺě ćěńĺçĺŋ ȷ_i(S^t), ŕàĺ ńîąőň t, 0 ≤ t ≤ r − 1 ŕőńãçăěň

f(S^∗) ≤ (k + 1)f(S^t) +^∑_{i∈T \St} ȷ_i(S^t) ≤ (k + 1)f(S^t) + D„_{t+1}:

Ćâőàőě ŋěàăćěŋáâćő áńěďãěâ ĺğ âőčő, çâő ȷ_i(S^t) ≤ d_i„_{t+1} ĺ^∑_{i∈T} d_i ≤ D.

Ŕőńőęĺň n_0 = 0 ĺ n_t =^{∑t}_{j=1} d_{ij} , čďě 1 ≤ t ≤ r. Őŕàěďěńĺň ćěńĺçĺŋë ȷ_i; i = 1; : : : ; –D; ŕő áńěďãîéěňã ŕàăćĺńã: ȷ_i = „_t ďńï ćáěå i = n_{t−1} + 1; : : : ; n_t.

Šăł łăł f(S^t) =^{∑nt}_{i=1} ȷ_i; âő ďńï łăęďőčő s, n_t + 1 ≤ s ≤ n_{t+1}, ĺňěěň (k + 1)f(S^t) + D„_{t+1} ≤ (k + 1)^{s−1∑}_{i=1} ȷ_i + Dȷ_s:

Ĺáŕőńìğãï ńěňňã 4 ĺ âő, çâő f(S^r) =^{∑λD}_{i=1} ȷ_i; ŕőńãçăěň

f(S^r)=f(S^∗) ≥ ∑λD i=1 ȷ_i min_{s=1,...,λD}{(k + 1)^{∑s−1}_{i=1} ȷ_i + Dȷ_s} ≥

≥ 1 − e^{−λ(k+1)}

k + 1 : Šěőàěňă 4 ďőłăğăŋă.

Ĺğ âěőàěňë 4 ćëâěłăěâ őæěŋłă âőçŋőáâĺ àěèěŋĺľ, ŕőńãçăěňëå ęăďŋëň ăńčőàĺâňőň, ďńï ğăďăçĺ (2.2), âăł łăł ć íâőň áńãçăě – = 1 ĺ ŕőíâőňã f(S^r) f(S^∗)

≥ (1 − e^{−(k+1)})=(k + 1): (2.22) Ďőłăęěň őæěŋłã âőçŋőáâĺ àěèěŋĺľ ğăďăçĺ (2.3).

Šěőàěňă 5 . Ŕãáâì ˛_k ïćńïěâáï łőàŋěň ãàăćŋěŋĺï e^{x·(1+k)} = (k + 1)(1 − x) + 1. Šőčďă

f( ~S)=f(S^∗) ≥ (1 − e^{−βk (k+1)})=(k + 1):

Ďőłăğăâěńìáâćő. Šăł łăł^∑_{i∈S}r d_i = –D ĺ d_{ir+1} > (1 − –)D, âő, ĺáŕőńìğãï ńěňňã 1, ŕőńãçăěň

ȷ_{r+1}(S^r) = f(S^r ∪ {i_{r+1}}) − f(S^r) ≤ f({i_{r+1}}):

Cńěďőćăâěńìŋő,

f(S^∗) ≤ (k + 1)f(S^r) + D„_{r+1} <

< (k + 1)f(S^r) + d_{ir+1} 1 − –

„_{r+1} ≤ (k + 1)f(S^r) + f({i_{r+1}}) 1 − – ≤ ≤ [( 1 1 − – ) + k + 1 ] · max{f(S^r); f({i_{r+1}})}:

Ŕàĺňěŋïï (2.21), ŕőńãçăěň ŋěàăćěŋáâćő f( ~S) f(S^∗) ≥ max{f(S^r); f({i_{r+1}})} f(S^∗) ≥

≥ min_{0≤λ≤1} max

1 − e^{−λ(k+1)}

k + 1 ; ( 1 1 − –

+ k + 1 )−1 : Šăł łăł ŋă őâàěğłě [0,1] äãŋłæĺï^{1−e−λ(k+1)}_{k+1} áâàőčő ćőğàăáâăěâ, ă äãŋłæĺï (^1_{1−λ} + k + 1)^{−1} áâàőčő ãąëćăěâ, âő ňăłáĺňãň ďőáâĺčăěâáï ć âőçłě ŕěàěáěçěŋĺï äãŋłæĺľ ŕàĺ – = ˛_k, čďě ˛_k | łőàěŋì ãàăćŋěŋĺï e^{x·(1+k)} = (k + 1)(1 − x) + 1. Šěőàěňă 5 ďőłăğăŋă.

Őâňěâĺň ąěğ ďőłăğăâěńìáâćă ŋěłőâőàëě áćőľáâćă ŕőáńěďőćăâěńìŋőáâĺ ˛_k:

1. {˛_k} ïćńïěâáï ãąëćăîéěľ ŕőáńěďőćăâěńìŋőáâìî. 2. ˛_0 ≈ 0; 44 < 0; 5 ĺ ˛_k > 0ďńï ćáěå k ≥ 0. 3. {˛_k} → 0 ŕàĺ k → +∞.

Šěőàěňă 6 . Ěáńĺ k ≥ 0, âő áŕàăćěďńĺćë áńěďãîéĺě ŋěàăćěŋáâćă k + 1 < k + 1 1 − e^{−(1+k)}

≤ k + r^{−1}_0 ; (2.23)

k + 2 < k + 1 1 − e^{−βk·(1+k)} ≤ k + R^{−1}_0 : (2.24)

Ďőłăğăâěńìáâćő. Ŕěàćőě ŋěàăćěŋáâćő ć (2.23) őçěćĺďŋő, ćâőàőě ŕàïňëň ŕàěőąàăğőćăŋĺěň ŕàĺćőďĺâáï ł ćĺďã

e^k ≥ k(1 − e^{−1}) + 1;

łőâőàőě őąàăéăěâáï ć àăćěŋáâćő ŕàĺ k = 0 ĺ ïćńïěâáï áâàőčĺň ŕàĺ k ≥ 1. Ŕőďáâăćńïï ć (2.24) ćňěáâő e^{βk·(1+k)} ćěńĺçĺŋã (k + 1)(1 − ˛_k) + 1 ĺ ďěńăï ŕàěőąàăğőćăŋĺï, ŕőńãçăěň íłćĺćăńěŋâŋëě ŋěàăćěŋáâćă

k + 2 < k + 1 + 1 1 − ˛_k

≤ k + 1 + 1 1 − ˛_0

= k + R^{−1}_0 ;

łőâőàëě ćëŕőńŋïîâáï, âăł łăł ˛_k | ãąëćăîéăï ŕőáńěďőćăâěńìŋőáâì ĺ 0 < ˛_k < 0; 5. Šěőàěňă 6 ďőłăğăŋă.

Ŕàĺćěďěň ŕàĺňěà ĺáåőďŋëå ďăŋŋëå ğăďăçĺ (2.2), ŋă łőâőàëå ďőłăğăŋŋăï őæěŋłă ďőáâĺčăěâáï ăáĺňŕâőâĺçěáłĺ. Ć [61] ŕàĺćőďĺâáï ŕàĺňěà ĺáåőďŋëå ďăŋŋëå, ŋă łőâőàëå őæěŋłă ďőáâĺčăěâáï ŕàĺ k = 0. Řăááňőâàĺň ğăďăçã (2.2) á äãŋłæĺěľ f(S), łőâőàăï ïćńïěâáï çăáâŋëň áńãçăěň äãŋłæĺĺ (2.8){(2.12). max x_{ij}≥0,S⊆I ∑ i∈S ∑ j∈J f_{ij}x_{ij} ŕàĺ őčàăŋĺçěŋĺïå:_∑ i∈S x_{ij} ≤ 1 j ∈ J; ∑ i∈S ∑ j∈J c_{ijl} x_{ij} ≤ 1 l = 1; : : : ; k; |S| ≤ p: Ŕãáâì |I| = 2k + 2 ĺ p = |J| = k + 1. Őąőğŋăçĺň çěàěğ E_k ěďĺŋĺçŋãî ňăâàĺæã ŕőàïďłă k, çěàěğ O_k ŋãńěćãî ňăâàĺæã ŕőàïďłă k ĺ çěàěğ O^l_k łćăďàăâŋãî ňăâàĺæã âőčő ęě ŕőàïďłă á ěďĺŋáâćěŋŋëň ŋěŋãńěćëň íńěňěŋâőň a_{ll} = 1. Őŕàěďěńĺň ňăâàĺæã F_k = (f^k_{ij}) àăğňěàă (2k+2)×(k+1) áńěďãîéĺň őąàăğőň:

F_k =

1 + " 0 · · · 0 1 0 · · · 0 0 . " · E_k 0 0 . E_k 0

:

Ďńï łăęďőčő k, k = 1; 2; : : : őŕàěďěńĺň k ňăâàĺæ C^l_k = (c^k_{ijl}), 1 ≤ l ≤ k; àăğňěàă (2k + 2) × (k + 1) áńěďãîéĺň őąàăğőň:

C^l_k =

1 0 · · · 0 0 0 · · · 0 0 . O_k 0 0 . O_{lk} 0

:

Őŕâĺňăńìŋëň àěèěŋĺěň S^∗ ŕàĺ ďőáâăâőçŋő ňăńőň " ąãďěâ ňŋőęěáâćő {2; k+3; : : : ; 2k+2}. Ć àěğãńìâăâě àăąőâë ęăďŋőčő ăńčőàĺâňă ŕőńãçĺň ~S = {1; 3; : : : ; k + 2}. Śńěďőćăâěńìŋő, f( ~S)=f(S∗) = (1 + (k + 1)")=(k + 1) = "+(1=(k+1)). Ć áĺńã ŕàőĺğćőńìŋőáâĺ " őæěŋłă âőçŋőáâĺ àěèěŋĺľ ŋě ŕàěćőáåőďĺâ ćěńĺçĺŋë 1=(k + 1), çâő ć ăáĺňŕâőâĺłě ŕàĺ k → +∞ áőćŕăďăěâ á őæěŋłőľ (2.22). Ćőŕàőá ő ďőáâĺęĺňőáâĺ őæěŋłĺ ŕàĺ äĺłáĺàőćăŋŋőň k ≥ 1 őáâăěâáï őâłàëâëň.

2.3 Ďĺŋăňĺçěáłăï ğăďăçă ő à-ňěďĺăŋě ŋă ňăłáĺ- ňãň Ŕãáâì I = {1; : : : ; m} { ňŋőęěáâćő ćőğňőęŋëå ŕãŋłâőć àăğňěéěŋĺï ŕàěďŕàĺïâĺľ, J = {1; : : : ; n} { ňŋőęěáâćő ŕőâàěąĺâěńěľ ŕàőďãłâă, ŕàőĺğćěďěŋŋőčő ŕàěďŕàĺïâĺïňĺ, T = {1; : : : ; T} { ŕńăŋőćëľ ŕěàĺőď, áőáâőïéĺľ ĺğ ěďĺŋĺçŋëå őâàěğłőć, łőâőàëě ąãďěň ŋăğëćăâì čőďăňĺ ŕńăŋőćőčő ŕěàĺőďă. Ňăâěňăâĺçěáłăï ŕőáâăŋőćłă ğăďăçĺ ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň:

max^∑_{t∈T}^∑_{j∈J}^∑_{i∈I} f_{ijt}x_{ijt}; (2.25) ∑ i∈I x_{ijt} = 1; j ∈ J; t ∈ T; (2.26)

x_{ijt} ≤^{t∑}_{τ =1} x_{iτ} ; i ∈ I; j ∈ J; t ∈ T; (2.27) ∑ i∈T x_{it} ≤ P_t; t ∈ T; (2.28) x_{ijt}; x_{it} ∈ {0; 1}; i ∈ I; j ∈ J; t ∈ T: (2.29) Łőíääĺæĺěŋâë f_{ijt}; P_t ĺňěîâ áńěďãîéĺľ áňëáń: f_{ijt} ≥ 0 { ŕàĺąëńì, ŕőńãçăěňăï ŕàĺ őąáńãęĺćăŋĺĺ j-čő ŕőâàěąĺâěńï ŕàěďŕàĺïâĺěň, àăğňěéěŋŋőň ć i-ň ŕãŋłâě ć t-ň čőďã, P_t ≥ 0 { æěńőě çĺáńő őčàăŋĺçĺćăîéěě łőńĺçěáâćő ŕàěďŕàĺïâĺľ, àăğňěéěŋŋëå ć t-ň čőďã. Ŕěàěňěŋŋëě ğăďăçĺ x_{ijt}; x_{it} őŕàěďěńïîâáï áńěďãîéĺň őąàăğőň:

x_{ijt} =

1; ěáńĺ ŕàěďŕàĺïâĺě, àăğňěéěŋŋőě ć i-őň ŕãŋłâě, őąáńãęĺćăěâ j-čő ŕőâàěąĺâěńï ć t-ň čőďã;

0; ć ŕàőâĺćŋőň áńãçăě;

x_{it} =

1; ěáńĺ i-ň ŕãŋłâě àăğňěéăěâáï ŕàěďŕàĺïâĺě ć t-ň čőďã; 0; ć ŕàőâĺćŋőň áńãçăě:

Űěńěćăï äãŋłæĺï (2.25) ĺňěěâ áňëáń áãňňăàŋőľ ŕàĺąëńĺ, ŕőńãçăěňőľ ğă ćěáì ŕńăŋőćëľ ŕěàĺőď. Őčàăŋĺçěŋĺě (2.26) čăàăŋâĺàãěâ, çâő ćáě ŕőâàěąĺâěńĺ ąãďãâ őąáńãęěŋë. Őčàăŋĺçěŋĺě (2.27) őğŋăçăěâ, çâő ć t-ň čőďã j-ľ ŕőâàěąĺâěńì ňőęěâ ąëâì őąáńãęěŋ ńîąëň ŕàěďŕàĺïâĺěň, àăğňěéěŋŋëň ł ďăŋŋőňã ňőňěŋâã ćàěňěŋĺ. Şáńőćĺï (2.28) őčàăŋĺçĺćăîâ çĺáńő ŕàěďŕàĺïâĺľ, àăğňěéăěňëå ć t-ň čőďã.

Řăááňăâàĺćăěňăï ğăďăçă őâńĺçăěâáï őâ ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň âěň, çâő őŕĺáëćăěâ áĺâãăæĺî, ć łőâőàőľ àăğňěéěŋĺě ŕàěďàĺïâĺľ ŕàőĺğćőďĺâáï ŋě ć őďĺŋ ňőňěŋâ ćàěňěŋĺ, ă ć âěçěŋĺě ŕńăŋőćőčő ŕàőňěęãâłă, áőáâőïéěčő ĺğ ŋěłőâőàőčő çĺáńă ěďĺŋĺçŋëå őâàěğłőć ćàěňěŋĺ. Ďńï łăęďőčő âăłőčő őâàěğłă ğăďăŋŋëľ áŕàőá ŕőâàěąĺâěńěľ ďőńęěŋ ąëâì ãďőćńěâćőàěŋ ŕàěďŕàĺïâĺïňĺ, ãęě àăğňěéěŋŋëňĺ ł íâőňã ňőňěŋâã ćàěňěŋĺ. Ŕàĺ íâőň çĺáńő ŕàěďŕàĺïâĺľ, àăğňěéăěňëå ŋă łăęďőň őâàěğłě ćàěňěŋĺ, őčàăŋĺçěŋő.

Ďńï àăááňăâàĺćăěňőľ ďĺŋăňĺçěáłőľ ğăďăçĺ ŕàěďńăčăěâáï ŕőńĺŋőňĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ, áőćŕăďăîéěľ á őæěŋłőľ ĺğ [61] ďńï ğăďăçĺ áâăâĺçěáłőľ ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň . Ŕàěďńăčăěňëľ ăńčőàĺâň ŕőńãçěŋ ć àěğãńìâăâě ďěàăŋďőňĺğăæĺĺ ćěàőïâŋőáâŋőčő ăńčőàĺâňă ŕőáâàőěŋĺï ŕàĺąńĺęěŋŋőčő àěèěŋĺï. Ŕőáâàőěŋŋëľ ćěàőïâŋőáâŋëľ ăńčőàĺâň ŕàěďáâăćńïěâ áőąőľ ćěàőïâŋőáâŋãî ŕàőæěďãàã őłàãčńěŋĺï őŕâĺňăńìŋőčő àěèěŋĺï ćáŕőňőčăâěńìŋőľ ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňĺàőćăŋĺï. Ŕàĺ ďěàăŋďőňĺğăæĺĺ ăńčőàĺâňă ĺáŕőńìğãěâáï ňěâőď ãáńőćŋëå ćěàőïâŋőáâěľ [37].

2.4 İłćĺćăńěŋâŋăï äőàňãńĺàőćłă ďĺŋăňĺçěáłőľ ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň

Śőŕőáâăćĺň łăęďőľ ŕăàě (j; t), čďě j ∈ J; t ∈ T , ŕěàěáâăŋőćłã ffi_{jt} = {i_1(j; t); : : : ; i_n(j; t)} âăłãî, çâő f_{i1(j,t)jt} ≥ f_{i2(j,t)jt} ≥ : : : ≥ f_{in(j,t)jt}: Ć ďăńìŋěľèěň ďńï łàăâłőáâĺ ćňěáâő i_k(j; t) ąãďěň ŕĺáăâì i_k. Ďńï łăęďőčő p, 1 ≤ p ≤ m, ŕőńăčăěň ´^p_{jt} = f_{ipjt} − f_{ip+1 jt}; čďě f_{im+1jt} cçĺâăěň àăćŋëň ŋãńî. Ğăňěâĺň, çâő f_{ikjt} =^{∑m}_{p=k} ´^p_{jt}. Ĺáŕőńìğãï ććěďěŋŋëě őąőğŋăçěŋĺï, ğăŕĺèěň æěŕőçłã àăćěŋáâć: ∑ i∈I f_{ijt}x_{ijt} =^{m∑}_{k=1} f_{ikjt}x_{ikjt} =^{m∑}_{k=1}(^{m∑}_{p=k} ´^p_{jt})x_{ikjt} =^{m∑}_{p=1} ´^p_{jt}(^{p∑}_{k=1} x_{ikjt}):

Řăááňőâàĺň áńěďãîéãî őŕâĺňĺğăæĺőŋŋãî ğăďăçã: max^∑_{j∈J}^∑_{t∈T}^{m∑}_{p=1} ´^p_{jt}z^p_{jt}; (2.30) t∑ τ =1 p∑ k=1 y_{ikτ} ≥ z^p_{jt}; j ∈ J; t ∈ T; 1 ≤ p ≤ m; (2.31) ∑ i∈I y_{it} ≤ P_t; t ∈ T ; (2.32) y_{it}; z^p_{jt} ∈ {0; 1}; j ∈ J; t ∈ T; 1 ≤ p ≤ m: (2.33) Ěáńĺ (x_{ijt}); (x_{it}) { ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.25){(2.29), âő, ŕőńăčăï, y_{it} = x_{it}; j ∈ J; t ∈ T;

z^p_{jt} =^{∑p}_{k=1} x_{ikjt}; j ∈ J; t ∈ T; 1 ≤ p ≤ m;

ŕőńãçăěň ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.30){(2.33) (őčàăŋĺçěŋĺï (2.31) áńěďãîâ ĺğ őčàăŋĺçěŋĺľ (2.27)) á âěň ęě ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ.

Őąàăâŋő, ŕãáâì (z^p_{jt}); (y_{it}) ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.30){(2.33), őąńăďăîéěě áćőľáâćőň ňăłáĺňăńìŋőáâĺ, â.ě. ěáńĺ^{∑t}_{τ =1}^{∑p}_{k=1} y_{ikτ} ≥ 1, âő z^p_{jt} = 1 Ńîąőě ďőŕãáâĺňőě àěèěŋĺě ňőęŋő ŕàěőąàăğőćăâì ł âăłőňã ćĺďã, ŋě ãňěŋìèăï ŕàĺ íâőň ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ. Ŕãáâì r(j; t) = min{p|1 ≤ p ≤ n; z^p_{jt} = 1}. Ğăňěâĺň, çâő ĺğ áćőľáâćă ňăłáĺňăńìŋőáâĺ áńěďãěâ, çâő z^p_{jt} = 1 ďńï ćáěå p ≥ r(j; t). Ŕőńőęĺň ďńï ćáěå j ∈ J; t ∈ T; 1 ≤ p ≤ m

x_{it} = y_{it}; i ∈ I; t ∈ T; x_{ijt} =

1; i = i_{r(j,t)};

0; ć ŕàőâĺćŋőň áńãçăě;

i ∈ I; j ∈ J; t ∈ T;

Ďőłăęěň, çâő őŕàěďěńěŋŋőě âăłĺň őąàăğőň àěèěŋĺě (x_{it}); (x_{ijt}) ğăďăçĺ (2.25){(2.29) ïćńïěâáï ďőŕãáâĺňëň ĺ çâő ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ (2.30) áőćŕăďăěâ áő ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ (2.25). Ďěľáâćĺâěńìŋő, ∑ t∈T ∑ j∈J ∑ i∈I f_{ijt}x_{ijt} =^∑_{t∈T}^∑_{j∈J} f_{ir(j,t)jt} = ∑ t∈T ∑ j∈J (^{m∑}_{p=r(j,t)} ´^p_{jt}) =^∑_{t∈T}^∑_{j∈J}^{m∑}_{p=1} ´^p_{jt}z^p_{jt}:

Ĺğ őŕàěďěńěŋĺï ćěńĺçĺŋ x_{ijt} ĺ x_{it} ćĺďŋő, çâő őčàăŋĺçěŋĺï (2.26), (2.28) ćëŕőńŋïîâáï. Ďőłăęěň, çâő ćëŕőńŋïîâáï őčàăŋĺçěŋĺï (2.27). Ďńï íâőčő ďőáâăâőçŋő ŕőłăğăâì, çâő 1 ≤^{∑t}_{τ =1} x_{ir(j,t)τ} ďńï ćáěå j ∈ J; t ∈ T . Ć áĺńã ňăłáĺňăńìŋőáâĺ àěèěŋĺï (z^p_{jt}); (y_{jt}) ĺ őŕàěďěńěŋĺï ŋőňěàă r(j; t) ćëŕőńŋïîâáï ŋěàăćěŋáâćă t∑ τ =1 r(j,t)−1 ∑ k=1 y_{ikτ} = 0 ĺ^{t∑}_{τ =1}^{r(j,t)∑}_{k=1} y_{ikτ} ≥ 1:

Śńěďőćăâěńìŋő, t∑ τ =1 y_{ir(j,t)τ} =^{t∑}_{τ =1}^{r(j,t)∑}_{k=1} y_{ikτ} −^{t∑}_{τ =1}^{r(j,t)−1∑}_{k=1} y_{ikτ} ≥ 1: Ĺğ ďőłăğăŋŋőčő âăłęě áńěďãěâ, çâő ğŋăçěŋĺï æěńěćëå äãŋłæĺľ (2.25){ (2.29) ĺ (2.30)-(2.33) ŋă őŕâĺňăńìŋëå àěèěŋĺïå áőćŕăďăîâ. Šăł łăł ńîąőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.30)-(2.33) ňőęŋő ŕàěőąàăğőćăâì ć ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (2.25)-(2.29), ŋě ãňěŋìèăï ŕàĺ íâőň ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ, ŕőńãçăěň, çâő ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï àěèěŋĺï ğăďăçĺ (2.30)-(2.33) ňőęŋő ŕàěőąàăğőćăâì ć ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï àěèěŋĺï ğăďăçĺ (2.25)-(2.29) á âőľ ęě őæěŋłőľ őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ.

