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ËÅÊÖÈß � 15

Ìåòîäû íóëåâîãî ïîðÿäêà

1. Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

2. Ìåòîä ïîêðûòèÿ (ÌÂÃ äëÿ ëèïøèöå-
âûõ ôóíêöèé íà ã.-êóáå)

Ïðÿìûå è äâîéñòâåííûå ìåòîäû

1. Ìåòîä Êåëëè
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Îáëàñòü ïðèìåíåíèÿ: ìèíèìèçèðóåìàÿ ôóíê-
öèÿ ëèáî íå îáëàäàåò íóæíîé ãëàäêîñòüþ, ëèáî ÿâ-
ëÿåòñÿ ãëàäêîé, íî âû÷èñëåíèå ïðîèçâîäíûõ ñëèø-
êîì òðóäîåìêî.
Íàèáîëåå ýôôåêòèâåí, êîãäà ôóíêöèÿ ÿâëÿåòñÿ

ãëàäêîé. Ìåòîä íå òðåáóåò çíàíèÿ ãðàäèåíòà, íî
ñõîäèìîñòü ìîæíî ãàðàíòèðîâàòü ëèøü äëÿ ãëàä-
êèõ ôóíêöèé.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Ðàññìîòðèì çàäà÷ó

f(x) −→ inf
x∈Rn

(1)

Ïóñòü ei = (0, . . . , 0, 1, 0, . . . , 0) � i-ûé åäè-
íè÷íûé êîîðäèíàòíûé âåêòîð, x0 � íà÷àëüíîå ïðè-
áëèæåíèå, α0 > 0 � íà÷àëüíàÿ äëèíà øàãà. Ïóñòü
xk ∈ Rn � òåêóùåå ïðèáëèæåíèå, αk > 0 � òå-
êóùàÿ äëèíà øàãà, âåêòîð pk � òåêóùåå íàïðàâëå-
íèå äâèæåíèÿ, λ, 0 < λ < 1 � ôèêñèðîâàííîå
÷èñëî.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Âûáîð íàïðàâëåíèÿ äâèæåíèÿ:

pk = eik, ik = k − n[k/n] + 1, (2)

ãäå [k/n] � öåëàÿ ÷àñòü, ÷èñëà k/n. Óñëîâèå (2)
ãàðàíòèðóåò öèêëè÷åñêèé ïåðåáîð âåêòîðîâ e1, e2,
. . . , en:

p0 = e1, . . . , pn−1 = en,

pn = e1, . . . , p2n−1 = en, p2n = e1, . . .
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Èòåðàöèÿ (k + 1). Âû÷èñëèòü f(x) â òî÷êå x =
xk + αk pk. Åñëè

f(xk + αk pk) < f(xk), (3)

òî ïîëîæèì

xk+1 = xk + αk pk, αk+1 = αk. (4)

Åñëè (3) íå âûïîëíÿåòñÿ, òî âû÷èñëèòü f(x) â

òî÷êå x = xk − αk pk.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Åñëè
f(xk − αk pk) < f(xk), (5)

òî ïîëîæèì

xk+1 = xk − αk pk, αk+1 = αk. (6)

Èòåðàöèþ k + 1 íàçîâåì óäà÷íîé, åñëè âûïîëíÿ-
åòñÿ õîòÿ áû îäíî èç íåðàâåíñòâ (3) èëè (5).
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Åñëè k+1 èòåðàöèÿ íåóäà÷íàÿ, òî ïîëîæèì:xk+1 =
xk,

αk+1 =


λαk, åñëè ik = n, xk = xk−n+1,

αk, åñëè ik 6= n èëè xk 6= xk−n+1

èëè 0 ≤ k ≤ n − 1.
(7)
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Â (7) óñëîâèå ik = n, xk = xk−n+1 îçíà÷àåò,
÷òî ïðè ïîñëåäîâàòåëüíîì ïåðåáîðå íàïðàâëåíèé
e1, . . . , en (n ïîñëåäíèõ èòåðàöèé) íå îêàçàëîñü
íè îäíîé óäà÷íîé =⇒ øàã αk äðîáèòñÿ. Â ýòîì
ñëó÷àå âûïîëíÿþòñÿ íåðàâåíñòâà

f(xk+αk ei) ≥ f(xk), f(xk−αk ei) ≥ f(xk)
(8)