2.5 Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ĺ ěčő ăŋăńĺğ

Ğăďăçă (2.30){(2.33) ïćńïěâáï çăáâŋëň áńãçăěň áńěďãîéěľ ğăďăçĺ: max^∑_{j∈J} f_jz_j ; (2.34) ∑ (i,t)∈C_j x_{it} ≥ z_j ; j ∈ J; (2.35) ∑ i∈I x_{it} ≤ P_t; t ∈ T ; (2.36) x_{it}; z_j ∈ {0; 1}; i ∈ I; j ∈ J; t ∈ T; (2.37) čďě {C_j }; j ∈ J; { ŕàőĺğćőńìŋăï áĺáâěňă ŕőďňŋőęěáâć ňŋőęěáâćă I ×T .

Ěáńĺ ğăňěŋĺâì őčàăŋĺçěŋĺï (2.37) ŋă őčàăŋĺçěŋĺï

0 ≤ x_{it} ≤ 1; 0 ≤ z_j ≤ 1; i ∈ I; j ∈ J; t ∈ T; (2.38)

âő ŕőńãçĺň ńĺŋěľŋãî àěńăłáăæĺî ğăďăçĺ (2.34){(2.37).

Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň àěèěŋĺï ğăďăçĺ (2.34){(2.37) áőáâőĺâ ĺğ ďćãå íâăŕőć. Ŋă ŕěàćőň íâăŕě àěèăěâáï àěńăłáĺàőćăŋŋăï ğăďăçă őďŋĺň ĺğ ĺğćěáâŋëå ŕőńĺŋőňĺăńìŋëå ăńčőàĺâňőć ďńï àěèěŋĺï ğăďăç ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. Ŕãáâì (x^∗_{it}); (z^∗_j ) { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (2.34)-(2.36),(2.38). Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ąãďěň áçĺâăâì, çâő^∑_{i∈I} x^∗_{it} = P_t ďńï ćáěå t ∈ T . Ŋă ćâőàőň íâăŕě ďńï łăęďőčő t ∈ T äőàňĺàãěâáï ňŋőęěáâćő S_t ŕő áńěďãîéěňã ŕàăćĺńã.

Ĺğ ňŋőęěáâćă I ćëąĺàăěâáï íńěňěŋâ áńãçăľŋëň őąàăğőň á àăáŕàěďěńěŋĺěň P ( = i) = x^∗_{it}=P_t, ğăâěň ďőąăćńïâáï ćő ňŋőęěáâćő S_t. Ŕàőæěďãàă ŕőćâőàïěâáï ŋěğăćĺáĺňő P_t àăğ.

Ğăňěâĺň, çâő ěáńĺ S ⊆ I, âő P (S ∩ S_t = ffl) = (1 −^∑_{i∈S} x^∗_i =P_t)^{Pt}. Ğăňěâĺň âăłęě, çâő ďńï łăęďőčő t ∈ T ňŋőęěáâćă S_t äőàňĺàãîâáï ŋěğăćĺáĺňő. Őŕàěďěńïěň àěèěŋĺě (x_{it}); (z_j ) ğăďăçĺ (2.34)-(2.37) áńěďãîéĺň őąàăğőň:

x_{it} =

1; ěáńĺ i ∈ S_t;

0; ć ŕàőâĺćŋőň áńãçăě;

i ∈ I; t ∈ T z_j = max_{(i,t)∈Cj} x_{it}; j ∈ J.

Ŕãáâì C_{jt} = {i : (i; t) ∈ C_j}, âőčďă^∑_{(i,t)∈Cj} x^∗_{it} =^∑_{t∈T}^∑_{i∈Cjt} x^∗_{it}. Őæěŋĺň ňăâěňăâĺçěáłőě őęĺďăŋĺě ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ ŋă őłàãčńěŋŋőň àěèěŋĺĺ, ĺáŕőńìğãï âő, çâő ăńčőàĺâň ćëąĺàăěâ ňŋőęěáâćă S_t ŋěğăćĺáĺňő,

E =^∑_{j∈J} f_j P (z_j = 1) =^∑_{j∈J} f_j[1 − P (C_{j1} ∩ S_1 = ffl; : : : ; C_jT ∩ ST = ffl)] = ∑ j∈J f_j[1 −^∏_{t∈T} P (C_{jt} ∩ S_t = ffl)] =^∑_{j∈J} f_j 1 −^∏_{t∈T} ( 1 − ∑ i∈C_{jt} x ∗ it P_t )P_t : Ŕãáâì P =^∑_{t∈T} P_t ĺ a_t =^∑_{i∈Cjt} x^∗_{it}=P_t. Ŕàĺňěŋïï ĺğćěáâŋőě ŋěàăćěŋáâćő ő áàěďŋěň ăàĺäňěâĺçěáłőň ĺ áàěďŋěň čěőňěâàĺçěáłőň, ŕőńãçăěň ∏ t∈T (1 − a_t)^{Pt} ≤ ∑ t∈T P_t(1 − a_t) P P = ( 1 − ∑ t∈T ∑ i∈C_{jt} x ∗ it P )P : Śńěďőćăâěńìŋő, ∑ j∈J f_j 1 −^∏_{t∈T} ( 1 − ∑ i∈C_{jt} x ∗ it P_t )P_t ≥^∑_{j∈J} f_j 1 − 1 − ∑ (i,t)∈C_j x ∗ it P P ; Šăł łăł àěèěŋĺě (x^∗_{it}); (z^∗_j ) ãďőćńěâćőàïîâ őčàăŋĺçěŋĺïň (2.35), âő ∑ j∈J f_j 1 − 1 − ∑ (i,t)∈C_j x ∗ it P P ≥^∑_{j∈J} f_j 1 − 1 − z^∗_j P P : Ŕőáłőńìłã äãŋłæĺï f(z) = 1 − (1 − z=p)^p ïćńïěâáï ćőčŋãâőľ ĺ f(0) = 1; f(1) = 1 − (1 − 1=p)^p, ĺňěěň ∑ j∈J f_j 1 − 1 − z^∗_j P P ≥^∑_{j∈J} f_j 1 − ( 1 − 1 P )P z^∗_j ≥ (1 − e^{−1})^∑_{j∈J} f_jz^∗_j :

Šăłĺň őąàăğőň, ŕőńãçăěň őæěŋłã ňăâěňăâĺçěáłőčő őęĺďăŋĺï æěńěćőľ äãŋłæĺĺ ŋă őłàãčńěŋŋőň àěèěŋĺĺ çěàěğ őŕâĺňăńìŋőě ğŋăçěŋĺě ńĺŋěľŋőľ àěńăłáăæĺĺ. Ć áńěďãîéěň ŕăàăčàăäě, ĺáŕőńìğãï ňěâőď ãáńőćŋëå ćěàőïâŋőáâěľ [37], ąãďěâ ŕőńãçěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï àěèěŋĺï ğăďăçĺ (2.34){(2.37) á őæěŋłőľ őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ 1 − e^{−1}. Šăłĺň őąàăğőň, ňë ďőłăğăńĺ áńěďãîéěě ãâćěàęďěŋĺě.

Šěőàěňă 7 Ďńï ďĺŋăňĺçěáłőľ ğăďăçĺ ő à-ňěďĺăŋě áãéěáâćãěâ ŕőńĺ-

ŋőňĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ćěàőïâŋőáâŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ (1 − e^{−1}).

2.6 Ďěàăŋďőňĺğăæĺï ăńčőàĺâňă

Ŋăŕőňŋĺň, çâő ćěàőïâŋőáâŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň áőáâőĺâ ĺğ ∑ t∈T P_t ŋěğăćĺáĺňëå èăčőć. C ŋőňěàőň èăčă n áćïęěň ŕăàã (t; k), čďě n = k +^{∑t−1}_{τ =1} P_τ . Ňěâőď ãáńőćŋëå őęĺďăŋĺľ [37] čăàăŋâĺàãěâ ŋăåőęďěŋĺě âăłőčő ďőŕãáâĺňőčő àěèěŋĺï, ŋă łőâőàőň ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋě ňěŋìèě ňăâěňăâĺçěáłőčő őęĺďăŋĺï ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ ŋă àěèěŋĺĺ, ŕőńãçăěňőň ćěàőïâŋőáâŋëň ăńčőàĺâňőň. Ŕãáâì N = (N_{11}; N_{12}; : : : ; N_{1P1} ; N_{21}; : : : ; NT_{PT}) { ćěłâőà ŋăğŋăçěŋĺľ, ŕőńãçăěňëľ ć łőŋæě àăŋďőňĺğĺàőćăŋŋőčő ăńčőàĺâňă, â.ě. N_{tk} = (i; t), ěáńĺ ŋă èăčě (t; k) ćëąĺàăěâáï i-ľ íńěňěŋâ ĺğ ňŋőęěáâćă I. Ŕãáâì E(N) ňăâěňăâĺçěáłőě őęĺďăŋĺě æěńěćőľ äãŋłæĺĺ (2.30) ŋă ćěłâőàě N.

Ć ňěâőďě ãáńőćŋëå ćěàőïâŋőáâěľ n-ï ŕěàěňěŋŋăï ćěłâőàă N őŕàěďěńïěâáï ŋă n-őľ ĺâěàăæĺĺ. Ŕãáâì ŋă n-őľ ĺâěàăæĺĺ ãęě őŕàěďěńěŋë ŕěàćëě n − 1 ŕěàěňěŋŋëå —N_1; : : : ; —N_{n−1} ćěłâőàă N. Ďńï łăęďőčő i ∈ I ćëçĺáńïěň ãáńőćŋëě ňăâěňăâĺçěáłĺě őęĺďăŋĺï E(N| —N_1; : : : ; —N_{n−1}; —N_n = (i; t)). Ĺáŕőńìğãï ĺğćěáâŋőě àăćěŋáâćő ďńï ãáńőćŋőľ ćěàőïâŋőáâĺ, ĺňě- ěň E(N| —N_1; : : : ; —N_{n−1}) =^∑_{i∈I} E(N| —N_1; : : : ; —N_{n−1}; N_n = (i; t))P (N_n = (i; t)) ≤ max_{i∈I} {E(N| —N_1; : : : ; —N_{n−1}; N_n = (i; t))}:

Ŕőńăčăěň —N_n = (~i; t); čďě ~i ĺŋďěłá, ŋă łőâőàőň ďőáâĺčăěâáï ňăłáĺňãň. Ŕőćâőàïï íâã ŕàőæěďãàã P =^∑T_{τ =1} P_τ àăğ, ňë ŕőńãçĺň àěèěŋĺě, ŋă łőâőàőň ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋě ŕàěćőáåőďĺâ E(N).

Ŕőłăęěň łăł ćëçĺáńïâì ãáńőćŋőě őęĺďăŋĺě ğă ŕőńĺŋőňĺăńìŋőě ćàěňï. Ĺáŕőńìğãï ńĺŋěľŋőáâì ňěâěňăâĺçěáłőčő őęĺďăŋĺï, ďőáâăâőçŋő ŕőłăğăâì łăł ćëçĺáńïâì P (z_j = 1| —N_1; : : : ; —N_n). Ŕãáâì S = { —N_i|1 ≤ i ≤ n}, â.ě. S { íâő ňŋőęěáâćő ğăäĺłáĺàőćăŋŋëå ĺŋďěłáőć ĺğ I × T . Ŕãáâì n = k +^{∑t−1}_{τ =1} P_τ ďńï ŋěłőâőàëå k ĺ t, 1 ≤ k ≤ P_t, 1 ≤ t ≤ T. Şáńőćŋăï ćěàőïâŋőáâì ćëçĺáńïěâáï ŕő äőàňãńě:

P (z_j = 1| —N_1; : : : ; —N_n) =

1; ěáńĺ S ∩ C_j ≠ ffl; 1 − ∏T_{τ =t+1} 1 − ∑ i∈Cjτ x ∗ iτ P_τ Pτ ( 1 − ∑ i∈Cjt x ∗ it P_t )P_t−k ; ĺŋăçě.

Őçěćĺďŋő, çâő ěáńĺ S ∩ C_j ≠ ffl, âő P (z_j = 1| —N_1; : : : ; —N_n) = 1. Ěáńĺ S ∩ C_j = ffl, âő âàěąãěâáï ŕőáçĺâăâì ćěàőïâŋőáâì âőčő, çâő ĺğ ňŋőęěáâćă C_j ąãďěâ ćëąàăŋ íńěňěŋâ ŋă őáâăćèĺåáï P − n èăčăå. Ćěńĺçĺŋã P (z_j = 1| —N_1; : : : ; —N_n) ňőęŋő ćëçĺáńĺâì ğă O(|I|T) ďěľáâćĺľ. Śńěďőćăâěńìŋő, őąéăï âàãďőěňłőáâì ăńčőàĺâňă ŋě ŕàěćőáåőďĺâ ćěńĺçĺŋë T = O(T_{LP} + |I|P |J| · |I|T) = O(T_{LP} + |I|^3T^2|J|), čďě T_{LP} { ćàěňěŋŋăï áńőęŋőáâì àěèěŋĺï ńĺŋěľŋőľ àěńăłáăæĺĺ ğăďăçĺ (2.30){(2.33).

Čńăćă 3 Ŋőćăï âěåŋĺłă őłàãčńěŋĺï ďńï ğăďăç á őčàăŋĺçěŋĺěň ňőéŋőáâì

Ććěďěŋĺě

Ć ŋăáâőïéěľ čńăćě àăááňăâàĺćăěâáï çăáâŋëľ áńãçăľ ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň, âăł ŋăğëćăěňăï ğăďăçă ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ à ňŋőęěáâćăňĺ, ă âăłęě àïď ğăďăç, ąńĺğłĺå ł ŋěľ ŕő áâàãłâãàě ĺ áćőľáâćăň.

Ďńï àěèěŋĺï íâĺå ğăďăç ŕàěďńăčăěâáï ŋőćëľ áŕőáőą őłàãčńěŋĺï àěèěŋĺľ ńĺŋěľŋëå àěńăłáăæĺľ, ŋăğćăŋŋëľ ňěâőďőň "ŕěàěłăçłĺ". Őłàãčńěŋĺě ńĺŋěľŋëå àěńăłáăæĺľ { őďĺŋ ĺğ ŋăĺąőńěě àăáŕàőáâàăŋěŋŋëå áŕőáőąőć ŕőáâàőěŋĺï ŕàĺąńĺęěŋŋëå àěèěŋĺľ. Ŕàĺ íâőň łăçěáâćő ŕőńãçăěňëå őæěŋőł âőçŋőáâĺ, ěáâěáâćěŋŋő, ğăćĺáĺâ őâ ĺáŕőńìğãěňőľ âěåŋĺłĺ őłàãčńěŋĺï. Őďŋőľ ĺğ âăłĺå ŕàőďãłâĺćŋëå âěåŋĺł ïćńïěâáï ňěâőď ćěàőïâŋőáâŋőčő őłàãčńěŋĺï. Őďŋăłő ŕàĺ ěčő ĺáŕőńìğőćăŋĺĺ ćőğŋĺłăěâ ďőŕőńŋĺâěńìŋăï ŕàőąńěňă ďěàăŋďőňĺğăæĺĺ ăńčőàĺâňă.

Ŕàěďńőęěŋŋăï ŕàőæěďãàă ŕěàěłăçłĺ ŕőğćőńïěâ ŕőáâàőĺâì ďńï ğăďăçĺ ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ (1−(1−1=k)^k), čďě k ňăłáĺňăńìŋëľ àăğňěà àăááňăâàĺćăěňëå ć ğăďăçě ŕőďňŋőęěáâć. Ŕőáâàőěŋ âăłęě ăńčőàĺâň àěèěŋĺï ğăďăçĺ ő ňăłáĺňăńìŋőň àăğàěğě á ğăďăŋŋëňĺ ňőéŋőáâïňĺ íńěňěŋâőć àăğąĺěŋĺï á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 1=2. İâő ŕěàćëľ ăńčőàĺâň á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ ďńï ďăŋŋőľ ćěàáĺĺ ğăďăçĺ ő ňăłáĺňăńìŋőň àăğàěğě. Ŕőłăğăŋő, çâő őąă ŕàěďńőęěŋŋëå ăńčőàĺâňă ňőčãâ ąëâì őąőąéěŋë ĺ ĺáŕőńìğőćăŋë ďńï àěèěŋĺï ąőńěě őąéĺå ğăďăç, áőőâćěâáâćěŋŋő, ğăďăçĺ ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ á àăŋæěćëň őčàăŋĺçěŋĺěň ĺ ğăďăçĺ ő ňăłáĺňăńìŋőň k-àăğàěğě á ğăďăŋŋëňĺ ňőéŋőáâïňĺ íńěňěŋâőć àăğąĺěŋĺï. Ŕàĺ íâőň őæěŋłĺ âőçŋőáâĺ ăńčőàĺâňőć ŋě ĺğňěŋïîâáï.

Ůâőąë ŕőïáŋĺâì őáŋőćŋãî ĺďěî ŕàěďńăčăěňőčő ňěâőďă őłàãčńěŋĺï, ďăďĺň őŕĺáăŋĺě őąéěľ áåěňë ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă, ĺáŕőńìğãîéěčő ŕàőæěďãàã ŕěàěłăçłĺ, ŕàĺňěŋĺâěńìŋő ł áńěďãîéěľ ğăďăçě: max F (x_1; : : : ; x_n) (3.1) n∑ i=1 x_i = p (3.2) x_i ∈ {0; 1}; i = 1; : : : ; n: (3.3) Ğďěáì p { æěńőě ŋěőâàĺæăâěńìŋőě çĺáńő ĺ F (x_1; : : : ; x_n) { ŕőńĺŋőňĺăńìŋő ćëçĺáńĺňăï äãŋłæĺï á ďěľáâćĺâěńìŋëňĺ ğŋăçěŋĺïňĺ, őŕàěďěńěŋŋăï ŋă ćěłâőàăå (x_1; : : : ; x_n), čďě x_i ∈ [0; 1]. Ŕàěďŕőńőęĺň, çâő áãéěáâćãěâ äãŋłæĺï L(x_1; : : : ; x_n) âăłăï, çâő L(x_1; : : : ; x_n) = F (x_1; : : : ; x_n) ŋă ćáěå ąãńěćëå ćěłâőàăå ĺ çâő őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ max L(x_1; : : : ; x_n)

n∑ i=1 x_i = p x_i ∈ [0; 1]; i = 1; : : : ; n:

ňőęěâ ąëâì ŋăľďěŋő ğă ŕőńĺŋőňĺăńìŋőě ćàěňï, ŋăŕàĺňěà, ć àěğãńìâăâě áćěďěŋĺï íâőľ ğăďăçĺ ł ğăďăçě ńĺŋěľŋőčő ŕàőčàăňĺàőćăŋĺï. Şłăğăŋŋãî ğăďăçã ŋăğőćěň őæěŋőçŋőľ. Ŕàěďŕőńőęĺň, çâő ďőŕőńŋĺâěńìŋő ćëŕőńŋïîâáï ďćă áćőľáâćă:

(A) Śãéěáâćãěâ łőŋáâăŋâă C > 0 âăłăï, çâő ďńï ńîąőčő x ∈ [0; 1]^n ćëŕőńŋïěâáï ŋěàăćěŋáâćő F (x_1; : : : ; x_n) ≥ CL(x_1; : : : ; x_n); (B) äãŋłæĺï ’("; x; i; j) = F (x_1; : : : ; x_i + "; : : : ; x_j − "; : : : ; x_n) ïćńïěâáï ćëŕãłńőľ ŕő ŕěàěňěŋŋőľ " ∈ [− min{x_i; 1 − x_j }; min{1 − x_i; x_j }] ďńï łăęďőľ ŕăàë ĺŋďěłáőć i ĺ j ĺ łăęďőčő x ∈ [0; 1]^n.

Şâćěàęďăěâáï, çâő ŕàĺ ćëèěŕàĺćěďěŋŋëå ŕàěďŕőńőęěŋĺïå ňőęŋő ŋăľâĺ ğă ŕőńĺŋőňĺăńìŋőě ćàěňï ďőŕãáâĺňőě àěèěŋĺě ~x = (~x_1; : : : ; ~x_n) ğăďăçĺ (3.1){(3.3), łőâőàőě ãďőćńěâćőàïěâ ŋěàăćěŋáâćã F (~x) ≥ CF (x^∗), čďě x^∗ őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (3.1){(3.3).

Ŕãáâì x^′ = (x^′_1; : : : ; x^′_n) { őŕâĺňăńìŋőě àěèěŋĺě őæěŋőçŋőľ ğăďăçĺ. Ěáńĺ ćěłâőà x^′ ŋě ąãńěćëľ, âő ć áĺńã àăćěŋáâćă (3.2) áãéěáâćãěâ ŕő łàăľŋěľ ňěàě ďćě łőňŕőŋěŋâë x^′_i ĺ x^′_j áő ğŋăçěŋĺïňĺ áâàőčő ňěęďã 0 ĺ 1. Řăááňőâàĺň ćěłâőà (x^′_1; : : : ; x^′_i + "; : : : ; x^′_j − "; : : : ; x^′_n) áő ğŋăçěŋĺěň " = − min{x_i; 1−x_j } ĺńĺ " = min{1−x_i; x_j } ć àěğãńìâăâě ŕőńãçĺň ćěłâőà (x^{′′}_1; : : : ; x^{′′}_n) á ňěŋìèĺň çĺáńőň ŋěæěńőçĺáńěŋŋëå łőňŕőŋěŋâ, ďńï łőâőàőčő ć áĺńã áćőľáâćă (Ć) ćëŕőńŋïěâáï ŋěàăćěŋáâćő F (x^{′′}) ≥ F (x^′). Ŕőáńě ŕőćâőàěŋĺï ãłăğăŋŋőčő èăčă "ŕěàěłăçłĺ"ŋě ąőńěě n àăğ ąãďěâ ŕőáâàőěŋő ďőŕãáâĺňőě àěèěŋĺě ~x ĺáåőďŋőľ ğăďăçĺ. Ěáńĺ x^∗ őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (3.1){(3.3), âő áŕàăćěďńĺćë áőőâŋőèěŋĺï

F (~x) ≥ CL(x^′) ≥ CL(x^∗) = CF (x^∗):

Šăłĺň őąàăğőň ŕőńãçăěň ŕàĺąńĺęěŋŋőě àěèěŋĺě ğăďăçĺ (3.1){(3.3) á őæěŋłőľ âőçŋőáâĺ C.

3.1 Ğăďăçă ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ

Ć ğăďăçě ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ (MCP) ďăŋő áěňěľáâćő F = {S_j : j = 1; : : : ; m} ŕőďňŋőęěáâć ňŋőęěáâćă I = {1; : : : ; n} á áőőâćěâáâćãîéĺňĺ ćěáăňĺ w_j ĺ ŕőńőęĺâěńìŋőě æěńőě çĺáńő p. Šàěąãěâáï ŋăľâĺ ŕőďňŋőęěáâćő X ⊂ I, |X| = p, łőâőàőě ňăłáĺňĺğĺàãěâ őąéĺľ ćěá ňŋőęěáâć ć F, ĺňěîéĺå ŋěŕãáâőě ŕěàěáěçěŋĺě á X. Ŕőńĺŋőňĺăńìŋăï àăğàěèĺňőáâì MCP ćńěçěâ ŕőńĺŋőňĺăńìŋãî àăğàěèĺňőáâì ğăďăçĺ ő ŕőłàëâĺĺ ĺ ŕőíâőňã őŋă NP -âàãďŋă. Ć ŋěłőâőàőň áňëáńě MCP ňőęěâ âàăłâőćăâìáï łăł őąàăâŋăï ğăďăçă ő ŕőłàëâĺĺ ĺ âăł ęě ĺňěěâ őčàőňŋőě çĺáńő ŕàĺńőęěŋĺľ (áňőâàĺ ł ŕàĺňěàã [88]). Ÿĺàőłő ĺğćěáâěŋ äăłâ, çâő ŕàőáâőľ ęăďŋëľ ăńčőàĺâň àěèăěâ MCP á őæěŋłőľ âőçŋőáâĺ (1 − e^{−1}) (Cornuejols, Fisher, Nemhauser [61]). Feige [68] ďőłăğăń, çâő ŋě áãéěáâćãěâ ŕőńĺŋőňĺăńìŋőčő ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á ńãçèěľ őæěŋłőľ âőçŋőáâĺ ŕàĺ ãáńőćĺĺ P≠NP. Cornuejols, Nemhauser ĺ Wolsey [63] ďőłăğăńĺ, çâő ęăďŋëľ ăńčőàĺâň ŕőçâĺ ćáěčďă ŋăåőďĺâ őŕâĺňăńìŋőě àěèěŋĺě MCP ć áńãçăě ďćãåíńěňěŋâŋëå ňŋőęěáâć. Ňë ďőłăęěň, çâő MCP ňőęěâ ąëâì àěèěŋă ğă ŕőńĺŋőňĺăńìŋőě ćàěňï á őæěŋłőľ âőçŋőáâĺ 1 − (1 − 1=k)^k, čďě k = max{|S_j| : j = 1; : : : ; m}. İâő ńãçèě, çěň őæěŋłă âőçŋőáâĺ ęăďŋőčő ăńčőàĺâňă ć áńãçăě őčàăŋĺçěŋŋőčő k, ĺ áőćŕăďăěâ á ŋěľ, łőčďă k ŋěőčàăŋĺçěŋő. Ŋăè àěğãńìâăâ (ć ŋěłőâőàőň áňëáńě) ïćńïěâáï ăŋăńőčőň ĺğćěáâŋőčő àěğãńìâăâă Hochbaum [86] ő âőň, çâő ďńï ğăďăçĺ ő ŕőłàëâĺĺ ňőęěâ ąëâì ŕőáâàőěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ r, čďě r ňăłáĺňăńìŋőě çĺáńő ňŋőęěáâć, áőďěàęăéĺå íńěňěŋâ.

Ğăňěâĺň, çâő MCP íłćĺćăńěŋâŋă ňăłáĺňĺğăæĺĺ äãŋłæĺĺ F (x) =^{m∑}_{j=1} w_j (1 −^∏_{i∈Sj} (1 − x_i))

ŋăď ćáěňĺ ąãńěćëňĺ ćěłâőàăňĺ x, ãďőćńěâćőàïîéĺňĺ ňőéŋőáâŋőňã őčàăŋĺçěŋĺî^{∑n}_{i=1} x_i = p.

Ťőàňãńĺàőćłă őæěŋőçŋőľ ğăďăçĺ ćëčńïďĺâ áńěďãîéĺň őąàăğőň, ňăłáĺňĺğĺàőćăâì L(x) =^{m∑}_{j=1} min w_j 1;^∑_{i∈Sj} x_i ŕàĺ ňőéŋőáâŋőň őčàăŋĺçěŋĺĺ^{∑n}_{i=1} x_i = p. Őçěćĺďŋő, çâő L(x) = F (x) ŋă ćáěå ćěłâőàăå x ∈ [0; 1]^n. Łàőňě âőčő ŕőáńěďŋïï ğăďăçă, ăŋăńőčĺçŋő ğăďăçě MAX SAT (áň. [77]), ňőęěâ ąëâì áäőàňãńĺàőćăŋă łăł áńěďãîéăï ğăďăçă ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï: max^{m∑}_{j=1} w_jz_j (3.4) ∑ i∈S_j x_i ≥ z_j ; j = 1; : : : ; m; (3.5)

n∑ i=1 x_i = p; (3.6) 0 ≤ x_i ≤ 1; i = 1; : : : ; n; (3.7) 0 ≤ z_i ≤ 1; i = 1; : : : ; m: (3.8) Ďőłăęěň, çâő äãŋłæĺĺ F ĺ L ãďőćńěâćőàïîâ áćőľáâćăň (A) ĺ (B).

Śćőľáâćő (A) ćëŕőńŋïěâáï á łőŋáâăŋâőľ C = (1 − (1 − 1=k)^k), čďě k = max{|S_j| : j = 1; : : : ; m}; ďőłăğăâěńìáâćő őáŋőćëćăěâáï ŋă áńěďãîéěň ŋěàăćěŋáâćě (ć àăąőâě [77] ďőłăğëćăěâáï ąőńěě őąéěě ŋěàăćěŋáâćő):

1 −^{k∏}_{i=1}(1 − y_i) ≥ (1 − (1 − 1=k)^k) min

1;^{k∑}_{i=1} y_i

; (3.9)

ćěàŋőčő ďńï ćáěå 0 ≤ y_i ≤ 1, i = 1; : : : ; k. Ďőłăęěň ŋěàăćěŋáâćő (3.9). Ĺğ ŋěàăćěŋáâćă ő áàěďŋěň ăàĺäňěâĺçěáłőň ĺ áàěďŋěň čěőňěâàĺçěáłőň áńěďãěâ

1 −^{k∏}_{i=1}(1 − y_i) ≥ 1 − 1 − ∑k i=1 y_i k k ≥ 1 − 1 − min^{1;^{∑k}_{i=1} y_i^} k k

Ĺáŕőńìğãï ćëŕãłńőáâì äãŋłæĺĺ g(z) = 1 − (1 − z=k)^k ĺ äăłâë g(0) = 0; g(1) = 1 − (1 − 1=k)^k ŕőńãçăěň 1 − 1 − min^{1;^{∑k}_{i=1} y_i^} k k ≥ (1 − (1 − 1=k)^k) min

1;^{k∑}_{i=1} y_i : Ďńï ŕàőćěàłĺ áćőľáâćă (B) ğăňěâĺň, çâő ’("; x; i; j) ïćńïěâáï ćëŕãłńőľ äãŋłæĺěľ, ŕőâőňã çâő őŋă ïćńïěâáï łćăďàăâĺçŋëň ŕőńĺŋőňőň őâ ŕěàěňěŋŋőľ ", ĺňěîéĺň ŋěőâàĺæăâěńìŋëľ čńăćŋëľ łőíääĺæĺěŋâ ďńï łăęďőľ ŕăàë ĺŋďěłáőć i, j ĺ łăęďőčő x ∈ [0; 1]^n. Śńěďőćăâěńìŋő, łőŋłàěâĺğĺàãï őąéãî áåěňã, őŕĺáăŋŋãî ćő ććěďěŋĺĺ, ŕőńãçĺň ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ (1 − (1 − 1=k)^k) ďńï ğăďăçĺ ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ.

3.2 Ğăďăçă ő ňăłáĺňăńìŋőň àăğàěğě á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì

Ŕãáâì G ŋěőàĺěŋâĺàőćăŋŋëľ čàăä á ňŋőęěáâćőň ćěàèĺŋ V (G) = {1; : : : ; n}. Ŕőď àăğàěğőň čàăäă G ňë ąãďěň ŕőŋĺňăâì ňŋőęěáâćő àěąěà čàăäă G, łőâőàëě ĺňěîâ âőçŋő őďĺŋ łőŋěæ ć X ⊆ V (G). Őąőğŋăçĺň çěàěğ ‹(X) àăğàěğ, őŕàěďěńïěňëľ ňŋőęěáâćőň X. Ŕãáâì w_{ij} ŋěőâàĺæăâěńìŋëě ćěáă, ŋăğŋăçěŋŋëě ŋă àěąàă e = (i; j) čàăäă G. Ć ğăďăçě ő ňăłáĺňăńìŋőň àăğàěğě á ğăďăŋŋëňĺ ňőéŋőáâïňĺ çăáâěľ (MCGS) âàěąãěâáï ŋăľâĺ àăğàěğ ‹(X), ĺňěîéĺľ ňăłáĺňăńìŋëľ őąéĺľ ćěá àěąěà áàěďĺ ćáěå àăğàěğőć á |X| = p. Ďńï áŕěæĺăńìŋőčő áńãçăï, âăłęě ĺğćěáâŋőčő łăł MAX BISECTION PROBLEM, ŕàĺąńĺęěŋŋőě àěèěŋĺě, łőâőàőě őâńĺçăěâáï ŋě ąőńěě, çěň ć ďćă àăğă őâ őŕâĺňăńìŋőčő, ňőęěâ ąëâì ŋăľďěŋő ğă ŕőńĺŋőňĺăńìŋőě ćàěňï ŕàőáâëň ćěàőïâŋőáâŋëň ăńčőàĺâňőň. Őďŋăłő, ěáâěáâćěŋŋőě őąőąéěŋĺě ăńčőàĺâňă ŋă áńãçăľ á ŕàőĺğćőńìŋëň p ŋě ĺňěěâ łőŋáâăŋâŋőľ őæěŋłĺ âőçŋőáâĺ. Frieze ĺ Jerrum [75], ĺáŕőńìğãï àěńăłáăæĺî ŕőńãőŕàěďěńěŋŋëň ŕàőčàăňĺàőćăŋĺěň (semide˛nite programming), ďőłăğăńĺ, çâő ďńï MAX BISECTION PROBLEM áãéěáâćãěâ ŕőńĺŋőňĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ 0:65, ŋő ĺå âěåŋĺłă ŋě ŕőğćőńïěâ ŕőńãçăâì őąőąéěŋĺï ŋă áńãçăľ ŕàőĺğćőńìŋőčő p. Ţőâěńőáì ąë őâňěâĺâì, çâő ďńï ňĺŋĺňĺğăæĺőŋŋőľ ćěàáĺĺ ğăďăçĺ ő àăğąĺěŋĺĺ čàăäă (ĺńĺ GRAPH PARTITION PROBLEM) ŋěĺğćěáâŋő ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ, ă ńãçèĺľ ĺğćěáâŋëľ ăńčőàĺâň ĺňěěâ őæěŋłã âőçŋőáâĺ O(log^2 n) [105] (áňőâàĺ âăłęě őąğőà ŕő àăğńĺçŋëň âěåŋĺłăň ďńï ğăďăç ő àăğàěğăå [125]).

Ğăňěâĺň, çâő MCGS íłćĺćăńěŋâŋă ňăłáĺňĺğăæĺĺ áńěďãîéěľ łćăďàăâĺçŋőľ äãŋłæĺĺ:

F (x) =^∑_{i<j} w_{ij}(x_i + x_j − 2x_ix_j)

ŋăď ćáěňĺ ąãńěćëňĺ ćěłâőàăňĺ x á âőçŋő p ěďĺŋĺæăňĺ. Ğăňěâĺň, çâő äãŋłæĺï F ĺňěěâ áćőľáâćő (B) ŕő âőľ ęě áăňőľ ŕàĺçĺŋě, çâő äãŋłæĺï ĺğ ŕàěďëďãéěčő àăğďěńă.

Ťőàňãńĺàőćłă őæěŋőçŋőľ ğăďăçĺ ćëčńïďĺâ áńěďãîéĺň őąàăğőň, ňăłáĺňĺğĺàőćăâì

L(x) =^∑_{i<j} w_{ij} min{x_i + x_j ; 2 − x_i − x_j }

ŕàĺ ňőéŋőáâŋőň őčàăŋĺçěŋĺĺ^{∑n}_{i=1} x_i = p. Őçěćĺďŋő, çâő L(x) = F (x) ŋă ćáěå ćěłâőàăå x ∈ [0; 1]^n. Řăááňőâàĺň áńěďãîéãî ńĺŋěľŋãî ŕàőčàăňňã íłćĺćăńěŋâŋãî őæěŋőçŋőľ ğăďăçě:

max^∑_{i<j} w_{ij} z_{ij} ; (3.10)

z_{ij} ≤ x_i + x_j ; i < j; (3.11) z_{ij} ≤ 2 − x_i − x_j; i < j; (3.12) ∑ i∈V (G) x_i = p; (3.13) x_i; z_{ij} ∈ [0; 1]; i ∈ V (G): i < j: (3.14) Őąőğŋăçĺň çěàěğ x őŕâĺňăńìŋőě àěèěŋĺě ńĺŋěľŋőľ ŕàőčàăňňë (3.10){ (3.14). Ňë ãâćěàęďăěň, çâő F (x) ≥ 1=2L(x). Ďěľáâćĺâěńìŋő, âàěąãěâáï ŕàőćěàĺâì, çâő

x_i + x_j − 2x_ix_j ≥ 1=2 min{x_i + x_j ; 2 − x_i − x_j } (3.15)

ďńï ćáěå ŕăà ĺŋďěłáőć i; j á i < j. Ťĺłáĺàãěň ŋěłőâőàãî ŕăàã i < j ĺ ŕàěďŕőńőęĺň ćŋăçăńě, çâő a = x_i + x_j ≤ 1. Šőčďă ŋěàăćěŋáâćő (3.15) áńěďãěâ ĺğ äăłâă, çâő ňĺŋĺňãň ć ŕàăćőľ çăáâĺ (3.15) àăćěŋ a ĺ a − 2t(a − t) ≥ 1=2a ďńï ćáěå t. Śńãçăľ, łőčďă a = x_i + x_j > 1, àăááňăâàĺćăěâáï ăŋăńőčĺçŋő. Śńěďőćăâěńìŋő, ňë ďőłăğăńĺ áćőľáâćő (B) á C = 1=2 ĺ ŕőńãçĺńĺ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ 1/2 ďńï MCGS.

3.3 Ğăďăçă ő ňăłáĺňăńìŋőň ł-àăğàěğě á őčàăŋĺçěŋĺïňĺ ŋă ňőéŋőáâì

Ć íâőň àăğďěńě ňë ŕőłăęěň, łăł âěåŋĺłă \ŕěàěłăçłĺ", őŕĺáăŋŋăï ćő ććěďěŋĺĺ, ňőęěâ őąőąéăâìáï ďńï ŕàĺńőęěŋĺï ł ěáâěáâćěŋŋőňã őąőąéěŋĺî MCGS.

Ć ğăďăçě ő ňăłáĺňăńìŋőň k-àăğàěğě á ğăďăŋŋëňĺ ňőéŋőáâïňĺ çăáâěľ (k-MCGS) ğăďăŋ ŕőńŋëľ ŋěőàĺěŋâĺàőćăŋŋëľ čàăä G á ňŋőęěáâćőň ćěàèĺŋ V (G) = {1; : : : ; n}, ćěáăňĺ àěąěà w_{ij} ĺ ňŋőęěáâćőň ŋěőâàĺæăâěńìŋëå k æěńëå çĺáěń {p_1; : : : ; p_k}, âàěąãěâáï ŋăľâĺ àăğąĺěŋĺě

{P_1; : : : ; P_k} ňŋőęěáâćă ćěàèĺŋ V (G) á |P_t| = p_t ďńï łăęďőčő t, ňăłáĺňĺğĺàãîéěě äãŋłæĺî^∑_{r<s}^∑_{i∈Pr}^∑_{j∈Ps} w_{ij} . Ğăďăçă ňőęěâ ąëâì ŕěàěäőàňãńĺàőćăŋă łăł áńěďãîéăï ŋěńĺŋěľŋăï ğăďăçă ňăâěňăâĺçěáłőčő ŕàőčàăňĺàőćăŋĺï:

max F (x) =^∑_{i<j} w_{ij}(1 −^{k∑}_{t=1} x_{it}x_{jt}); (3.16) n∑ i=1 x_{it} = p_t; t = 1; : : : k; (3.17) k∑ t=1 x_{it} = 1; i ∈ V (G); (3.18) x_{it} ∈ {0; 1}; i ∈ V (G): (3.19) Ńěčłő ŕàőćěàĺâì, çâő x^∗_{it} ïćńïěâáï őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ (3.16){ (3.19) âőčďă ĺ âőńìłő âőčďă, łőčďă {P_1; : : : ; P_k} á P_t = {i : x_{it} = 1} ďńï łăęďőčő t, ïćńïěâáï őŕâĺňăńìŋëň àăğąĺěŋĺěň ć ğăďăçě k-MCGS.

Śäőàňãńĺàãěň őæěŋőçŋãî ğăďăçã

L(x) = 1=2^∑_{i<j} w_{ij}^{k∑}_{t=1} min{x_{it} + x_{jt}; 2 − x_{it} − x_{jt}}; n∑ i=1 x_{it} = p_t; t = 1; : : : k; k∑ t=1 x_{it} = 1; i ∈ V (G);

x_{it} ∈ [0; 1]; i ∈ V (G):

Řăááňőâàĺň áńěďãîéãî ğăďăçã ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï, íłćĺćăńěŋâŋãî őæěŋőçŋőľ ğăďăçě ĺ őąőąéăîéãî ŕàőčàăňňã (3.10){(3.14): max 1=2^∑_{i<j} w_{ij}^{k∑}_{t=1} z^t_{ij} ; (3.20) z^t_{ij} ≤ x_{it} + x_{jt}; i < j; t = 1; : : : ; k; (3.21) z^t_{ij} ≤ 2 − x_{it} − x_{jt}; i < j; t = 1; : : : ; k; (3.22) n∑ i=1 x_{it} = p_t; t = 1; : : : ; k; (3.23) k∑ t=1 x_{it} = 1; i ∈ V (G); (3.24) x_{it}; z^t_{ij} ∈ {0; 1}; i; j ∈ V (G); t = 1; : : : ; k: (3.25) Ňë ãâćěàęďăěň, çâő F (x) ≥ 1=2L(x) ďńï ćáěå ďőŕãáâĺňëå x = (x_{it}).

Ťĺłáĺàãěň ŕăàã ĺŋďěłáőć i ĺ j á i < j. Ďőáâăâőçŋő ŕőłăğăâì, çâő 1 −^{k∑}_{t=1} x_{it}x_{jt} ≥ 1=4^{k∑}_{t=1} min{x_{it} + x_{jt}; 2 − x_{it} − x_{jt}}: (3.26) Ďěľáâćĺâěńìŋő, ć ŕàěďëďãéěň àăğďěńě (áň. (3.15)) ďőłăğăŋő, çâő ďńï łăęďőčő t

x_{it} + x_{jt} − 2x_{it}x_{jt} ≥ 1=2 min{x_{it} + x_{jt}; 2 − x_{it} − x_{jt}}: (3.27) Śãňňĺàãï ćňěáâě (3.27) ŕő t őâ 1 ďő k ĺ ŕàĺŋĺňăï ćő ćŋĺňăŋĺě (3.24) ŕőńãçăěň, çâő

2 − 2^{k∑}_{t=1} x_{it}x_{jt} ≥ 1=2^{k∑}_{t=1} min{x_{it} + x_{jt}; 2 − x_{it} − x_{jt}}; çâő ćńěçěâ (3.26).

Ňë őŕĺèěň áěľçăá èăč \ŕěàěłăçłĺ". Őąőğŋăçĺň çěàěğ x őŕâĺňăńìŋőě àěèěŋĺě ńĺŋěľŋőľ àěńăłáăæĺĺ (3.20){(3.25) (âő ěáâì ňë ğăňěŋĺńĺ őčàăŋĺçěŋĺě (3.25) ŋă x_{jt}; z^t_{ij} ≥ 0). Őŕàěďěńĺň ďćãďőńìŋëľ čàăä H á ňŋőęěáâćăňĺ ćěàèĺŋ ({1; : : : ; n} ĺ {1; : : : ; k}) âăł, çâő (j; t) ∈ E(H) âőčďă ĺ âőńìłő âőčďă x_{jt} ďàőąŋăï. Ğăňěâĺň, çâő (3.23) ĺ (3.24) ćńěłãâ, çâő łăęďăï ćěàèĺŋă čàăäă H ńĺąő ĺğőńĺàőćăŋŋăï, ńĺąő ĺňěěâ áâěŕěŋì ŋě ňěŋìèě 2. Ŕàěďŕőńőęĺň, çâő x ĺňěěâ ďàőąŋëě łőňŕőŋěŋâë. Šăł łăł H ďćãďőńìŋëľ, âő H ĺňěěâ æĺłń C çěâŋőľ ďńĺŋë. Ŕãáâì M_1 ĺ M_2 ïćńïîâáï ŕăàőáőçěâăŋĺïňĺ ć H, ĺ ĺå őąêěďĺŋěŋĺě ďăěâ æĺłń C. Őŕàěďěńĺň ŋőćőě àěèěŋĺě x(") ŕő áńěďãîéěňã ŕàăćĺńã: ěáńĺ (j; t) ŋě àěąàő C, âőčďă x_{jt}(") áőćŕăďăěâ á x_{jt}, ĺŋăçě, x_{jt}(") = x_{jt} + " if (j; t) ∈ M_1, ĺ x_{jt}(") = x_{jt} − " if (j; t) ∈ M_2.

Ŕő őŕàěďěńěŋĺî x(") ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň àěńăłáăæĺĺ (3.20){(3.25) ďńï ćáěå " ∈ [−"_1; "_2], čďě "_1 = min{ min_{jt∈M1} x_{jt}; min_{jt∈M2} (1 − x_{jt})} ĺ "_2 = min{ min_{jt∈M1}(1 − x_{jt}); min_{jt∈M2} x_{jt}}:

Łàőňě âőčő, F (x(")) ïćńïěâáï łćăďàăâĺçŋëň ŕőńĺŋőňőň őâ ŕěàěňěŋŋőľ " á ŋěőâàĺæăâěńìŋëň čńăćŋëň łőíääĺæĺěŋâőň ĺ, áńěďőćăâěńìŋő, F (x("^∗)) ≥ F (x) ≥ 1=2L(x) ďńï ŋěłőâőàőčő "^∗ ∈ {−"_1; "_2}. Ŕőńãçěŋŋőě àěèěŋĺě x("^∗)ïćńïěâáï ďőŕãáâĺňëň ďńï ńĺŋěľŋőľ àěńăłáăæĺĺ (3.20){(3.25) ĺ ĺňěěâ ňěŋìèěě çĺáńő ďàőąŋëå łőňŕőŋěŋâőć.

Şáâăŋăćńĺćăěň x^′ = x("^∗) ĺ, ěáńĺ x^′ ĺňěěâ ďàőąŋëě łőňŕőŋěŋâë, ŕőćâőàïěň á x^′ őŕĺáăŋŋëľ ćëèě èăč ‘ŕěàěłăçłĺ" ĺ âăł ďăńěě. Ŕőáńě, áăňőě ąőńìèěě, nk èăčőć, ňë ŕőńãçĺň àěèěŋĺě ~x, łőâőàőě ïćńïěâáï ďőŕãáâĺňëň ďńï (3.16){(3.19) ĺ ãďőćńěâćőàïěâ F (~x) ≥ 1=2L(x) ≥ 1=2F^∗;

čďě F^∗ { íâő őŕâĺňăńìŋőě ğŋăçěŋĺě (3.16){(3.19) (ĺ ŕěàćőŋăçăńìŋőčő ŕàĺňěàă ğăďăçĺ k-MCGS). Śńěďőćăâěńìŋő, ňë ŕőńãçĺńĺ ŕőńĺŋőňĺăńìŋëľ 1/2-ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï k-MCGS. Šăłĺň őąàăğőň, ćěàŋő áńěďãîéěě ãâćěàęďěŋĺě.

Šěőàěňă 8 Śãéěáâćãěâ ŕőńĺŋőňĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň

ďńï ğăďăçĺ k − MCGS á őæěŋłőľ âőçŋőáâĺ 1/2.

3.4 Ğăďăçă ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ á àăŋæěćëň őčàăŋĺçěŋĺěň

Ć ŋăáâőïéěň ŕăàăčàăäě ňë ŕőłăęěň, çâő âěåŋĺłă \ŕěàěłăçłĺ" ćňěáâě á âěåŋĺłőľ çăáâĺçŋőčő ŕěàěąőàă, ŕàěďńőęěŋŋőľ Khuller, Moss ĺ Naor [102], ňőęěâ àăąőâăâì ďăęě ć áńãçăě àăŋæěćőčő őčàăŋĺçěŋĺï. Ňë ŕőáâàőĺň ŕőńĺŋőňĺăńìŋëľ 1 − (1 − 1=k)^k-ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï áńěďãîéěčő őąőąéěŋĺï ğăďăçĺ ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ, čďě k ïćńïěâáï àăğňěàőň ňăłáĺňăńìŋőčő ňŋőęěáâćă ć ĺŋďĺćĺďãăńìŋőľ ğăďăçě. Ğăďăçă ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ á àăŋæěćëň őčàăŋĺçěŋĺěň (MCPK) őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň: ďăŋő áěňěľáâćő F = {S_j : j = 1; : : : ; m} ŕőďňŋőęěáâć ňŋőęěáâćă I = {1; : : : ; n} á áőőâćěâáâćãîéĺňĺ ćěáăňĺ w_j, áâőĺňőáâïňĺ c_j ĺ ŕőńőęĺâěńìŋëň æěńëň B. Šàěąãěâáï ŋăľâĺ ŕőďňŋőęěáâćő X ⊆ I á^∑_{j∈X} c_j ≤ B âăł, çâőąë ňăłáĺňĺğĺàőćăâì áãňňăàŋëľ ćěá ňŋőęěáâć ć F, ĺňěîéĺå ŋěŕãáâëě ŕěàěáěçěŋĺï á X. Ŕãáâì J = {1; : : : ; m}. Őąőąéăï (3.4){(3.8), ňë ŕěàěŕĺáëćăěň MCPK łăł áńěďãîéãî ğăďăçã æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï:

max^{m∑}_{j=1} w_jz_j (3.28) ŕàĺ őčàăŋĺçěŋĺïå ∑ i∈S_j x_i ≥ z_j ; j = 1; : : : ; m; (3.29) n∑ i=1 c_ix_i ≤ B; (3.30) x_i; z_j ∈ [0; 1]; i ∈ I; j ∈ J; (3.31) x_i ∈ {0; 1}; i ∈ I: (3.32) Ğăňěâĺň, çâő ňë ňőęěň ĺáłńîçĺâì ŕěàěňěŋŋëě z_j , ŕěàěŕĺáëćăï (3.28){ (3.32) ć ćĺďě áńěďãîéěľ íłćĺćăńěŋâŋőľ ŋěńĺŋěľŋőľ ŕàőčàăňňë: max F (x) =^{m∑}_{j=1} w_j(1 −^∏_{i∈Sj}(1 − x_i)) (3.33) ŕàĺ őčàăŋĺçěŋĺïå (3.30){(3.32).

Ŕãáâì k = max{|S_j| : j ∈ 1; : : : ; m}. Őąőğŋăçĺň çěàěğ (x^∗; z^∗) őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (3.28){(3.32) ĺ çěàěğ X^∗ = {i : x^∗_i = 1}.

Ŕàěďŕőńőęĺň, çâő |X^∗| > 4 ( ĺŋăçě ňë ňőęěň ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě ŕőńŋëň ŕěàěąőàőň ćáěå ňŋőęěáâć á ňőéŋőáâìî ŋě ąőńìèě 4).

Ŋăè ăńčőàĺâň ŕěàěąĺàăěâ ćáě ŕőďňŋőęěáâćă S ⊂ I âăłĺě, çâő |S| = 4 ĺ àěèăěâ ńĺŋěľŋëě ŕàőčàăňňë (3.28){(3.31) áő áńěďãîéĺňĺ ďőŕőńŋĺâěńìŋëňĺ őčàăŋĺçěŋĺïňĺ: x_i = 1; i ∈ S: (3.34)

Ğăäĺłáĺàãěň ňŋőęěáâćő S ⊂ I âăłőě, çâő |S| = 4. Ŕãáâì J_S = {j : S_j ∩ S ≠ ∅}.

Őąőğŋăçĺň çěàěğ (x^∗(S); z^∗(S)) őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï (3.28){(3.32), (3.34) ĺ çěàěğ (x(S); z(S)) őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (3.28){(3.31), (3.34). Ňë ãâćěàęďăěň, çâő ∑ j∈J w_jz_j (S) ≥^∑_{j∈JS} w_jz_j (S) + [1 − (1 − 1=k)^k]^∑_{j∈J\JS} w_jz_j : (3.35)

Ďőłăğăâěńìáâćő áńěďãěâ ĺğ áńěďãîéěčő ŋěàăćěŋáâćă: ∑ j∈J w_jz_j (S) ≥^∑_{j∈J} w_j z^∗_j (S)

≥^∑_{j∈J} w_j (1 −^∏_{i∈Sj} (1 − x_i(S))) ≥^∑_{j∈J} S w_jz_j (S) + [1 − (1 − 1=k)^k]^∑_{j∈J\JS} w_j z_j:

Ěáńĺ ćáě łőňŕőŋěŋâë x(S) = (x_i(S)) ïćńïîâáï æěńőçĺáńěŋŋëňĺ, âő ňë ŕőńãçĺň ďőŕãáâĺňőě àěèěŋĺě (3.28){(3.32). Ŕőíâőňã ąãďěň ŕàěďŕőńăčăâì, çâő x(S) ĺňěěâ ďàőąŋëě łőňŕőŋěŋâë. Ňë őŕĺèěň áěľçăá ŕàőæěďãàã ’ŕěàěłăçłĺ’, łőâőàăï âàăŋáäőàňĺàãěâ x(S) ć ďàãčőě ďőŕãáâĺňőě àěèěŋĺě ~x(S) ğăďăçĺ (3.28){(3.31), (3.34) áő áćőľáâćőň, ŕàĺ łőâőàőň, áăňőě ąőńìèěě, őďŋă łőňŕőŋěŋâă ~x(S) ïćńïěâáï ďàőąŋőľ. Ŕãáâì i ĺ l { âăłĺě ĺŋďěłáë, çâő 0 < x_i(S) < 1 ĺ 0 < x_l(S) < 1. Ŕőńőęĺň x_k(S; ") = x_k(S), ěáńĺ k ≠ i; l; x_k(S; ") = x_k(S) + ", ěáńĺ k = i ĺ x_k(S; ") = x_k(S) − "c_i=c_l, ěáńĺ k = l.

Ŕő ŕőáâàőěŋĺî x(S; ") ïćńïěâáï ďőŕãáâĺňëň ďńï ğăďăçĺ (3.28){(3.31),

(3.34) ďńï ćáěå

" ∈ [− min{x_i; (1 − x_l) c_l c_i

}; min{1 − x_i; x_l c_l c_i }]: Ğăňěâĺň, çâő F (x(S; ")) ïćńïěâáï łćăďàăâĺçŋëň ŕőńĺŋőňőň őâ ŕěàěňěŋŋőľ " á ŋěőâàĺæăâěńìŋëň čńăćŋëň łőíääĺæĺěŋâőň ĺ, ŕőíâőňã F (x(S; "^∗)) ≥ F (x(S)), čďě "^∗ | íâő łőŋæěćăï âőçłă ĺŋâěàćăńă. Ŕőńőęĺň x^′(S) = x(S; ") ĺ ğăňěâĺň, çâő x^′(S) ĺňěěâ ňěŋìèěě çĺáńő ďàőąŋëå łőňŕőŋěŋâ, çěň x(S). Ěáńĺ x^′(S) ĺňěěâ, ŕő ňěŋìèěľ ňěàě, ďćě ďàőąŋëå łőňŕőŋěŋâë, ňë ŕőćâőàïěň őŕĺáăŋŋëľ èăč ’ŕěàěłăçłĺ’. Ŕőáńě, áăňőě ąőńìèěě, n èăčőć ŕàőæěďãàă ćëďăěâ ďőŕãáâĺňőě àěèěŋĺě ~x(S), ĺňěîéěě, áăňőě ąőńìèěě, őďŋã ďàőąŋãî łőňŕőŋěŋâã ĺ F (~x(S)) ≥ F (x(S)).

Őąőğŋăçĺň çěàěğ t_1 ĺŋďěłá ěďĺŋáâćěŋŋőľ ďàőąŋőľ łőňŕőŋěŋâë ć àěèěŋĺĺ ~x(S). Ŕőńőęĺň x^1_i (S) = ~x_i(S) ďńï ćáěå i ≠ t_1 ĺ x^1_{t1} (S) = 0. Ğăňěâĺň, çâő x^1(S) ïćńïěâáï ďőŕãáâĺňëň ďńï (3.28){(3.32), (3.34).

Ŕőćâőàïï őŕĺáăŋŋãî ćëèě ŕàőæěďãàã ł ńĺŋěľŋőľ ŕàőčàăňňě, (3.28){ (3.31), (3.34) á ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň

x_{t1} = 0: (c1)

Őąőğŋăçĺň çěàěğ ~x^2(S) ďőŕãáâĺňőě àěèěŋĺě íâőľ ŕàőčàăňňë, á áăňőě ąőńìèěě, őďŋőľ ďàőąŋőľ łőňŕőŋěŋâőľ. Ěáńĺ ćěłâőà ~x^2(S) ąãńěćëľ, âő őáâăŋăćńĺćăěň ŕàőæěáá ĺ ŕőńăčăěň x^2(S) = ~x^2(S). Ĺŋăçě, ěáńĺ t_2 ïćńïěâáï ĺŋďěłáőň ďàőąŋőľ łőňŕőŋěŋâë, ŕőńăčăěň x^2_i (S) = ~x^2_i (S) ďńï ćáěå i ≠ t_2 ĺ x^2_{t2} (S) = 0 ĺ ďőąăćńïěň őčàăŋĺçěŋĺě

x_{t2} = 0 (c_2) ł ńĺŋěľŋőľ ŕàőčàăňňě (3.28){(3.31), (3.34), (c_1). Ŕőćâőàïěň íâőâ ŕàőæěáá, ŕőłă ŋě ŕőńãçĺň ŋăąőà æěńőçĺáńěŋŋëå ćěłâőàőć x^1(S); : : : ; x^q(S) (q ≤ n), łăęďëľ ĺğ łőâőàëå ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ (3.28){(3.32). Őąőğŋăçĺň çěàěğ y(S) ćěłâőà ĺğ íâőčő ŋăąőàă, ďăîéĺľ ňăłáĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ (3.28). Ăńčőàĺâň ćëćőďĺâ ćěłâőà x, ďăîéĺľ ňăłáĺňăńìŋőě ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ (3.28) áàěďĺ ćáěå ćěłâőàőć y(S), čďě S ïćńïěâáï 4-íńěňěŋâŋëň ŕőďňŋőęěáâćőň I. Ŕàőăŋăńĺğĺàãěň őæěŋłã âőçŋőáâĺ őŕĺáăŋŋőčő ăńčőàĺâňă. Ŕãáâì r = |X^∗|. Ňë ňőęěň ŕàěďŕőńăčăâì, çâő ňŋőęěáâćő I ãŕőàïďőçěŋŋő âăłĺň áŕőáőąőň, çâő X^∗ = {1; : : : ; r} ĺ çâő ďńï łăęďőčő i ∈ X^∗ íńěňěŋâ i ŕőłàëćăěâ ňŋőęěáâćă ć F, ŋěŕőłàëâëě íńěňěŋâăňĺ 1; : : : ; i − 1, ňăłáĺňăńìŋőčő őąéěčő ćěáă áàěďĺ ćáěå j ∈ X^∗ \ {1; : : : ; i − 1}.

Řăááňőâàĺň áńãçăľ, łőčďă S = {1; 2; 3; 4}. Ćáŕőňŋĺň, çâő ăńčőàĺâň ŋăåőďĺâ ňŋőęěáâćő x^1(S); : : : ; x^q(S) æěńőçĺáńěŋŋëå ďőŕãáâĺňëå àěèěŋĺľ ğăďăç, ŕőńãçěŋŋëå ĺğ ŕěàćőŋăçăńìŋőľ ğăďăçĺ ŕőáńěďőćăâěńìŋëň ďőąăćńěŋĺěň őčàăŋĺçěŋĺï x_{ti} = 0 ďńï ŋěłőâàëå ĺŋďěłáőć t_1; t_2; : : : ; t_q. Ŕàěďŕőńőęĺň ćŋăçăńě, çâő {t_1; t_2; : : : ; t_q} ∩ X^∗ = ∅. Šőčďă ďńï łăęďőčő s = 1; : : : ; q, (x^∗; z^∗) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (3.28){(3.31), (3.34), (c_1){(c_s). Ĺáŕőńìğãï ăàčãňěŋâ ăŋăńőčĺçŋëľ ăàčãňěŋâã ĺğ čńăćë 2 (ãáńőćĺï A ĺ B ĺ ďőŕãáâĺňőáâì àěèěŋĺï ŋă łăęďőň èăčě ŕěàěłăçłĺ), ŕőńãçăěň, çâő x^q(S) ïćńïěâáï (1 − (1 − 1=k)^k)-ŕàĺąńĺęěŋŋëň àěèěŋĺěň ğăďăçĺ (3.28){(3.32).

Ŕàěďŕőńőęĺň, çâő t_s ∈ X^∗ ďńï ŋěłőâőàőčő s. Ďńï ŕàőáâőâë àăááňőâàĺň áńãçăľ, łőčďă s = 1. Šőčďă ňë ãâćěàęďăěň, çâő F (x^1(S)) ≥ (1 − (1 − 1=k)^k)F^∗, čďě F^∗ {íâő őŕâĺňăńìŋőě ğŋăçěŋĺě (3.28){(3.32).

Ďěľáâćĺâěńìŋő, äãŋłæĺï F ňőęěâ àăááňăâàĺćăâìáï łăł äãŋłæĺï ňŋőęěáâćă F(X), őŕàěďěńěŋŋăï ŋă ćáěå ŕőďňŋőęěáâćăå X ⊆ I. Ţőàőèő ĺğćěáâŋő, çâő F (X) ïćńïěâáï áãąňőďãńïàŋőľ, â.ě. őąńăďăěâ áńěďãîéĺň áćőľáâćőň

F (X ∪ {i}) − F (X) ≥ F (X ∪ Y ∪ {i}) − F (X ∪ Y ) ďńï ćáěå X; Y ⊆ I ĺ i ∈ I. Ňë áěľçăá ćëćěďěň ĺğ íâőčő äăłâă âő, çâő ěáńĺ Y ⊇ {1; 2; 3; 4}, âőčďă 1=4F ({1; 2; 3; 4}) ≥ F (Y ∪ {t}) − F (Y ): (3.36) Ďěľáâćĺâěńìŋő,

1=4F ({1; 2; 3; 4}) = 1=4(F ({1; 2; 3; 4}) − F ({1; 2; 3}) + F ({1; 2; 3}) − F ({1; 2}) + F ({1; 2}) − F ({1}) + F ({1}) − F (∅)) ≥ 4=4(F (Y ∪ {t}) − F (Y )):

Ŕőńăčăěň Y = {i : ~x(S) = 1}. Ŕő (3.35) ĺ (3.36) ňë ĺňěěň F (x^1(S)) = F (Y )

= F (Y ∪ {t}) − (F (Y ∪ {t}) − F (Y )) ≥^∑_{j∈JS} w_j z_j(S) + (1 − (1 − 1=k)^k)^∑_{j∈J\J} S w_jz_j (S) − 1=4F ({1; 2; 3; 4})

= 3=4^∑_{j∈JS} w_jz_j (S) + (1 − (1 − 1=k)^k)^∑_{j∈J\JS} w_jz_j (S) ≥ (1 − (1 − 1=k)^k)^∑_{j∈J} w_jz_j (S) ≥ (1 − (1 − 1=k)^k)F^∗:

Őąéĺľ áńãçăľ á ŕàőĺğćőńìŋëň s ∈ {1; : : : ; q} àăááňăâàĺćăěâáï ăŋăńőčĺçŋő. Šăłĺň őąàăğőň, ćěàŋő áńěďãîéěě ãâćěàęďěŋĺě. Šěőàěňă 9 Śãéěáâćãěâ ŕőńĺŋőňĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň

ďńï ğăďăçĺ MCP K á őæěŋłőľ âőçŋőáâĺ 1 − (1 − 1=k)^k.

Čńăćă 4 Ğăďăçă ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì

Ććěďěŋĺě

Ěáâěáâćěŋŋëň őąőąéěŋĺěň ğăďăçĺ ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ ïćńïěâáï ğăďăçă ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì.

Ć ğăďăçě ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň (MAX SAT) ğăďăŋő łőŋěçŋőě ňŋőęěáâćő C ąãńěćëå ďĺğêîŋłæĺľ. Łăęďăï ďĺğêîŋłæĺï áőáâőĺâ ĺğ ńĺâěàăńőć, čďě ńĺâěàăń ńĺąő ŕěàěňěŋŋăï x, ćğïâăï ĺğ ňŋőęěáâćă ŕěàěňěŋŋëå {x_1; : : : ; x_n}, ńĺąő ěě őâàĺæăŋĺě —x. Ďńï łăęďőľ ďĺğêîŋłæĺĺ C_j ∈ C ğăďăŋ ěě ćěá w_j ≥ 0. Őŕâĺňăńìŋëň àěèěŋĺěň ğăďăçĺ MAX SAT ïćńïěâáï âăłőě ŋăğŋăçěŋĺě ŕěàěňěŋŋëň x_1; : : : ; x_n ğŋăçěŋĺľ ’ĹŚŠĹŊĂ’ ĺńĺ ’ŃŐĘĲ’, łőâőàőě ňăłáĺňĺğĺàãěâ ćěá ćëŕőńŋěŋŋëå ďĺğêîŋłæĺľ.

Ďĺğêîŋłæĺï áçĺâăěâáï ćëŕőńŋěŋŋőľ, ěáńĺ áőďěàęĺâ åőâï ąë őďĺŋ ĺáâĺŋŋëľ ńĺâěàăń.

Ğăďăçă MAX SAT ïćńïěâáï őďŋőľ ĺğ æěŋâàăńìŋëå ğăďăç ć łőňąĺŋăâőàŋőľ őŕâĺňĺğăæĺĺ ( áň. ŋăŕàĺňěà [95]). Ŕěàćëľ ŋěâàĺćĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ěě àěèěŋĺï ąëń ŕàěďńőęěŋ Yannakakis [133] ĺ ĺňěěâ őæěŋłã âőçŋőáâĺ 3/4. Ł ŋăáâőïéěňã ćàěňěŋĺ ŋăĺńãçèĺľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ MAX SAT ĺňěěâ őæěŋłã âőçŋőáâĺ ŕàĺňěàŋő àăćŋãî 0.77 [47]. Ć [84] ŕőłăğăŋő, çâő MAX E3SAT (çăáâŋëľ áńãçăľ ğăďăçĺ MAX SAT, ć łőâőàőň łăęďăï ďĺğêîŋłæĺï ĺňěěâ àőćŋő âàĺ ńĺâěàăńă), ŋě ĺňěěâ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á őæěŋłőľ âőçŋőáâĺ ńãçèě çěň 7/8 ŕàĺ ãáńőćĺĺ, çâő P ≠ NP . Ăńčőàĺâň á âăłőľ őæěŋłőľ ŕőáâàőěŋ ć [97] ďńï ğăďăçĺ MAX 3SAT (łăęďăï ďĺğêîŋłæĺï ĺňěěâ ŋě ąőńěě âàěå ńĺâěàăńőć). Šăłĺň őąàăğőň, ĺňěěâáï àăğàëć ňěęďã ŕőńőęĺâěńìŋëňĺ ĺ őâàĺæăâěńìŋëňĺ àěğãńìâăâăňĺ, ãáâăŋăćńĺćăîéĺňĺ őæěŋłĺ âőçŋőáâĺ ăńčőàĺâňőć ďńï ğăďăçĺ MAX SAT. Ĺňěěâáï, åőâï ĺ ğŋăçĺâěńìŋő ňěŋìèĺľ, àăğàëć ĺ ďńï çăáâŋőčő áńãçăï íâőľ ğăďăçĺ { MAX 2SAT (łăęďăï ďĺğêîŋłæĺï ĺňěěâ ŋě ąőńěě ďćãå ńĺâěàăńőć).

Ć [84] ŕőłăğăŋő, çâő ďńï íâőľ ğăďăçĺ ŋě áãéěáâćãěâ ăńčőàĺâňă á őæěŋłő ńãçèě çěň 21/22 ŕàĺ ãáńőćĺĺ, çâő P ≠ NP , ă ć [69] ŕőáâàőěŋ ăńčőàĺâň á őæěŋłőľ 0,931.

Ć ŋăáâőïéěľ čńăćě àăááňăâàĺćăěâáï ğăďăçă MAX SAT á őčàăŋĺçěŋĺěň ŋă çĺáńő ŕěàěňěŋŋëå, łőâőàëě ňőčãâ ŕàĺŋĺňăâì ğŋăçěŋĺě ’ĹŚ- ŠĹŊĂ’. Ĺå çĺáńő ŋě ďőńęŋő ŕàěćëèăâì p. Šăłãî ğăďăçã ąãďěň őąőğŋăçăâì CC-MAX SAT. Ĺğćěáâŋő, çâő ďńï çăáâŋőčő áńãçăï íâőľ ğăďăçĺ, ć łőâőàőľ ďĺğêîŋłæĺĺ ŋě áőďěàęăâ őâàĺæăŋĺľ, ŋě áãéěáâćãěâ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á őæěŋłőľ âőçŋőáâĺ ńãçèě, çěň 1 − e^{−1} ŕàĺ ãáńőćĺĺ, çâő P ≠ NP [68]. Ďńï ďàãčőčő çăáâŋőčő áńãçăï íâőľ ğăďăçĺ ŕőáâàőěŋă ăŕŕàőłáĺňăæĺőŋŋăï áåěňă [100]. Ć ŋăáâőïéěľ čńăćě ďńï ğăďăçĺ CC-MAX SAT ŕàěďńăčăěâáï ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 1 − e^{−1}, łőâőàăï á ãçěâőň áłăğăŋŋőčő ćëèě ïćńïěâáï ŋăĺńãçèěľ ćőğňőęŋőľ. Ăńčőàĺâň ŕőáâàőěŋ á ĺáŕőńìğőćăŋĺěň âěåŋĺłĺ ćěàőïâŋőáâŋőčő őłàãčńěŋĺï àěèěŋĺï ńĺŋěľŋőľ àěńăłáăæĺĺ. Ğăňěâĺň, çâő ďńï ğăďăçĺ ćëŕőńŋĺňőáâĺ ąěğ őčàăŋĺçěŋĺï ŋă ňőéŋőáâì ńãçèĺě ĺğćěáâŋëě àěğãńìâăâë (áň. [69, 78, 97]) ŕőńãçěŋë ŕàĺ ĺáŕőńìğőćăŋĺĺ ďàãčĺå àěńăłáăæĺľ.

4.1 Ńĺŋěľŋăï àěńăłáăæĺï ĺ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň

Řăááňőâàĺň áńěďãîéãî ğăďăçã æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï:

max^∑_{Cj∈C} w_j z_j; (4.1) ∑ i∈I^+_j y_i +^∑_{i∈I−} j (1 − y_i) ≥ z_j; C_j ∈ C; (4.2) n∑ i=1 y_i ≤ P; (4.3) 0 ≤ z_j ≤ 1; C_j ∈ C; (4.4) y_i ∈ {0; 1}; i = 1; : : : ; n; (4.5) čďě I^+_j (áőőâćěâáâćěŋŋő, I^−_j ) őąőğŋăçăěâ ňŋőęěáâćő ŕěàěňěŋŋëå ć ďĺğêîŋłæĺĺ C_j , łőâőàëě ćåőďïâ ć ŋěě ąěğ őâàĺæăŋĺľ (áőőâćěâáâćěŋŋő, á őâàĺæăŋĺïňĺ). Ŕőńăčăï y_i = 1, ěáńĺ x_i ĺňěěâ ğŋăçěŋĺě ’ĹŚŠĹŊĂ’ ĺ y_i = 0, ěáńĺ x_i ĺňěěâ ğŋăçěŋĺě ’ŃŐĘĲ’, z_j = 1, ěáńĺ ďĺğêîŋłæĺï C_j ćëŕőńŋïěâáï ĺ z_j = 0, ěáńĺ ďĺğêîŋłæĺï C_j ŋě ćëŕőńŋïěâáï, ňë ŕőńãçăěň, çâő ńîąőě ďőŕãáâĺňőě àěèěŋĺě ŕàőčàăňňë (4.1)-(4.5) áőőâćěâáâćãěâ ďőŕãáâĺňőňã àěèěŋĺî ğăďăçĺ CC-MAX SAT. Śåőęăï ğăďăçă æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï ĺáŕőńìğőćăńăáì Goemans ĺ Williamson [77] ďńï ŕőáâàőěŋĺï ŕàĺąńĺęěŋŋëå ăńčőàĺâňőć ďńï ğăďăçĺ MAX SAT.

Ŕãáâì M ≥ 1 ŋěłőâőàăï łőŋáâăŋâă, łőâőàăï ąãďěâ őŕàěďěńěŋă ć áńěďãîéěň àăğďěńě. Řăááňőâàĺň ğăďăçã (4.1)-(4.5) á ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň^{∑n}_{i=1} y_i ≤ M. Ňë ňőęěň ŋăľâĺ őŕâĺňăńìŋőě àěèěŋĺě (y_1; z_1) íâőľ ğăďăçĺ ğă ŕőńĺŋőňĺăńìŋőě ćàěňï ŕőńŋëň ŕěàěąőàőň. Řăááňőâàĺň ğăďăçã (4.1)-(4.5) á ďàãčĺň ďőŕőńŋĺâěńìŋëň őčàăŋĺçěŋĺěň^{∑n}_{i=1} y_i ≥ M. Ŕãáâì (y_2; z_2) { íâő ¸-ŕàĺąńĺęěŋŋőě àěèěŋĺě íâőľ ğăďăçĺ. Őçěćĺďŋő, çâő ńãçèěě ĺğ íâĺå ďćãå àěèěŋĺľ ïćńïěâáï ¸-ŕàĺąńĺęěŋŋëň àěèěŋĺěň ğăďăçĺ CC-MAX SAT. Śńěďőćăâěńìŋő, ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęŋő àăááňăâàĺćăâì ğăďăçã (4.1)-(4.5) á őčàăŋĺçěŋĺěň^{∑n}_{i=1} y_i ≥ M.

Ďńï t = M; : : : ; P àăááňőâàĺň ńĺŋěľŋëě ŕàőčàăňňë LP_t, ŕőńãçěŋŋëě ğăňěŋőľ őčàăŋĺçěŋĺľ y_i ∈ {0; 1} ŋă őčàăŋĺçěŋĺï 0 ≤ y_i ≤ 1 ĺ ğăňěŋőľ (4.3) ŋă őčàăŋĺçěŋĺě n∑ i=1 y_i = t: (4.6)

Őąőğŋăçĺň çěàěğ F^∗_t ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă őŕâĺňăńìŋőň àěèěŋĺĺ LP_t. Ůěàěğ k őąőğŋăçĺň ĺŋďěłá âăłőľ, çâő F^∗_k = max_{M ≤t≤n} F^∗_t .

Šăł łăł ńîąőě ďőŕãáâĺňőě àěèěŋĺě ğăďăçĺ (4.1)-(4.5) á őčàăŋĺçěŋĺěň^{∑n}_{i=1} y_i ≥ M ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň LP_t ďńï ŋěłőâőàőčő t, ňë ŕőńãçăěň, çâő F^∗_k ïćńïěâáï ćěàåŋěľ őæěŋłőľ ďńï íâőľ ğăďăçĺ. Śěľçăá ňë őŕĺèěň ćěàőïâŋőáâŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ CC-MAX SAT.

Őŕĺáăŋĺě ăńčőàĺâňă 1. Řěèĺň ńĺŋěľŋëě ŕàőčàăňňë LP_t ďńï ćáěå t = M; : : : ; P . Ŕãáâì (y^∗; z^∗) | íâő őŕâĺňăńìŋőě àěèěŋĺě LP_k.

2. Ćâőàăï çăáâì ăńčőàĺâňă áőáâőĺâ ĺğ k ŋěğăćĺáĺňëå èăčőć. Ŋă łăęďőň èăčě ăńčőàĺâň ćëąĺàăěâ ĺŋďěłá i ĺğ ňŋőęěáâćă {1; : : : ; n} áńãçăľŋëň őąàăğőň á ćěàőïâŋőáâìî P_i =^{y∗i}_k . Őąőğŋăçĺň çěàěğ S ňŋőęěáâćő ćëąàăŋŋëå ĺŋďěłáőć. Ğăňěâĺň, çâő P ≥ k ≥ |S|. Ŕőńăčăěň x_i = 1, ěáńĺ i ∈ S ĺ x_i = 0 ć ŕàőâĺćŋőň áńãçăě.

Őłőŋçăâěńìŋő ăńčőàĺâň áőáâőĺâ ĺğ ďćãå èăčőć. Ŕěàćëľ èăč { íâő àěèěŋĺě ńĺŋěľŋëå ŕàőčàăňň LP_t ďńï ćáěå t = M; : : : ; P . Ňë ňőęěň áďěńăâì íâő, ĺáŕőńìğãï ńîąőľ ĺğ ĺğćěáâŋëå ŕőńĺŋőňĺăńìŋëå ăńčőàĺâňőć ďńï àěèěŋĺï ğăďăç ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï (ŋăŕàĺňěà [32, 98]). Ćâőàőľ èăč { íâő ďěàăŋďőňĺğăæĺï ćěàőïâŋőáâŋőľ çăáâĺ őŕĺáăŋŋőčő ăńčőàĺâňă. Ňë ŕőłăęěň ć àăğďěńě 4.4, çâő ďěàăŋďőňĺğăæĺï ňőęěâ ąëâì áďěńăŋă ğă ŕőńĺŋőňĺăńìŋőě ćàěňï. Ć áńěďãîéěň àăğďěńě ňë őæěŋĺň ňăâěňăâĺçěáłőľ őęĺďăŋĺě ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ ŋă őłàãčńěŋŋőň àěèěŋĺĺ.

4.2 Ăŋăńĺğ ăńčőàĺâňă

4.2.1 Šěåŋĺçěáłĺě ńěňňë Ć ŋăáâőïéěň ŕőďàăğďěńě ňë ďőłăęěň ŋěłőâőàëě âěåŋĺçěáłĺě ńěňňë. Ńěňňă 5 Ćěàőïâŋőáâì âőčő, çâő ŕàőĺğőľďěâ åőâï ąë őďŋő ĺğ áő-

ąëâĺľ A_1; : : : ; A_n őŕàěďěńïěâáï ŕő äőàňãńě

P r(A_1 ∪ : : : ∪ A_n) =^∑_{1≤i≤n} P r(A_i) −^∑_{1≤i1<i2≤n} P r(A_{i1} ∩ A_{i2} ) + : : :

+(−1)^{t−1 ∑}_{1≤i1<...<it≤n} P r(A_{i1} ∩ : : : ∩ A_{it}) + : : : Ďőłăğăâěńìáâćő. Cňőâàĺ ć [71], čń.1, àăğďěń 4.

Ńěňňă 6 Ćěàőïâŋőáâì âőčő, çâő ŕàőĺğőľďěâ åőâï ąë őďŋő ĺğ áő-

ąëâĺľ B; A_1; : : : ; A_n őŕàěďěńïěâáï ŕő äőàňãńě

P r(B ∪ A_1 ∪ : : : ∪ A_n) = P r(B) +^∑_{1≤i≤n} P r( —B ∩ A_i)− −^∑ 1≤i_1<i_2≤n P r( —B ∩ A_{i1} ∩ A_{i2} ) + : : :

+(−1)^{t−1 ∑}_{1≤i1<...<it≤n} P r( —B ∩ A_{i1} ∩ : : : ∩ A_{it} ) + : : :

Ďőłăğăâěńìáâćő. Şâćěàęďěŋĺě áńěďãěâ ĺğ ńěňňë 5 ĺ äăłâőć P r(B ∪ A_1 ∪ : : : ∪ A_n) = P r(B) + P r( —B ∩ (A_1 ∪ : : : ∪ A_n)) = P r(B) + P r(( —B ∩ A_1) ∪ : : : ∪ ( —B ∩ A_n)):

Ńěňňă 7 Ŋěàăćěŋáâćă 1 − e^{−y} ≤ e^{−1+y} ; 1 − e^{−4/k}e^{−y} ≤ e^{−1+y} − f(k); 1 − e^{−4/k}e^{−y} − e^{−4/k}e^{−x} + e^{−x−y} ≤ e^{−2+x+y} ćëŕőńŋïîâáï ďńï ćáěå y; x ∈ [0; 1], k ≥ M, čďě M ďőáâăâőçŋő ąőńìèăï łőŋáâăŋâă, ŋě ğăćĺáïéăï őâ x; y ĺ lim_{k→+∞} f(k) = 0.

Ďőłăğăâěńìáâćő. Ŕãáâì x = e^y, âőčďă ŕěàćőě ŋěàăćěŋáâćő íłćĺćăńěŋâŋő x^2 − ex + e ≥ 0. Šăł łăł e^2 − 4e < 0, ňë ŕőńãçăěň ŋãęŋőě ãâćěàęďěŋĺě. Ĺáŕőńìğãï ăŋăńőčĺçŋëľ ăàčãňěŋâ, ňë ňőęěň ďőłăğăâì ćâőàőě ŋěàăćěŋáâćő k. Ďőłăęěň âàěâìě ŋěàăćěŋáâćő 1 − e^{−4/k}e^{−y} − e^{−4/k}e^{−x} + e^{−x−y} = = (1 − e^{−4/k}e^{−x})(1 − e^{−4/k}e^{−y}) + f_1(k) ≤ čďě f_1(k) = e^{−x}e^{−y}(1 − e^{−8/k}): Ŕãáâì f(k) = e · f_1(k), âőčďă ňë ŕàőďőńęăěň, ĺáŕőńìğãï ćâőàőě ŋěàăćěŋáâćő, ≤ (e^{−1+x} − f(k))e^{−1+y} + f_1(k) ≤ e^{−2+x+y} :

Ć áńěďãîéĺå ńěňňăå ňë ĺáŕőńìğãěň èĺàőłő ĺğćěáâŋëě ŋěàăćěŋáâćă e^{−1} ≥ (1 − 1=k)^k ≥ e^{−1−1/k} for k ≥ 2ĺe^{−a} ≥ (1 − a=k)^k ≥ e^{−a−a2/k} for k ≥ 2a ≥ 0: Ńěňňă 8 Ŋěàăćěŋáâćő f(x; y; z) = ( 1 − x k )k + ( 1 − y k )k +

( 1 − z k )k − ( 1 − x + y k )k − ( 1 − y + z k )k − − ( 1 − z + x k )k + ( 1 − x + y + z k )k > 1 − e^{−1}:

ćëŕőńŋïěâáï ďńï ćáěå x; y; z ∈ [0; 1] ĺ k ≥ M, čďě M ďőáâăâőçŋő ąőńìèăï łőŋáâăŋâă, ŋě ğăćĺáïéăï őâ x; y; z.

Ďőłăğăâěńìáâćő. Ğăňěâĺň, çâő áńěďãîéĺě ŋěàăćěŋáâćă ćëŕőńŋïîâáï ďńï ćáěå x ∈ [0; 1]

e^{−x} − (1 − x=k)^k ≤ e^{−x}(1 − e^{−x2/k}) ≤ 1 − e^{−1/k}:

Ĺáŕőńìğãï ăŋăńőčĺçŋëľ ăàčãňěŋâ, ňë ŕőńãçăěň lim_{k→+∞} e^{−x} + e^{−y} + e^{−z} + e^{−x−y−z} − ( 1 − x k )k −

− ( 1 − y k )k − ( 1 − z k )k − ( 1 − x + y + z k )k = 0 ĺ, áńěďőćăâěńìŋő, ďńï ąőńìèĺå k ňë ĺňěěň

f(x; y; z) ≥ e^{−x} + e^{−y} + e^{−z} − −e^{−x−y} − e^{−x−z} − e^{−y−z} + e^{−x−y−z} − o(1) = = 1 − (1 − e^{−x})(1 − e^{−y})(1 − e^{−z}) − o(1) ≥ 1 − (1 − e^{−1})^3 − o(1) > 0:74 > 1 − e^{−1}:

4.2.2 Őæěŋłă ňăâěňăâĺçěáłőčő őęĺďăŋĺï Őąőğŋăçĺň çěàěğ S ňŋőęěáâćő ĺŋďěłáőć, ćëąàăŋŋëå ćěàőïâŋőáâŋëň ăńčőàĺâňőň, çěàěğ f(S) őąőğŋăçĺň ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă àěèěŋĺĺ, őŕàěďěńïěňőň ŕő ňŋőęěáâćã S, ĺ çěàěğ E(f(S)) őąőğŋăçĺň ňăâěňăâĺçěáłőě őęĺďăŋĺě f(S). Ďőłăęěň őáŋőćŋőě ãâćěàęďěŋĺě ŋăáâőïéěľ čńăćë.

Šěőàěňă 10 Ĺňěîâ ňěáâő ŋěàăćěŋáâćă F^∗_k ≥ E(f(S)) ≥ (1 − e^{−1})F^∗_k Ďőłăğăâěńìáâćő. Ĺáŕőńìğãï ńĺŋěľŋőáâì ňăâěňăâĺçěáłőčő őęĺďăŋĺï, ŕőńãçăěň:

E(f(S)) =^∑_{Cj∈C} w_jP r(z_j = 1):

Ŕãáâì X^+ =^∑_{i∈I} +_j y^∗_i . Řăááňőâàĺň çěâëàě áńãçăï.

Śńãçăľ 1 Ŕàěďŕőńőęĺň, çâő |I^−_j | = ffl. Šăł łăł èăčĺ ăńčőàĺâňă ŋěğăćĺáĺňë ĺ X^+ ≥ z^∗_j , ňë ŕőńãçăěň:

P r(z_j = 1) = P r(S ∩ I^+_j ≠ ffl) = 1 − 1 − X^+ k k ≥

1 − 1 − z^∗_j k k ≥ 1 − ( 1 − 1 k )k z^∗_j :

Ŕőáńěďŋěě ŋěàăćěŋáâćő áńěďãěâ ĺğ ćőčŋãâőáâĺ äãŋłæĺĺ g(z) = 1 − (1 − z=k)^k ĺ âőčő, çâő g(0) = 0; g(1) = 1 − (1 − 1=k)^k.

Śńãçăľ 2 Ŕàěďŕőńőęĺň, çâő |I^−_j | = 1. Ŕãáâì I^−_j = {t} ĺ a = y^∗_t . Ěáńĺ X^+ > 1, âő ĺáŕőńìğãï ăàčãňěŋâ ăŋăńőčĺçŋëľ ăàčãňěŋâã ĺğ ŕàěďëďãéěčő áńãçăï, ŕőńãçăěň P r(z_j = 1) ≥ P r(S ∩I^+_j ≠ ffl) ≥ 1−e^{−1}. Ŕàěďŕőńőęĺň, çâő X^+ ≤ 1, âőčďă, ĺáŕőńìğãï ńěňňë 6,7 ĺ ŋěàăćěŋáâćő X^+ + (1 − a) ≥ z^∗_j , ĺňěěň:

P r(z_j = 1) = P r(S ∩ I^+_j ≠ ffl ĺńĺ t ∉ S) = P r(S ∩ I^+_j ≠ ffl) + P r(S ∩ I^+_j = ffl ĺ t ∉ S) = = 1 − 1 − X^+ k k + 1 − X^+ + a k k ≥ ≥ 1 − e^{−X +} + e^{−X + −a−(X + +a)2/k} ≥ ≥ 1 − e^{−X +} + e^{−4/k}e^{−X + −a} ≥ 1 − e^{−X +} e^{−1+a} ≥ 1 − e^{−z∗j} ≥ (1 − e^{−1})z^∗_j Śńãçăľ 3 Ŕàěďŕőńőęĺň, çâő |I^−_j | = 2. Ŕãáâì I^−_j = {i_1; i_2}; a = y^∗_{i1} ĺ b = y^∗_{i2} . Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ŕàěďŕőńőęĺň, çâő X^+ ≤ 1, âőčďă ĺáŕőńìğãï ńěňňë 6, 7 ĺ ŋěàăćěŋáâćő X^+ + (1 − a) + (1 − b) ≥ z^∗_j , ňë ŕőńãçăěň:

P r(z_j = 1) = P r(S ∩ I^+_j ≠ ffl ĺńĺ i_1 ∉ S ĺńĺ i_2 ∉ S) = = P r(S ∩ I^+_j ≠ ffl) + P r(S ∩ I^+_j = ffl ĺ i_1 ∉ S)+ +P r(S ∩ I^+_j = ffl ĺ i_1 ∉ S) − P r(S ∩ I^+_j = ffl ĺ i_1 ∉ S ĺ i_2 ∉ S) = = 1 − 1 − X^+ k k + 1 − X^+ + a k k + 1 − X^+ + b k k − 1 − X^+ + a + b k k ≥ ≥ 1 − e^{−X +} + e^{−4/k}e^{−X + −a} + e^{−4/k}e^{−X + −b} − e^{−X + −a−b} ≥

≥ 1 − e^{−X +} e^{−2+a+b} ≥ 1 − e^{−z∗j} ≥ (1 − e^{−1})z^∗_j

Śńãçăľ 4 Ŕàěďŕőńőęĺň, çâő |I^−_j | ≥ 3. Ŕãáâì i_1; i_2; i_3 | íâő ŕàőĺğćőńìŋëě ĺŋďěłáë ĺğ ňŋőęěáâćă I^−_j , âőčďă, ĺáŕőńìğãï ńěňňë 5, 8, ňë ŕőńãçăěň:

P r(z_j = 1) ≥ P r(i_1 ∉ S ĺńĺ i_2 ∉ S ĺńĺ i_3 ∉ S) =

= P r(i_1 ∉ S) + P r(i_2 ∉ S) + P r(i_3 ∉ S)− −P r(i_1 ∉ S ĺ i_2 ∉ S) − P r(i_2 ∉ S ĺ i_3 ∉ S)−

−P r(i_1 ∉ S ĺ i_3 ∉ S) + P r(i_1 ∉ S ĺ i_2 ∉ S ĺ i_3 ∉ S) = = ( 1 − y^∗_{i1} k )k + ( 1 − y^∗_{i2} k )k + ( 1 − y^∗_{i3} k )k − − ( 1 − y^∗_{i1} + y^∗_{i2} k )k − ( 1 − y^∗_{i2} + y^∗_{i3} k )k − ( 1 − y^∗_{i3} + y^∗_{i1} k )k + + ( 1 − y^∗_{i1} + y^∗_{i2} + y^∗_{i3} k )k > 1 − e^{−1}:

4.3 Ďěàăŋďőňĺğăæĺï

Ć ŋăáâőïéěň àăğďěńě ňë ŕőłăęěň, łăł ďěâěàňěŋĺàőćăŋő ŋăåőďĺâì ŕàĺąńĺęěŋŋőě àěèěŋĺě ğă ŕőńĺŋőňĺăńìŋőě ćàěňï. İâő ąãďěâ áďěńăŋő á ĺáŕőńìğőćăŋĺěň ňěâőďă ãáńőćŋëå ćěàőïâŋőáâěľ [37]. Ŕàïňőě ŕàĺňěŋěŋĺě ňěâőďă ãáńőćŋëå ćěàőïâŋőáâěľ ŋě ďăěâ ŕőńĺŋőňĺăńìŋőčő ăńčőàĺâňă, âăł łăł ěáńĺ ğăďăçă CC-MAX SAT áőďěàęĺâ ďĺğêîŋłæĺĺ á ŋě łőŋáâăŋâŋëň çĺáńőň őâàĺæăŋĺľ, ňë ŋě ňőęěň ćëçĺáńïâì (ĺáŕőńìğãï ńěňňã 2) ãáńőćŋëě ćěàőïâŋőáâĺ ğă ŕőńĺŋőňĺăńìŋőě ćàěňï.

Ŕãáâì IP_1 ïćńïěâáï ĺŋďĺćĺďãăńìŋőľ ğăďăçěľ CC-MAX SAT, ğăďăŋŋőľ ňŋőęěáâćőň ďĺğêîŋłæĺľ C = {C_j : j = 1; : : : ; m} ĺ ňŋőęěáâćőň ŕěàěňěŋŋëå {x_1; : : : ; x_n}. Őąőğŋăçĺň çěàěğ F^∗_k ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă őŕâĺňăńìŋőň àěèěŋĺĺ àěńăłáăæĺĺ LP_k ďńï IP_1. Őŕàěďěńĺň ŕàĺňěà IP_2 ğăďăçĺ CC-MAX SAT ğăňěŋőľ łăęďőľ ďĺğêîŋłæĺĺ âăłőľ, çâő |I^−_j | ≥ 3 ŋă ďĺğêîŋłæĺî C^′_j = —x_{i1} ∨ —x_{i2} ∨ —x_{i3} , čďě i_1; i_2; i_3 ∈ I^−_j .

Ňë ŕàĺňěŋïěň ćěàőïâŋőáâŋëľ ăńčőàĺâň á ćěàőïâŋőáâïňĺ, őŕàěďěńěŋŋëňĺ àěèěŋĺěň àěńăłáăæĺĺ LP_k. Ŕãáâì S ïćńïěâáï àěèěŋĺěň, ŕőńãçěŋŋëň ćěàőïâŋőáâŋëň ăńčőàĺâňőň, f_1(S) - ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ ğăďăçĺ IP_1 ŋă àěèěŋĺĺ S ĺ f_2(S) - ğŋăçěŋĺěň æěńěćőľ äãŋłæĺĺ ğăďăçĺ IP_2 ŋă àěèěŋĺĺ S, âőčďă, ĺáŕőńìğãï äăłâ, çâő P r(z_j = 1) > 1 − e^{−1} ďńï ćáěå ďĺğêîŋłæĺľ C_j á |I^−_j | ≥ 3, ŕőńãçăěň E(f_2(S)) ≥ (1 − e^{−1})F^∗_k : Ňë ňőęěň ďěàăŋďőňĺğĺàőćăâì ăńčőàĺâň áńěďãîéěľ ŕàőæěďãàőľ Őŕĺáăŋĺě ďěàăŋďőňĺğăæĺĺ Ďěàăŋďőňĺğăæĺï áőáâőĺâ ĺğ k èăčőć. Ŋă s-őň èăčě ćëąĺàăěň ĺŋďěłá i_s, łőâőàëľ ňăłáĺňĺğĺàãěâ ãáńőćŋãî ćěàőïâŋőáâì, â.ě.

E(f_2(S)|i_1 ∈ S; : : : ; i_{s−1} ∈ S; i_s ∈ S) = max j∈{1,...,n} E(f 2(S)|i_1 ∈ S; : : : ; i_{s−1} ∈ S; j ∈ S):

Šăł łăł max j∈{1,...,n} E(f 2(S)|i_1 ∈ S; : : : ; i_{s−1} ∈ S; j ∈ S) ≥ E(f_2(S)|i_1 ∈ S; : : : ; i_{s−1} ∈ S) ł łőŋæã ďěàăŋďőňĺğăæĺĺ ŕőńãçĺň àěèěŋĺě ~S âăłőě, çâő f_2( ~S) ≥ E(f_2(S)) ≥ (1−e^{−1})F^∗_k . Šăł łăł F^∗_k ≥ f_1( ~S) ≥ f_2( ~S), íâő àěèěŋĺě ïćńïěâáï (1−e^{−1})- ŕàĺąńĺęěŋŋëň àěèěŋĺěň ďńï IP_1. Ňë ňőęěň ćëçĺáńĺâì ãáńőćŋëě ňăâěňăâĺçěáłĺě őęĺďăŋĺï ğă ŕőńĺŋőňĺăńìŋőě ćàěňï, ĺáŕőńìğãï ĺå ńĺŋěľŋőáâì, ńěňňã 2 ĺ âőâ äăłâ, çâő |I^−_j | ≤ 3 ć ğăďăçě IP_2.

Čńăćă 5 Łćăďàăâĺçŋăï ğăďăçă ő ŋăğŋăçěŋĺïå

Ććěďěŋĺě

Łćăďàăâĺçŋăï ğăďăçă ő ŋăğŋăçěŋĺïå (ŁĞŊ), ğăŕĺáăŋŋăï łăł ğăďăçă æěńőçĺáńěŋŋőčő ŕàőčàăňňĺàőćăŋĺï, ĺňěěâ ćĺď min^∑_{i∈I}^∑_{p∈J} ∑ j∈I w_{ij}^∑_{q∈J} d_{pq}y_{jq} y_{ip}; (5.1) ∑ p∈J y_{ip} = 1; i ∈ I; (5.2) ∑ i∈I y_{ip} ≤ 1; p ∈ J; (5.3)

y_{ip} ∈ {0:1}; i ∈ I; p ∈ J: (5.4) Ŋă áőďěàęăâěńìŋőň ãàőćŋě íâã ğăďăçã ňőęŋő ŕàőĺŋâěàŕàěâĺàőćăâì áńěďãîéĺň őąàăğőň. Ĺňěěâáï ňŋőęěáâćő I = {1; : : : ; n} ćőğňőęŋëå ŕãŋłâőć àăğňěéěŋĺï ŕàěďŕàĺïâĺľ ĺğ ňŋőęěáâćă J = {1; : : : ; m} (m ≤ n). Ĺğćěáâŋë ňăâàĺæă (d_{pq}) àăğňěàă n × n àăááâőïŋĺľ ňěęďã ŕãŋłâăňĺ ĺ ňăâàĺæă (w_{ij}) àăğňěàă m × m ãďěńìŋëå (ŋă ěďĺŋĺæã àăááâőïŋĺï) áâőĺňőáâěľ čàãğőŕőâőłă ňěęďã ŕàěďŕàĺïâĺïňĺ. Ŋěőąåőďĺňő âăł àăğňěáâĺâì ŕàěďŕàĺïâĺï, çâőąë áãňňăàŋăï áâőĺňőáâì âàăŋáŕőàâŋëå čàãğőŕőâőłőć ąëńă ŋăĺňěŋìèěľ.

Ć [124] ŕőłăğăŋő, çâő ďńï ŁĞŊ ŋě áãéěáâćãěâ ŕőńĺŋőňĺăńìŋőčő ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ ŕàĺ ãáńőćĺĺ, çâő P ≠ NP . Ć [118] íâőâ àěğãńìâăâ ãáĺńěŋ ĺ ďőłăğăŋő, çâő ďăęě ďńï çăáâŋőčő áńãçăï ŁĞŊ á ňăâàĺæěľ (d_{pq}), łőâőàăï ğăďăěâáï àăááâőïŋĺïňĺ ŋă ŕàïňőľ (áńěďőćăâěńìŋő, ãďőćńěâćőàïěâ ŋěàăćěŋáâćã âàěãčőńìŋĺłă), ĺ á ňăâàĺæěľ (w_{ij}), íńěňěŋâë łőâőàőľ ŕàĺŋĺňăîâ âőńìłő ďćă ğŋăçěŋĺï, ŋě áãéěáâćãěâ ŕőńĺŋőňĺăńìŋőčő ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ ŕàĺ ãáńőćĺĺ, çâő P ≠ NP . Ć [76] á ĺáŕőńìğőćăŋĺěň âěåŋĺłĺ ĺğ [41, 42] ŕőáâàőěŋă ăŕŕàőłáĺňăæĺőŋŋăï áåěňă ďńï ŁĞŊ, łőčďă ňăâàĺæă (d_{pq}) { ňăâàĺæă ěćłńĺďőćëå àăááâőïŋĺľ, ă íńěňěŋâë ňăâàĺæë (w_{ij}) ąőńìèě ěďĺŋĺæë, ŋő ňěŋìèě ŋěłőâőàőľ łőŋáâăŋâë.

Ć ãŕőňïŋãâőľ ćëèě àăąőâě [118] ŕőáâăćńěŋ ćőŕàőá: áãéěáâćãěâ ńĺ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á łőŋáâăŋâŋőľ őæěŋłőľ âőçŋőáâĺ ďńï ŁĞŊ, ěáńĺ ňăâàĺæă (d_{pq}) ãďőćńěâćőàïěâ ŋěàăćěŋáâćã âàěãčőńìŋĺłă, ă ćáě íńěňěŋâë ňăâàĺæë (w_{ij}) àăćŋë ěďĺŋĺæě. Ć ŋăáâőïéěľ čńăćě ďăěâáï ŕőńőęĺâěńìŋëľ őâćěâ ŋă íâőâ ćőŕàőá. Ďńï ãłăğăŋŋőčő çăáâŋőčő áńãçăï ŁĞŊ ŕàěďńăčăěâáï ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 2 ĺ őæěŋłőľ ćàěňěŋŋőľ áńőęŋőáâĺ O(mn^2).

5.1 Ăńčőàĺâň ĺ ěčő ăŋăńĺğ

Ğăŕĺèěň àăááňăâàĺćăěňãî ğăďăçã ć íłćĺćăńěŋâŋőľ äőàňě. Ŕãáâì G = (V; E) { ŕőńŋëľ őàĺěŋâĺàőćăŋŋëľ čàăä ąěğ ŕěâěńì. Ŕãáâì ďńï ćáěå ćěàèĺŋ x; y ∈ V őŕàěďěńěŋő àăááâőïŋĺě d(x; y). Ňë ŕàěďŕőńăčăěň, çâő d(x; y) ãďőćńěâćőàïěâ ŋěàăćěŋáâćã âàěãčőńìŋĺłă ĺ d(x; x) = 0. Šőčďă ğăďăçă ňőęěâ ąëâì ğăŕĺáăŋă áńěďãîéĺň őąàăğőň: min S⊆V,|S|=m ∑ x,y∈S d(x; y): (5.5)

Őąőğŋăçĺň çěàěğ W (x; S) áãňňã ďńĺŋ àěąěà ć čàăäě (x ∪ S; E(x ∪ S)), čďě E(x ∪ S) = {(x; y); (y; x)|y ∈ S}. İâã ćěńĺçĺŋã ąãďěň âăłęě ŋăğëćăâì ćěáőň čàăäă (x∪S; E(x∪S)). Řěğãńìâăâőň àăąőâë ăńčőàĺâňă ïćńïěâáï ňŋőęěáâćő t ∪ T âăłőě, çâő

W (t; T ) = min x∈V,|S|=m−1 W (x; S): Ďàãčĺňĺ áńőćăňĺ, ăńčőàĺâň ŋăåőďĺâ ğćěğďã ňĺŋĺňăńìŋőčő ćěáă ŋă m ćěàèĺŋăå. Ğćěğďă ňĺŋĺňăńìŋőčő ćěáă á æěŋâàőň ć ďăŋŋőľ ćěàèĺŋě x ĺ á m − 1 ńãçőň ňőęěâ ąëâì ŋăľďěŋă ŋě ąőńěě, çěň ğă O(mn) èăčőć. Ńãçăňĺ ğćěğďë ňĺŋĺňăńìŋőčő ćěáă á æěŋâàőň ć x ïćńïîâáï m − 1 ćěàèĺŋă á ňĺŋĺňăńìŋëň ğŋăçěŋĺěň äãŋłæĺĺ d(v; x) + d(x; v). Ŕěàěąĺàăï ćáě ćěàèĺŋë x ∈ V , ňë ňőęěň ŋăľâĺ ŕàĺąńĺęěŋŋőě àěèěŋĺě t ∪ T ŋě ąőńěě, çěň ğă O(mn^2) èăčőć.

Šěőàěňă 11 Ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ŕőńãçěŋŋőň ŕàĺąńĺęěŋ-

ŋőň àěèěŋĺĺ őâńĺçăěâáï ŋě ąőńěě, çěň ć ďćă àăğă őâ ğŋăçěŋĺï æěńěćőľ äãŋłæĺĺ ŋă őŕâĺňăńìŋőň àěèěŋĺĺ S^∗.

Ďőłăğăâěńìáâćő. Őąőğŋăçĺň çěàěğ ~F ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ŕőńãçěŋŋőň ŕàĺąńĺęěŋŋőň àěèěŋĺĺ ĺ çěàěğ F^∗ ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă őŕâĺňăńìŋőň àěèěŋĺĺ. Ćŋăçăńě ŕőńãçĺň ŋĺęŋĺî őæěŋłã ďńï F^∗ F^∗ = 1 2 ∑ x∈S^∗ W (x; S^∗ \ x) ≥ 1 2 mW (t; T ):

Ğăâěň ŕőńãçĺň ćěàåŋîî őæěŋłã ďńï ~F ~F =^∑ x,y∈t∪T d(x; y) ≤^∑_{x,y∈T} d(x; t) + d(t; y) =

(m − 1)^∑_{x∈T} d(x; t) + d(t; x) = (m − 1)W (t; T ): Śńěďőćăâěńìŋő, ~F F^∗ ≤ 2 ( 1 − 1 m ) : Ŕőáâàőĺň ŕàĺňěà ğăďăçĺ, łőâőàëľ ŕőłăğëćăěâ, çâő ďőłăğăŋŋăï őæěŋłă ŋěãńãçèăěňă. Ŕãáâì V = K_1 ∪ K_2, čďě |K_1| = |K_2| = m: Ťãŋłæĺï d őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň: d(x; y) = 1+" ďńï ŋěłőâőàőčő " > 0, ěáńĺ x; y ∈ K_1, d(x; y) = d(y; x) = 2 ěáńĺ x ∈ K_1; y ∈ K_2. Ňŋőęěáâćő K_2 ĺňěěâ áŕěæĺăńìŋãî ćěàèĺŋã z âăłãî, çâő d(z; x) = d(x; z) = 1 ěáńĺ x ∈ K_2 ĺ d(x; y) = 2 ěáńĺ x; y ∈ K_2 \{z}. Ăńčőàĺâň ŋăåőďĺâ ňŋőęěáâćő K_2, ć âő ćàěňï łăł őŕâĺňăńìŋëň àěèěŋĺěň ïćńïěâáï ňŋőęěáâćő K_1. Śńěďőćăâěńìŋő, ~F F^∗ = 2(n − 1) + 2(n − 1)(n − 2) n(n − 1)(1 + ") < 2 ( 1 − 1 n ) :

Šăł łăł " ňőęěâ ąëâì ŕàőĺğćőńìŋëň ŕőńőęĺâěńìŋëň çĺáńőň, âő őâŋőèěŋĺě^{F̃}_{F ∗} ňőęěâ ąëâì áłőńì ãčőďŋő ąńĺğłĺň ł ćëàăęěŋĺî ć ŕàăćőľ çăáâĺ ŋěàăćěŋáâćă.

Čńăćă 6 Ğăďăçă ő à-æěŋâàě

Ććěďěŋĺě

Řăááňőâàĺň ğăďăçã ő à-æěŋâàě ć áńěďãîéěľ äőàňě. Ć ŕőńŋőň ŋěőàĺěŋâĺàőćăŋŋőň ćğćěèěŋŋőň čàăäě á ňŋőęěáâćőň ćěàèĺŋ V âàěąãěâáï ŋăľâĺ ŕőďňŋőęěáâćő ćěàèĺŋ S ⊆ V , |S| ≤ p, łőâőàőě ňĺŋĺňĺğĺàãěâ àăááâőïŋĺě őâ S ďő ŕőďňŋőęěáâćă V \S. Řăááâőïŋĺě őâ S ďő V \S őŕàěďěńïěâáï łăł ćěńĺçĺŋă max_{i∈V \S} min_{j∈S} d_{ij} , ŕőíâőňã ğăďăçă ő à-æěŋâàě ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň:

min_{S⊆V} { max_{i∈V \S} min_{j∈S} d_{ij} : |S| ≤ p}:

Ć ďăńìŋěľèěň ąãďěň ŕàěďŕőńăčăâì, çâő ňăâàĺæă ćěáőć àěąěà (d_{ij} ) ãďőćńěâćőàïěâ ŋěàăćěŋáâćã âàěãčőńìŋĺłă, â. ě. ďńï ćáěå i; j; k ćëŕőńŋïěâáï ŋěàăćěŋáâćő d_{ij} + d_{jk} ≥ d_{ik}. Ć [93] ďőłăğăŋő, çâő ďńï ğăďăçĺ ő p-æěŋâàě ŋě áãéěáâćãěâ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă c őæěŋłőľ âőçŋőáâĺ ňěŋìèě 2 ŕàĺ ãáńőćĺĺ, çâő P ≠ NP . Hochbaum ĺ Shmoys [91] ŕőáâàőĺńĺ ŕěàćëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ ő à-æěŋâàě á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 2. Ğăâěň őŋĺ ęě [92] őąőąéĺńĺ áćőî âěåŋĺłã ŋă ąőńěě èĺàőłĺľ łńăáá ğăďăç őą ãğłőň ňěáâě. Ć [51, 53, 89, 90, 103, 104] ĺğãçăńĺáì àăğńĺçŋëě őąőąéěŋĺï ğăďăç ő à-æěŋâàě, ďńï ňŋőčĺå ĺğ ŋĺå ąëńĺ ŕőáâàőěŋë ŕàĺąńĺęěŋŋëě ăńčőàĺâňë á ŋăĺńãçèĺňĺ ćőğňőęŋëňĺ őæěŋłăňĺ âőçŋőáâĺ. Ćňěáâě á âěň àïď őçěŋì ĺŋâěàěáŋëå ćőŕàőáőć őáâăěâáï őâłàëâëň ďńï áăňőľ ğăďăçĺ ő à-æěŋâàě. Šăł ć [67] ŕőłăğăŋő, çâő ďńï ğăďăçĺ ő à-æěŋâàě á ňăâàĺæěľ (d_{ij} ) ěćłńĺďőćëå àăááâőïŋĺľ ŋě áãéěáâćãěâ ŕàĺąńĺęěŋŋőčő ăńčőàĺâňă á őæěŋłőľ âőçŋőáâĺ ňěŋìèě 1:81 ŕàĺ ãáńőćĺĺ, çâő P ≠ NP . Ćňěáâě á âěň ŋăĺńãçèĺľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï âăłőľ ğăďăçĺ ĺňěěâ őæěŋłã âőçŋőáâĺ àăćŋãî 2.

Ć ŋăáâőïéěľ čńăćě àăááňăâàĺćăěâáï őąőąéěŋĺě ğăďăçĺ ő p-æěŋâàě, ć łőâőàőň ďńï łăęďőľ ćěàèĺŋë i ∈ V ĺğćěáâěŋ ěě ćěá c_i ≥ 0 ĺ őčàăŋĺçěŋĺě ŋă ňőéŋőáâì ňŋőęěáâćă S ğăňěŋïěâáï őčàăŋĺçěŋĺěň ŋă áãňňăàŋëľ ćěá ćěàèĺŋ, ćåőďïéĺå ć S. Ğăďăçă ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň min_{S⊆V} { max_{i∈V \S} min_{j∈S} d_{ij} |^∑_{i∈S} c_i ≤ C}: (6.1) Ďńï ďăŋŋőľ ğăďăçĺ ć [92] ŕàěďńőęěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 3 ĺ őæěŋłőľ âàãďőěňłőáâĺ O(n^2 log_2 n), čďě n = |V |. Ŋĺęě ďńï íâőľ ğăďăçĺ á ĺáŕőńìğőćăŋĺěň ăńčőàĺâňă ĺğ [65] ŕàěďńăčăěâáï ăńčőàĺâň á âăłőľ ęě őæěŋłőľ âőçŋőáâĺ, ŋő á ńãçèěľ őæěŋłőľ âàãďőěňłőáâĺ O(n^2).

6.1 Őŕĺáăŋĺě ĺ ăŋăńĺğ ăńčőàĺâňă

Ććěďěň áńěďãîéĺě őąőğŋăçěŋĺï:

r(S) { ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă ňŋőęěáâćě S ⊆ V , H(R; i) = {j|d_{ij} ≤ R} { őłàěáâŋőáâì ćěàèĺŋë i àăďĺãáă R, v(R; i) { ćěàèĺŋă ňĺŋĺňăńìŋőčő ćěáă ć őłàěáâŋőáâĺ H(R; i), T (R; S) = {v(R; i)|i ∈ S} { ŋăąőà ćěàèĺŋ ňĺŋĺňăńìŋőčő ćěáă, áőŕőáâăćńěŋŋëå ćěàèĺŋăň ĺğ ňŋőęěáâćă S,

S^∗ { őŕâĺňăńìŋőě àěèěŋĺě ğăďăçĺ (6.1), R^∗ { ğŋăçěŋĺě æěńěćőľ äãŋłæĺĺ ŋă őŕâĺňăńìŋőň àěèěŋĺĺ, â. ě.

R^∗ = r(S^∗).

Ăńčőàĺâň àěèěŋĺï ğăďăçĺ (6.1) áőáâőĺâ ĺğ ďćãå íâăŕőć. Ŋă ŕěàćőň íâăŕě äőàňĺàãîâáï ďćă ňŋőęěáâćă S ĺ S_l. Ŋă łăęďőň èăčě ŕěàćőčő íâăŕă ćő ňŋőęěáâćő S ďőąăćńïěâáï ŋăĺąőńěě ãďăńěŋŋăï ćěàèĺŋă. Ěáńĺ ŕàĺ íâőň ĺğňěŋïěâáï àăááâőïŋĺě őâ S ďő V \ S, âő ňŋőęěáâćő S_l ĺğňěŋïěâáï. Ŋă ćâőàőň íâăŕě ŕàőĺáåőďĺâ ãńãçèěŋĺě ãęě ŕőńãçěŋŋőčő àěèěŋĺï.

Ăńčőàĺâň Ŕěàćëľ íâăŕ 1-ľ èăč. Ćëąĺàăěâáï ŕàőĺğćőńìŋăï ćěàèĺŋă i_1 ∈ V âăłăï, çâő c_{i1} ≤ C, ĺ ŕőńăčăěâáï S = {i_1}; S_l = {i_1}. Ďńï ćáěå ćěàèĺŋ j ∈ V \ S ŋăåőďĺâáï r_j = d_{i1j} (àăááâőïŋĺě őâ j-ľ ćěàèĺŋë ďő i_1-ľ ćěàèĺŋë) ĺ ŕőńăčăěâáï D_1 = max_{j∈V \S} r_j ; p = 1; l = 1:

k-ľ èăč. Ŋăåőďĺâáï ćěàèĺŋă i_k ∈ V \ S âăłăï, çâő r_{ik} = D_{k−1} (â. ě. áăňăï ãďăńěŋŋăï őâ ňŋőęěáâćă S ćěàèĺŋă). Ŕőńăčăěâáï S = S ∪ {i_k}. Ďńï ćáěå j ∈ V \ S ŋăåőďĺâáï r_j = min{r_j ; d_{jik} } (àăááâőïŋĺě őâ j-ľ ćěàèĺŋë ďő ňŋőęěáâćă S) ĺ ŕőńăčăěâáï D_k = max_{j∈V \S} r_j ; p = k.

a) Ěáńĺ D_k = D_{k−1}, âő ăńčőàĺâň ćëŕőńŋïěâ (k + 1)-ľ èăč. ą) Ěáńĺ D_k < D_{k−1} ĺ^∑_{i∈T (Dk/2,S)} c_i ≤ C, âő ŕőńăčăěâáï l = k; S_l = T (D_k=2; S) ĺ ăńčőàĺâň ćëŕőńŋïěâ (k + 1)-ľ èăč.

ć) Ěáńĺ D_k < D_{k−1} ĺ^∑_{i∈T (Dk/2,S)} c_i > C, âő ćëŕőńŋïěâáï ćâőàőľ íâăŕ. Ćâőàőľ íâăŕ Ŕãáâì R { ňĺŋĺňăńìŋőě çĺáńő ĺğ r_j âăłĺå, çâő D_p=2 < r_j < D_l=2 ĺ ∑ i∈T (r_j,S) ci ≤ C. Ěáńĺ âăłőčő R ŋě áãéěáâćãěâ, âő ŕőńăčăěâáï ~S = Sl.

Ć ŕàőâĺćŋőň áńãçăě ŕőńăčăěâáï ~S = T (R; S).

Ğăňěâĺň, çâő ć łőŋæě àăąőâë ŕěàćőčő íâăŕă ćëŕőńŋïěâáï ŋěàăćěŋáâćő D_p > D_l. Ďőłăęěň ćáŕőňőčăâěńìŋãî ńěňňã ďńï őæěŋłĺ âàãďőěňłőáâĺ ăńčőàĺâňă.

Ńěňňă 9 Ŕãáâì ďăŋő ňŋőęěáâćő S ⊆ V âăłőě, çâő min_{i,j∈S} d_{ij} > D.

Šőčďă ňŋőęěáâćő T (D=2; S) ňőęŋő ćëçĺáńĺâì ğă O(n) ďěľáâćĺľ.

Ďőłăğăâěńìáâćő. Šăł łăł H(D=2; i) ∩ H(D=2; j) = ffl ŕàĺ j ≠ i ĺ j; i ∈ S, âő ňŋőęěáâćă H(D=2; i) ŕàĺ i ∈ S ćëçĺáńïîâáï ğă őďĺŋ ŕàőáňőâà ňŋőęěáâćă V , â. ě. ğă O(n) ďěľáâćĺľ. Ňŋőęěáâćő T (D=2; S) ćëçĺáńïěâáï ŋě ąőńěě, çěň ğă O(^∑_{i∈S} |H(D=2; i)|) ďěľáâćĺľ, çâő ŋě ŕàěćőáåőďĺâ ćěńĺçĺŋë O(n). Ńěňňă ďőłăğăŋă.

Ůĺáńő èăčőć ŋă ŕěàćőň íâăŕě ŋě ŕàěćőáåőďĺâ n. Ĺáŕőńìğãï ńěňňã 9, ŕőńãçăěň, çâő ćáě ćëçĺáńěŋĺï, ŕàőĺğćőďĺňëě ŋă k-ň èăčě, ćëŕőńŋïîâáï ŋě ąőńěě, çěň ğă O(n) ďěľáâćĺľ. Śńěďőćăâěńìŋő, őąéăï âàãďőěňłőáâì ŕěàćőčő íâăŕă ŋě ŕàěćőáåőďĺâ ćěńĺçĺŋë O(n^2). Ŋă ćâőàőň íâăŕě ďńï łăęďőčő r_j âăłőčő, çâő D_p=2 < r_j < D_l=2, ćëçĺáńïěâáï T (r_j ; S). Šăł łăł çĺáńő àăğńĺçŋëå r_j ŋě ŕàěćőáåőďĺâ n, âő âàãďőěňłőáâì ăńčőàĺâňă ŋě ŕàěćőáåőďĺâ ćěńĺçĺŋë O(n^2).

6.2 Őæěŋłă őâŋőáĺâěńìŋőľ ŕőčàěèŋőáâĺ

Ńěňňă 10 Ěáńĺ ďńï ňŋőęěáâćă S ćëŕőńŋïěâáï ãáńőćĺě min_{i,j∈S} d_{ij} > 2R^∗, âő ňŋőęěáâćő T (R^∗; S) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ (1).

Ďőłăğăâěńìáâćő. Ďńï ńîąőčő i ∈ S ŋăľďěâáï k(i)∈ S^∗ âăłőľ, çâő d_{ik(i)} ≤ R^∗. Ŕàĺçěň ďńï ćáěå j ∈ S \ {i} ćëŕőńŋïěâáï ŋěàăćěŋáâćő d_{jk(i)} > R^∗, âăł łăł ć ŕàőâĺćŋőň áńãçăě ĺğ ŋěàăćěŋáâćă âàěãčőńìŋĺłă áńěďãěâ, çâő d_{ij} ≤ d_{ik(i)} + d_{k(i)j} ≤ 2R^∗. İâő ŕàőâĺćőàěçĺâ ãáńőćĺî ńěňňë. Śńěďőćăâěńìŋő, k(i) ≠ k(j) ďńï ćáěå i; j ∈ S; i ≠ j; ĺ ćëŕőńŋïîâáï ŋěàăćěŋáâćă ∑ i∈T (R^∗,S) c_i =^∑_{i∈S} c_{v(R}∗_{,i)} ≤^∑_{i∈S} c_{k(i)} ≤^∑_{i∈S∗} c_i ≤ C:

Ńěňňă ďőłăğăŋă.

Šěőàěňă 12 Ăńčőàĺâň ŋăåőďĺâ âăłőě ňŋőęěáâćő ~S, çâő r( ~S)=r(S^∗) ≤ 3. Ďőłăğăâěńìáâćő. Řăáňőâàĺň âàĺ áńãçăï.

1. Ŕãáâì D_l=2 ≤ R^∗. Šőčďă ěáńĺ ~S = S_l, âő ĺğ ŋěàăćěŋáâćă âàěãčőńìŋĺłă áńěďãěâ, çâő r( ~S) ≤ D_l=2 + D_l ≤ 3R^∗. Ěáńĺ ~S = T (R; S), čďě D_p=2 < R < D_l=2, âő r( ~S) ≤ R + D_p < D_l=2 + D_l ≤ 3R^∗.

2. Ŕãáâì R^∗ ≤ D_p=2. Šăł łăł min_{i,j∈S} d_{ij} = D_l > D_p ≥ 2R^∗, âő ŕő ńěňňě 10 ĺňěěň_∑ i∈T (D_p/2,S) c_i ≤^∑_{i∈T (R∗,S)} c_i ≤ C:

İâő ŕàőâĺćőàěçĺâ ãáńőćĺî ŕěàěåőďă á ŕěàćőčő íâăŕă ŋă ćâőàőľ.

3. Ŕãáâì D_p=2 < R^∗ < D_l=2. Šăł łăł ŕő ńěňňě 10 ňŋőęěáâćő T (R^∗; S) ïćńïěâáï ďőŕãáâĺňëň àěèěŋĺěň ğăďăçĺ (6.1), âő çĺáńő R, ćëąĺàăěňőě ŋă ćâőàőň íâăŕě ăńčőàĺâňă áãéěáâćãěâ ĺ ãďőćńěâćőàïěâ ãáńőćĺïň: D_p=2 < R ≤ max_{i∈S} d_{ik(i)} ≤ R^∗ ĺ^∑_{i∈T (R,S)} c_i ≤ C: Ĺğ ŋěàăćěŋáâćă âàěãčőńìŋĺłă áńěďãěâ, çâő r( ~S) = r(T (R; S)) ≤ R^∗ + D_p < 3R^∗. Šěőàěňă ďőłăğăŋă.

Ğăłńîçěŋĺě

Śäőàňãńĺàãěň őáŋőćŋëě àěğãńìâăâë ŕàőćěďěŋŋëå ĺááńěďőćăŋĺľ.

1. Ďńï ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï ŋă ňăłáĺňãň ŕőáâàőěŋ ŕőńĺŋőňĺăńìŋëľ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ àăćŋőľ 2( √ 2−1). Ďőłăğăŋő, çâő ďńï íâőľ ğăďăçĺ ŋě áãéěáâćãěâ ŕőńĺŋőňĺăńìŋőľ ăŕŕàőłáĺňăæĺőŋŋőľ áåěňë ŕàĺ ãáńőćĺĺ, çâő P ≠ NP .

2. Ĺğãçěŋë àăğńĺçŋëě őąőąéěŋĺï ğăďăçĺ ő p-ňěďĺăŋě ŋă ňăłáĺňãň. Ďńï ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň á ďőŕőńŋĺâěńìŋëňĺ àěáãàáŋëňĺ őčàăŋĺçěŋĺïňĺ ŕőńãçěŋă łőŋáâăŋâŋăï őæěŋłă âőçŋőáâĺ ęăďŋőčő ăńčőàĺâňă. Ďńï ďĺŋăňĺçěáłőľ ğăďăçĺ ő p-ňěďĺăŋě ŋă ňăłáĺňãň ŕőáâàőěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á őæěŋłőľ âőçŋőáâĺ, áőćŕăďăîéěľ á ŋěãńãçèăěňőľ őæěŋłőľ âőçŋőáâĺ ęăďŋőčő ăńčőàĺâňă ďńï ğăďăçĺ ő à-ňěďĺăŋě.

3. Ŕàěďńőęěŋ ŋőćëľ áŕőáőą őłàãčńěŋĺï àěèěŋĺľ ńĺŋěľŋëå àěńăłáăæĺľ æěńőçĺáńěŋŋëå ğăďăç á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì. Ś ĺáŕőńìğőćăŋĺěň íâőľ âěåŋĺłĺ ŕőáâàőěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï ğăďăçĺ ő ňăłáĺňăńìŋőň ŕőłàëâĺĺ p ňŋőęěáâćăňĺ á őæěŋłőľ âőçŋőáâĺ ńãçèě ĺğćěáâŋëå. Ăŋăńőčĺçŋëľ àěğãńìâăâ ŕőńãçěŋ ďńï ğăďăçĺ ő ňăłáĺňăńìŋőň àăğàěğě á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì. Ĺğãçěŋë ćőğňőęŋőáâĺ ŕàĺňěŋěŋĺï íâőľ âěåŋĺłĺ ć áńãçăě ąőńěě őąéĺå ğăďăç.

4. Ďńï ğăďăçĺ ćëŕőńŋĺňőáâĺ ŋă ňăłáĺňãň á őčàăŋĺçěŋĺěň ŋă ňőéŋőáâì ŕőáâàőěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á ŋěãńãçèăěňőľ őæěŋłőľ âőçŋőáâĺ.

5. Ďńï őąőąéěŋŋőľ ğăďăçĺ ő à-æěŋâàě ŕàěďńőęěŋ ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á ĺğćěáâŋőľ őæěŋłőľ âőçŋőáâĺ, ŋő á ńãçèěľ őæěŋłőľ âàãďőěňłőáâĺ.

Śŕĺáőł ńĺâěàăâãàë

[1] Ă. Ă. Ăčěěć, Ő áńőęŋőáâĺ ğăďăç ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňőć őâ ąãńěćëå ŕěàěňěŋŋëå, Şŕàăćńïěňëě áĺáâěňë 23 (1983), áâà.3{11.

[2] Ă. Ă. Ăčěěć, Ŕőńĺŋőňĺăńìŋëľ ăńčőàĺâň àěèěŋĺï ğăďăçĺ àăğňěéěŋĺï ŋă ŕőáńěďőćăâěńìŋő-ŕăàăńńěńìŋőľ áěâĺ, Şŕàăćńïěňëě áĺáâěňë 30 (1990), áâà.3{16.

[3] Ă. Ă. Ăčěěć, Ć. Ń. Ąěàěáŋěć, Ăńčőàĺâňë ňĺŋĺňĺğăæĺĺ ďńï ŋěłőâőàëå łńăááőć ŕőńĺŋőňőć őâ ąãńěćëå ŕěàěňěŋŋëå, Ňőďěńĺ ĺ ňěâőďë őŕâĺňĺğăæĺĺ, Šàãďë ĹŇ ŚŐ ŘĂŊ 10 (1988), áâà.5{17.

[4] Ĺ. Č. Ąěńĺŋáłăï, Őą őďŋőň łńăááě ŕőńĺŋőňőć őâ ąãńěćëå ŕěàěňěŋŋëå, Şŕàăćńïěňëě áĺáâěňë 21 (1981), áâà.6{12.

[5] Ć. Ń. Ąěàěáŋěć, Őą őďŋőň łńăááě ğăďăç őŕâĺňĺğăæĺĺ ŕăàăňěâàőć őďŋőàőďŋőľ âěåŋĺçěáłőľ áĺáâěňë, Şŕàăćńïěňëě áĺáâěňë 9 (1971), áâà.65{74.

[6] Ć. Ń. Ąěàěáŋěć, Őą őďŋőľ ğăďăçě ňăâěňăâĺçěáłőľ âěőàĺĺ áâăŋďăàâĺğăæĺĺ, Şŕàăćńïěňëě áĺáâěňë 11 (1973), áâà.43{54.

[7] Ć. Ń. Ąěàěáŋěć, Őą őďŋőľ ğăďăçě ňăâěňăâĺçěáłőľ âěőàĺĺ áâăŋďăàâĺğăæĺĺ, Şŕàăćńïěňëě áĺáâěňë 13 (1974), áâà.3{9.

[8] Ć. Ń. Ąěàěáŋěć, Ăńčőàĺâň ŋěïćŋőčő ŕěàěąőàă ďńï ğăďăçĺ âĺŕă àăğňěéěŋĺï ĺ áâăŋďăàâĺğăæĺĺ, Şŕàăćńïěňëě áĺáâěňë 12 (1974), áâà.24{34.

[9] Ć. Ń. Ąěàěáŋěć, Ăńčőàĺâňë ňĺŋĺňĺğăæĺĺ ŕőńĺŋőňőć őâ ąãńěćëå ŕěàěňěŋŋëå, Ŕàőąńěňë łĺąěàŋěâĺłĺ 36 (1979), áâà.225{246.

[10] Ć. Ń. Ąěàěáŋěć, İääěłâĺćŋëľ ăńčőàĺâň ďńï ğăďăçĺ àăğňěéěŋĺï ŕàőĺğćőďáâćă á ćŕőńŋě ãàăćŋőćěèěŋŋőľ ňăâàĺæěľ, Ďĺáłàěâŋëľ ăŋăńĺğ ĺ ĺááńěďőćăŋĺě őŕěàăæĺľ 5(1) áěàĺï 1 (1998), áâà.20{31.

[11] Ć. Ń. Ąěàěáŋěć, İ. Ţ. Čĺňăďĺ, Ć. Š. Ďěňěŋâìěć, İłáâàěňăńìŋëě ğăďăçĺ áâăŋďăàâĺğăæĺĺ, Ŋăãłă, 1978.

[12] Ň. Ň. Ąěàłőćĺç, Ğăďăçĺ áâăŋďăàâĺğăæĺĺ ĺ ŋěłőâőàëě ňěâőďë ĺå àěèěŋĺï, İłőŋőňĺłă ĺ ňăâěňăâĺçěáłĺě ňěâőďë 5(2) (1969), áâà.285{289.

[13] Č. Ć. Čěŋá, Ě. Ć. Ńěćŋěà, Ŕàĺąńĺęěŋŋëě ăńčőàĺâňë ďńï ŋěłőâőàëå ãŋĺćěàáăńìŋëå ğăďăç âěőàĺĺ àăáŕĺáăŋĺľ, Ĺğćěáâĺï ĂŊ ŚŚ- ŚŘ, Šěåŋĺçěáłăï łĺąěàŋěâĺłă 6 (1978), áâà.38{43.

[14] İ. Ţ. Čĺňăďãâďĺŋőć, Ő áćőľáâćăå àěèěŋĺľ őďŋőľ ğăďăçĺ őŕâĺňăńìŋőčő àăğňěéěŋĺï âőçěł ŋă őâàěğłě, Şŕàăćńïěňëě áĺáâěňë 2 (1969), áâà.77{91.

[15] İ. Ţ. Čĺňăďĺ, Ćëąőà őŕâĺňăńìŋëå èłăń ć őďŋőň łńăááě ğăďăç âĺŕă àăğňěéěŋĺï, ãŋĺäĺłăæĺĺ ĺ áâăŋďăàâĺğăæĺĺ, Şŕàăćńïěňëě áĺáâěňë 6 (1970), áâà.57{70.

[16] İ. Ţ. Čĺňăďĺ, İääěłâĺćŋëľ ăńčőàĺâň àěèěŋĺï ğăďăçĺ àăğňěéěŋĺï á őąńăáâïňĺ őąáńãęĺćăŋĺï áćïğŋëňĺ őâŋőáĺâěńìŋő ăæĺłńĺçěáłőľ áěâĺ, Şŕàăćńïňëě áĺáâěňë 23 (1983), áâà.12{23.

[17] İ. Ţ. Čĺňăďĺ, Ğăďăçă àăğňěéěŋĺï ŋă æěŕĺ á æěŋâàăńìŋő-áćïğŋëňĺ őąńăáâïňĺ őąáńãęĺćăŋĺï, Şŕàăćńïňëě áĺáâěňë 25 (1984), áâà.38{ 47. [18] İ. Ţ. Čĺňăďĺ, Őąőáŋőćăŋĺě ăŕàĺőàŋëå őæěŋőł łăçěáâćă ŕàĺąńĺęěŋŋőčő àěèěŋĺï ğăďăçĺ áâăŋďăàâĺğăæĺĺ, Şŕàăćńïěňëě áĺáâěňë 27 (1987), áâà.3{11.

[19] İ. Ţ. Čĺňăďĺ, Ő ŋěłőâőàëå ňăâěňăâĺçěáłĺå ňőďěńïå ĺ ňěâőďăå ŕńăŋĺàőćăŋĺï łàãŕŋőňăáèăąŋëå ŕàőěłâőć, Ňőďěńĺ ĺ Ňěâőďë Őŕâĺňĺğăæĺĺ, Šàãďë ĹŇ ŚŐ ĂŊ ŚŚŚŘ 10 (1988), áâà.89{115.

[20] İ. Ţ. Čĺňăďĺ, Ğăďăçă áâăŋďăàâĺğăæĺĺ á ďăŋŋëňĺ ŕàőĺğćőńìŋőčő ğŋăłă ĺ áćïğŋëňĺ, łćăğĺćëŕãłńëňĺ ĺ ŕőçâĺ łćăğĺćëŕãłńëňĺ ňăâàĺæăňĺ, Şŕàăćńïěňëě áĺáâěňë 30 (1990), áâà.12{23.

[21] İ. Ţ. Čĺňăďĺ, İääěłâĺćŋëě ăńčőàĺâňë ďńï àěèěŋĺï ňŋőčőíâăŕŋőľ ğăďăçĺ àăğňěéěŋĺï ŋă æěŕĺ, Ďĺáłàěâŋëľ ăŋăńĺğ ĺ ĺááńěďőćăŋĺě őŕěàăæĺľ 2(4) (1995), áâà.13{31.

[22] İ. Ţ. Čĺňăďĺ, Ŋ. Ĺ. Čńěąőć, Ć. Š. Ďěňěŋâìěć, Őą őďŋőň ňěâőďě ŕőáâàőěŋĺï ŋĺęŋěľ őæěŋłĺ ĺ ŕàĺąńĺęěŋŋőčő àěèěŋĺï á ăŕőáâěàĺőàŋőľ őæěŋłőľ âőçŋőáâĺ ďńï ğăďăçĺ áâăŋďăàâĺğăæĺĺ, Şŕàăćńïěňëě áĺáâěňë 13 (1974), áâà.26{31.

[23] İ. Ţ. Čĺňăďĺ, Ŋ. Ĺ. Čńěąőć, Ć. Ă. Ŕěàěŕěńĺæă, Ăńčőàĺâňë á őæěŋłăňĺ ďńï ğăďăç ďĺáłàěâŋőľ őŕâĺňĺğăæĺĺ, Ŕàőąńěňë łĺąěàŋěâĺłĺ 31 (1975), áâà.35{42.

[24] İ. Ţ. Čĺňăďĺ, Ć. Š. Ďěňěŋâìěć, Ő ňěâőďăå àěèěŋĺï ŋěłőâőàëå ğăďăç őŕâĺňĺğăæĺĺ ŕăàăňěâàĺçěáłĺå àïďőć, Śâăŋďăàâë ĺ łăçěáâćő 12 (1971), áâà.10{12.

[25] İ. Ţ. Čĺňăďĺ, Ć. Š. Ďěňěŋâìěć, Ŋěłőâőàëě ğăďăçĺ ćëąőàă őŕâĺňăńìŋëå ŕăàăňěâàĺçěáłĺå àïďőć ĺ ňěâőďë ĺå àěèěŋĺï (ğăďăçĺ áâăŋďăàâĺğăæĺĺ), Ŕàőąńěňë łĺąěàŋěâĺłĺ 27 (1973), áâà.19{32.

[26] Ć. Š. Ďěňěŋâìěć, Ğăďăçă ćëąőàă âĺŕăęă őąőàãďőćăŋĺï, Ňěâőďë ãŕàăćńěŋĺï ąőńìèĺňĺ áĺáâěňăňĺ, (1970), áâà.60{62, Ĺàłãâáł: ŚİĹ ŚŐ ĂŊ ŚŚŚŘ.

[27] Ć. Ŕ. Čàĺèãåĺŋ, Ŕőńĺŋőňĺăńìŋőáâì ć ŕàőáâěľèěľ ğăďăçě àăğňěéěŋĺï, ŕàěŕàĺŋâ ŰİŇĹ.

[28] Ň. Číàĺ, Ď. Ďęőŋáőŋ, Ćëçĺáńĺâěńìŋëě ňăèĺŋë ĺ âàãďŋőàěèăěňëě ğăďăçĺ, Ňőáłćă, Ňĺà, 1979.

[29] Ć. Ă. Ŕěàěŕěńĺæă, İ. Ţ. Čĺňăďĺ, Ł ğăďăçě ŋăåőęďěŋĺï ňĺŋĺňăńìŋőčő čăňĺńìâőŋőćă łőŋâãàă ŋă čàăäě áő ćğćěèěŋŋëňĺ ďãčăňĺ, Ďĺáłàěâŋëľ ăŋăńĺğ 15 (1969), áâà.57{65.

[30] Ć. Ă. Šàãąĺŋ, İääěłâĺćŋëľ ăńčőàĺâň àăğňěéěŋĺï ŋă áěâĺ ć äőàňě ďěàěćă, Ďőłńăďë ĂŊ ŚŚŚŘ 231(3) (1976), áâà.547{550.

[31] Ć. Ă. Šàãąĺŋ, Ďćă łńăááă ğăďăç àăğňěéěŋĺï ŋă ďàěćőćĺďŋëå áěâïå, Łĺąěàŋěâĺłă 4 (1983), áâà.84{87.

[32] Ń. Č. Ţăçĺïŋ, Ŕőńĺŋőňĺăńìŋëľ ăńčőàĺâň ć ńĺŋěľŋőň ŕàőčàăňĺàőćăŋĺĺ, Ďőłńăďë ĂŊ ŚŚŚŘ â.244 (1979), áâà.1093{1096.

[33] Ć. Ŕ. Ůěàěŋĺŋ, Ć. Ř. Ţăçăâãàőć, Řěèěŋĺě ňěâőďőň ŕőáńěďőćăâěńìŋëå àăáçěâőć őďŋőčő łńăááă ğăďăç ő àăğňěéěŋĺĺ ŕàőĺğćőďáâćă, İłőŋőňĺłă ĺ ňăâěňăâĺçěáłĺě ňěâőďë 2 (1965), áâà.279{290.

[34] A. A. Ageev, A Criterion of Polynomial-Time Solvability for the Network Location Problem, Integer Programming and Combinatorial Optimization (1992), Carnegie-Mellon University, pp.237{245.

[35] A. A. Ageev, Complexity of the Network Median Problem on Planar Grids, Siberian Advances in Mathematics 5 (1995), pp.1{9.

[36] S. Ahn, C. Cooper, G. Cornuejols and A. M. Frieze, Probabilistic Analysis of a Relaxation for the k-Median Problem, Mathematics of Operation Research 13 (1988), pp.1{31.

[37] N. Alon and J. N. Spencer, The Probabilistic Method, John Wiley and Sons, 1992.

[38] S. Arora, Probabilistic Checking of Proofs and the Hardness of Approximation Problems, PhD thesis, U.C. Berkeley, 1994.

[39] S. Arora, Polynomial Time Approximation Schemes for Euclidean TSP and Other Geometric Problems, In Proceedings of the 37th IEEE FOCS (1996), pp.2{11.

[40] S. Arora, Nearly Linear Time Approximation Schemes for Euclidean TSP and Other Geometric Problems, In Proceedings of the 38th IEEE FOCS (1997), pp.554{563.

[41] S. Arora, A. M. Frieze and H. Kaplan, A New Rounding Procedure for the Assignment Problem with Applications to Dense Graph Arrangement Problems, In Proceedings of the 37th IEEE FOCS (1996),

[42] S. Arora, D. Karger and M. Karpinski, Polynomial Time Approximation Schemes for Dense Instances of NP -Hard Problems, In Proceedings of the 27th Annual ACM Symposium on Theory of Computing (1995), pp.21{30.

[43] S. Arora, M. Grigni, D. Karger, P. Klein and A. Woloszyn, Polynomial Time Approximation Scheme for Weighted Planar Graph TSP, In Proceedings of the SODA97.

[44] S. Arora, P. Raghavan and S. Rao, Approximation Schemes for Euclidean k-medians and related problems, In Proceedings of the 30th STOC (1998).

[45] S. Arora and C. Lund, Hardness of Approximation, in the book "Approximation Algorithms for NP-hard Problems", PWS Publishing (1996).

[46] S. Arora, C. Lund, R. Motwani, M. Sudan and M. Szegedy, Proof Veri˛cation and Intractability of Approximation Problems, In Proceedings of the 33rd IEEE Symp. on Foundations of Computer Science (1992), pp.13{22.

[47] T. Asano, Approximation Algorithms for MAX SAT: Yannakakis vs.

Goemans-Williamson, In Proceedings of the 5nd Israel Symposium on Theory and Computing Systems (1997), pp.182{189.

[48] Y. Bartal, Probabilistic Approximation of Metric Spaces and Its Algorithmc Applications, In Proceedings of the 37th IEE FOCS (1996), pp.184{193.

[49] Y. Bartal, On Approximating Arbitrary Metric by Tree Metric, In Proceedings of the 30th STOC (1998).

[50] B. S. Baker, Approximation algorithms for NP -complete problems on planar graphs, Jouranl of ACM 41(1),1994, Preliminary version in Proceedings of the 24th Annual Symposium on Foundations of Computer Science (1983), pp.265{273.

[51] J. Bar-Ilan, G. Kortsarz and D. Peleg, How to Allocate Network Centers, Journal of Algorithms 15 (1993), pp.385{415.

[52] R. Bar-Yehuda, One for the Price of Two: a Uni˛ed Approach for Approximating Covering Problems, In Proceedings of APPROX98.

[53] R. Bhatia, S. Guha, S. Khuller and Y. J. Sussman, Facility Location with Dynamic Distance Function, In Proceeding of 6th Scandinavian Workshop on Algorithmic Theory (SWAT) (1998).

[54] R. E. Burkard, E. Cela, P. M. Pardalos and L.S. Pitsoulis, Quadratic Assignment Problem, technical report of Graz University of Technology, SFB-Report 126, (1998).

[55] R. E. Burkard, E. Cela, V. Demidenko, N. Metelski and G. J.

Woeginger, Perpespectives of Easy and Hard Cases of Quadratic Assignment Problem, technical report of Graz University of Technology, SFB-Report 104, (1997).

[56] R. Chandrasekaran and A. Tamir, A Polynomially Bounded Algorithms for Locating p-Centers on a Tree, Mathematical Programming 22 (1982), pp.304{315.

[57] M. Charikar, C. Chekuri, A. Goel and S. Guha, Rounding via Trees:

Determenistic Approximation Algorithms for Group Steiner Trees and k-Median, In Proceedings of 30th STOC.

[58] V. Chvatal, A Greedy Heuristic for the Set Covering Problem, Mathematics of Operation Research 4 (1979), pp.233{235.

[59] F. Chudak and D. Shmoys, Improved Approximation Algorithm for Uncapacitated Facility Location, unpublished manuscript.

[60] M. Conforti and G. Cornuejols, Submodular Set Function, Matroids and the Greedy Algorithm: Worst-Case Bounds and Some Generalizations of the Rado-Edmonds Theorem, Discrete Applied Mathematics 7 (1984), pp.251{274.

[61] G. Cornuejols, M. L. Fisher and G. L. Nemhauser, Location of Bank Accounts to Optimize Float: An Analytic Study of Exact and Approximate Algorithms, Management Science 22 (1977), pp.789{ 810.

[62] G. Cornuejols, G. L. Nemhauser and L. A. Wolsey The Uncapacitated Facility Location Problem, In book edited by P. B. Mirchandani and R. L. Francis, Wiley&Sons, 1990.

[63] G. Cornuejols, G. L. Nemhauser and L. A. Wolsey Worst Case and Probalistic Analysis of Algorithms for Location Problems, Operation Research 28 (1980), pp.847{858.

[64] M. E. Dyer, An O(n) Algorithm for the Multiple Choice Knapsack Problem, Mathematical Programming 29 (1984), pp.57{63.

[65] M. E. Dyer and A. M. Frieze, A Simple Heuristic for the p-Center Problem, Operation Research Letters 3 (1985), pp.285{288.

[66] D. Erlenkotter, A Dual-Based Approach for Uncapacitated Facility Location, Operation Research 26 (1978), pp.992{1009.

[67] T. Feder and D. H. Green, Optimal Algorithms for Approximate Clustering, In Proceedings of 20th ACM Symp. on Theory of Computing (1988), pp.434{444.

[68] U. Feige, A Threshold of ln n for Approximating Set Cover, Journal of ACM (to appear).

[69] U. Feige and M. Goemans, Approximating the Value of Twoprover Proof Systems, with Applications to MAX 2-SAT and MAX- DICUT. In Proceedings of the 3nd Israel Symposium on Theory and Computing Systems (1995), pp.182{189.

[70] U. Feige, S. Goldwasser, L. Lovasz, S. Safra and M. Szegedy, Approximating Clique is Almost NP -Complete, In Proceedings of the 32nd Annual IEEE Symposium on Foundations of Computer Science (1991), pp.2{12.

[71] W. Feller, An Introduction to Probability Theory and Its Applications, John Wiley & Sons New York, 1968.

[72] M. L. Fisher, Worst-Case Analysis of Algorithms, Management Science 26 (1980), pp.1{18.

[73] M. L. Fisher and D. Hochbaum, Probabilistic Analysis of the Planar K-Median Problem, Mathematics of Operation Research 5 (1980), pp.27{34.

[74] M. L. Fisher , G. L. Nemhauser and L. A. Wolsey, An Analysis of Approximations for Maximizing Submodular Set Functions-II, Mathematical Programming Study 8 (1978), pp.73{88.

[75] A. Frieze and M. Jerrum, Improved Approximation Algorithms for MAX k-CUT and MAX BISECTION, Algorithmica 18 (1997), pp.67{ 81. [76] A. Frieze and R. Kannan, The Regularity Lemma and Approximation Schemes for Dense Problems, In Proceedings of the 37th IEEE FOCS (1996), pp.12{30.

[77] M. Goemans and D. Williamson, New 3/4-Approximation Algorithms for the Maximum Satis˛ability Problem, SIAM Journal on Discrete Mathematics 7 (1994), pp.656{666.

[78] M. Goemans and D. Williamson, Improved Approximation Algorithms for Maximum Cut and Satis˛ability Problems Using Semide˛nite Programming, Journal of ACM 42 (1995), pp.1115{1145.

[79] M. Goemans and D. Williamson, The Primal-dual Method for Approximation Algorithms and Its Application to Network Design Problems, in the book "Approximation algorithms for NP-hard problems", PWS Publishing, (1996).

[80] R. L. Graham, Bounds for Certain Multiprocessing Anomalies, Bell System Technical Journal 45 (1966), pp.1563{1581.

[81] M. Grigni, E. Koutsoupias and C. Papadimitrou, An Approximation Scheme for Planar Graph TSP, In Proceedings of 36th FOCS (1995), pp.640{645.

[82] S. Guha and S. Khuller, Greedy Strikes Back: Improved Facility Location Algorithms, In Proceedings of the 9th SODA (1998).

[83] G. Y. Handler, p-Center Problems, in the book "Discrete Location Theory", edited by P. B. Mirchandani and R. L. Francis (1990).

[84] J. Hastad, Some Optimal Inapproximability Results, In Proceedings of the 28 Annual ACM Symp. on Theory of Computing (1996), pp.1{ 10. [85] D. S. Hochbaum, Heuristics for the Fixed Cost Median Problems, Mathematical Programing 22 (1982), pp.148-162.

[86] D. S. Hochbaum, Approximation Algorithms for the Set Covering and Vertex Cover Problems, SIAM Journal of Computing 11 (1982), pp.555{556.

[87] D. S. Hochbaum, editor, Approximation Algorithms for NP -Hard Problems, PWS Publishing (1996).

[88] D. S. Hochbaum, Approximating Covering and Packing Problems: Set Cover, Vertex Cover, Independent Set, and Related Problems, in the book "Approximation algorithms for NP-hard problems", edited by D. S. Hochbaum, PWS Publishing Company, 1996.

[89] D. S. Hochbaum and A. Pathria, Generalized p-Center Problems:

Complexity Results and Approximation Algorithms, European Journal of Operational Research 100 (1997), pp.594{607.

[90] D. S. Hochbaum and A. Pathria, Locating Centers in Dynamically Changing Network and Related Problems, to appear in Location Science.

[91] D. S. Hochbaum and D. B. Shmoys, A Best Possible Heuristic for the k-center Problem, Mathematics of Operation Research 10 (1985), pp.180{184.

[92] D. S. Hochbaum and D. B. Shmoys, A Uni˛ed Approach to Approximation Algorithms for Bottleneck Problems, Journal of ACM, 33 (1986), pp.533{550.

[93] W. L. Hsu and G. L. Nemhauser, Easy and Hard Bottleneck Location Problems, Discrete Applied Mathematics 1 (1979), pp.209{216.

[94] D. S. Johnson, Approximation Algorithms for Combinatorial Problems, Journal Comput. System Sci. 9 (1974), pp.256{278.

[95] D. S. Johnson and M. S. Trick, editors, Cliques, Colorings and Satis˛ability, DIMACS Series in Discrete Mathematics and Theoretical Computer Science 26.

[96] O. Kariv and S. L. Hakimi, An Algorithmic Approach to Network Location Problems. II. The p-Medians., SIAM Journal of Applied Mathematics 37 (1979), pp.539{560.

[97] H. Karlo¸ and U. Zwick, A 7/8-Approximation Algorithm for MAX 3SAT?, In Proceedings of the 38th FOCS (1997), pp.406{415.

[98] N. Karmarkar, A New Polinomial-Time Algorithm for Linear Programming, Combinatorica 4 (1984), pp.373{395.

[99] S. Khanna, V. Kann, J. Lagergren and A. Panconesi, On the Hardness of Approximating MAX k-CUT and Its Dual, Chicago Journal of Theoretical Computer Science 2 (1997).

[100] S. Khanna, R. Motwani and M. Sudan, Towards Syntactic Characterization of PTAS, In Proceedings of the 28th Annual ACM Symp. on Theory of Computing (1996), pp.329{337.

[101] S. Khanna, M. Sudan and D. Williamson, A Complete Classi˛cation of the Approximability of Maximization problems Derived from Boolean Constraint Satisfaction, In Proceedings of the 29th STOC, (1997), pp.11{20.

[102] S. Khuller, A. Moss and J. Naor, The Budgeted Maximum Coverage Problem, submitted for publication.

[103] S. Khuller, R. Pless and Y. J. Sussman, Fault Tolerant K-center Problems, In Proceedings of the 3rd Italian Conference on Algorithms and Complexity (1997), LNCS 1203, pp.37{48.

[104] S. Khuller and Y. J. Sussman, Capacitated K-center Problems, In Proceedings of 4th Annual Europeap Symposium on Algorithms (ESA) (1996), LNCS 1136, pp.152{166.

[105] T. Leighton and S. Rao, An Approximate Max-‚ow Mincut Theorem for Uniform Multicommodity Flow Problems with Applications to Approximation Algorithms, In Proceedings of the 24th Annual Symposium on Foundations of Computer Science (1988), pp.422{431.

[106] J. H, Lin and J. S. Vitter, "-Approximation with Minimum Packing Constraint Violation, In Proceedings of the 24th STOC (1992), pp.771{782.

[107] J. H. Lin and J. S. Vitter, Approximation Algorithms for Geometric Median Problems, Information Processing Letters 44 (1992), pp.245{ 249.

[108] L. Lovasz, On the Shannon Capacity of a Graph, IEEE Trans. of Information Theory 25(1) (1979), pp.1{7.

[109] C. Lund and M. Yannakakis, On the Hardness of Approximating Minimization Problems, Journal of the ACM 41 (1994), pp.960{981.

[110] P. B. Mirchandani, The p-Median Problem and Generalizations, in the book "Discrete Location Theory", edited by P. B. Mirchandani and R. L. Francis (1990).

[111] R. Motwani , J. Naor and P. Raghavan , Randomized Algorithms in Combinatorial Optimization, in the book "Approximation algorithms for NP-hard problems", PWS Publishing Company, 1996.

[112] R. Motwani and P. Raghavan, Randomized Algorithms, Cambridge University Press (1995).

[113] G. L. Nemhauser and L. A. Wolsey, Integer and Combinatorial Optimization, John Wiley & Sons, 1988.

[114] G.L.Nemhauser and L.A.Wolsey, Best Algorithms for Approximating the Maximum of a Submodular Function, Mathematics of Operation Research 3 (1978), pp.177{188.

[115] G. L. Nemhauser, L. A. Wolsey and M. L. Fisher, An Analysis of Approximations for Maximizing Submodular Set Functions-I, Mathematical Programming 14 (1978), pp.265{294.

[116] C. Papadimitrou, Worst-Case and Probabilistic Analysis of a Geometric Location Problem, SIAM Journal of Computing 10 (1981), pp.542{557.

[117] C. Papadimitrou and M. Yannakakis, Optimization, Approximation and Complexity Classes, Journal of Computer and System Sciences 43 (1991), pp.425{440.

[118] M. Queyranne, Performance Ratio of Polynomial Heuristics for Triangle Inequality Quadratic Assignment Problems, Operation Research Letters 4 (1986), pp. 231{234.

[119]

P.Raghavan, Probabilistic Construction of Determenistic Algorithms:

Approximating Packing Integer Programs, Journal of Computer and System Sciences 37 (1988), pp.130{143.

[120] P. Raghavan and C. Thompson, Randomized Rounding: a Technique for Provably Good Algorithms and Algorithmic Proofs, Combinatorica 7 (1987), pp.365{374.

[121] R. Raz, A Parallel Repetition Theorem, Journal of ACM (to appear).

[122] A. H. G. Rinnoy Kan, An Introduction to the Analysis of Aproximation Algorithms, Discrete Applied Mathematics 14 (1986), pp.171{186.

[123] S. Sahni, General Technique for Combinatorial Approximation, Operation Research 25 (1977), pp.920{936.

[124] S Sahni and T. Gonzalez, P -Complete Approximation Problems, Journal of ACM 23 (1976), pp.555{565.

[125] D. Shmoys, Cut Problems and Their Application to Divide-and- Conquer, in the "Approximation Algorithms for NP-hard problems", PWS Publishing (1996).

[126] D. Shmoys, Computing Near-Optimal Solutions to Combinatorial Optimization Problems, In W. Cook, L. Lovasz, P. Seymour, editors, Advances in Combinatorial Optimization, AMS, Providence RI (1995), pp.355{397.

[127] D. Shmoys, E. Tardos and K. Aardal, Approximation Algorithms for Facility Location Problems, In Proceedings of the 29 Annual ACM Symp. on Theory of Computing (1997).

[128] P. Slavik, A Tight Analysis of the Greedy Algorithm for Set Cover, In Proceedings of the 28th Annual ACM Symposium on Theory of Computing (1996), pp.435{439.

[129] B. C. Tansel, R. L. Francis and T. J. Lowe, Duality: Covering and Constraining p-Center Problems on Trees, in the book "Discrete Location Theory", edited by P. B. Mirchandani and R. L. Francis (1990).

[130] S. Vishwanathan, An O(log^∗ n) Approximation Algorithm for the Assymetric p-Center Problem, In Proceedings of the 7th SODA (1996). pp.1{5.

[131] L. A. Wolsey, An Analysis of the Greedy Algorithm for the Submodular Set Covering Problems, Mathematics of Operation Research 7 (1982), pp.417{425.

[132] L. A. Wolsey, Maximizing Real-valued Submodular Functions:

Primal and Dual Heuristics for Location Problems, Mathematics of Operation Research 7 (1982), pp.410{425.

[133] M.Yannakakis, On the Approximation of Maximum Satis˛ability, Journal of Algorithms 17 (1994), pp.475{502.

[134] E.Zemel, An O(n) Algorithm for the Linear Multiple Choice Knapsack Problem and Related Problems, Information Processing Letters 18 (1984), pp.123{128.

Śŕĺáőł ŕãąńĺłăæĺľ ăćâőàă ŕő âěňě ďĺááěàâăæĺĺ

1. Ň. Ĺ. Śćĺàĺďěŋłő, Ő âőçŋőáâĺ àěèěŋĺľ ęăďŋëňĺ ăńčőàĺâňăňĺ ğăďăç àăğňěéěŋĺï ŋă ňăłáĺňãň, Ďĺáłàěâŋëľ ăŋăńĺğ ĺ Ĺááńěďőćăŋĺě őŕěàăæĺľ 4(3) áěàĺï 1 (1997), áâà.35{48.

2. Ň. Ĺ. Śćĺàĺďěŋłő, Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï àěèěŋĺï ďĺŋăňĺçěáłőľ ğăďăçĺ ő à-ňěďĺăŋě ŋă ňăłáĺňãň, Ďĺáłàěâŋëľ ăŋăńĺğ ĺ Ĺááńěďőćăŋĺě őŕěàăæĺľ 4(2) áěàĺï 2 (1997), áâà.55{62.

3. Ă. Ă. Ăčěěć ĺ Ň. Ĺ. Śćĺàĺďěŋłő, Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň á ăŕàĺőàŋőľ őæěŋłőľ âőçŋőáâĺ ďńï ŕàőáâěľèěľ ğăďăçĺ àăğňěéěŋĺï ŋă ňăłáĺňãň, Šěğĺáë łőŋäěàěŋæĺĺ "Ŕàĺąńěňë őŕâĺňĺğăæĺĺ ĺ íłőŋőňĺçěáłĺě ŕàĺńőęěŋĺï", Őňáł 1997.

4. Ň. Ĺ. Śćĺàĺďěŋłő, Ŕàĺąńĺęěŋŋëľ ăńčőàĺâň ďńï àěèěŋĺï ğăďăçĺ ő à-æěŋâàě á ŋěàăćěŋáâćőň âàěãčőńìŋĺłă, Ďĺáłàěâŋëľ ăŋăńĺğ ĺ Ĺááńěďőćăŋĺě őŕěàăæĺľ 5(1) áěàĺï 1 (1998), áâà.60{63.

5. A. A. Ageev and M. I. Sviridenko, An Approximation Algorithm for the Uncapacitated Facility Location Problem, ć âěğĺáăå 16-čő ňěęďãŋăàőďŋőčő áĺňŕőğĺãňă ŕő ňăâěňăâĺçěáłőňã ŕàőčàăňňĺàőćăŋĺî, Ńőğăŋŋă

1997.

6. A. A. Ageev and M. I. Sviridenko, An Approximation Algorithm for the Uncapacitated Facility Location Problem, ć âěğĺáăå áĺňŕőğĺãňă ŕő ĺááńěďőćăŋĺî őŕěàăæĺľ, Ľěŋŋă 1997.

7. A.A. Ageev and M. I. Sviridenko, An Approximation Algorithms for Some Combinatorial Problems with Cardinality Constraints, Ć âàãďăå 11-ľ Ąăľłăńìáłőľ èłőńë-áěňĺŋăàă Ňěâőďë őŕâĺňĺğăæĺĺ ĺ ĺå ŕàĺńőęěŋĺï â.1 (1998), áâà.107{110.

8. M. I. Sviridenko, Best Possible Approximation Algorithm for MAX SAT with Cardinality Constraint, In Proceedings APPROX98, Lecture Notes in Computer Science v.1444, pp.193{199.