äëÿ âñåõ i = 1, . . . , n.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Åñëè â äàííîì öèêëå èç n èòåðàöèé ðåàëèçîâàëàñü
õîòÿ áû îäíà óäà÷íàÿ èòåðàöèÿ, òî òîãäà íà ïîñëåä-
íåé èòåðàöèè öèêëà ik = n íî xk 6= xk−n+1
=⇒ äëèíà øàãà αk íå äðîáèòñÿ è ñîõðàíÿåòñÿ
åùå íà ïðîòÿæåíèè n èòåðàöèé ñëåäóþùåãî öèê-
ëà (ò.ê. äðîáëåíèå âîçìîæíî òîëüêî íà ïîñëåäíåé
èòåðàöèè öèêëà)
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Òåîðåìà 24. Ïóñòü ôóíêöèÿ f(x) âûïóêëà íà
Rn è f ∈ C1(Rn), à íà÷àëüíîå ïðèáëèæåíèå
òàêîâî, ÷òî ìíîæåñòâî M(x0) = {x ∈ Rn :
f(x) ≤ f(x0)} îãðàíè÷åíî.
Òîãäà ïîñëåäîâàòåëüíîñòü xk èìååò õîòÿ áû îäíó

ïðåäåëüíóþ òî÷êó è ëþáàÿ ïðåäåëüíàÿ òî÷êà ýòîé
ïîñëåäîâàòåëüíîñòè åñòü îïòèìàëüíîå ðåøåíèå çà-
äà÷è.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Äîêàçàòåëüñòâî. Ïî òåîðåìå Âåéåðøòðàññà â
çàäà÷å (1) ∃ îïòèìàëüíîå ðåøåíèå x∗ ∈ Rn. Ñ
äðóãîé ñòîðîíû èç (2)-(7) =⇒

f(xk+1) ≤ f(xk), k = 0, 1, . . . , =⇒
{xk} ∈ M(x0) è ∃ lim

k→∞
f(xk) ≥ f∗ = f(x∗).

Ïîêàæåì
lim

k→∞
αk = 0.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Äîïóñòèì ïðîòèâíîå: αk = α > 0, ∀k ≥ k0
(ò.å. ïðîöåññ äðîáëåíèÿ êîíå÷åí).
Ïóñòü Mα = {u|u = (xk0

+ α r ei) ∈
M(x0), i = 1, . . . , n, r = 0, ±1, ±2, . . . } �
ñåòêà ñ øàãîì α.
Ïîíÿòíî, ÷òî íà÷èíàÿ ñ íîìåðà k0 ëþáîé öèêë

èç n èòåðàöèé ñîäåðæèò õîòÿ áû îäíó óäà÷íóþ èòå-
ðàöèþ. Íà êàæäîé óäà÷íîé èòåðàöèè ïåðåõîäèì îò
òåêóùåé òî÷êè ñåòêè xk ê ñîñåäíåé xk+1.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Ò.ê. ïðè ýòîì f(xk) > f(xk+1), òî ïîñåòèì
êàæäóþ òî÷êó ñåòêè íå áîëåå îäíîãî ðàçà =⇒
ñåòêà Mα ñîäåðæèò áåñêîíå÷íîå ìíîæåñòâî ðàç-

íûõ òî÷åê =⇒
ïðîòèâîðå÷èå ñ îãðàíè÷åííîñòüþ ìíîæåñòâàM(x0)

=⇒
ïðîöåññ äðîáëåíèÿ äëèíû øàãà αk áåñêîíå÷åí

=⇒
limk→∞ αk = 0.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Ïóñòü k1 < k2 < · · · < km < . . . � íîìå-
ðà èòåðàöèé, íà êîòîðûõ äðîáèòñÿ äëèíà øàãà è
âûïîëíÿþòñÿ íåðàâåíñòâà (8).
Ò.ê. {xk} ∈ M(x0) è ìíîæåñòâîM(x0) îãðà-

íè÷åíî, òî áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷è-
òàòü, ÷òî ∃ lim xkm

ïðè m −→ +∞ è ðàâåí x̂.
Èç ôîðìóëû êîíå÷íûõ ïðèðàùåíèé è (8) èìååì

∀m 〈f ′(xkm
+ θkm

αkm
ei), αkm

ei〉 =

= f(xkm
+ αkm

ei) − f(xkm
) ≥ 0 =⇒
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

f ′
xi

(xkm
+θkm

αkm
ei) ≥ 0, ãäå i = 1, . . . , n,

0 ≤ θkm
≤ 1.

Àíàëîãè÷íî ïîëó÷èì, ÷òî

∀m 〈f ′(xkm
− θkm

αkm
ei), −αkm

ei〉 =

= f(xkm
− αkm

ei) − f(xkm
) ≥ 0

è, ñëåäîâàòåëüíî, äëÿ ∀m è ∀i = 1, . . . , n

f ′
xi

(xkm
− θkm

αkm
ei) ≤ 0,

ãäå 0 ≤ θkm
≤ 1.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Ïî óñëîâèþ, ÷àñòíûå ïðîèçâîäíûå f ′
xi

(x) � íåïðå-

ðûâíûå ôóíêöèè íà Rn. Ïîýòîìó èç óñëîâèé:

lim
m→∞

αkm
= 0, lim

m→∞
xkm

= x̂

∀m f ′
xi

(xkm
+θkm

αkm
ei) ≥ 0, i = 1, . . . , n

∀m f ′
xi

(xkm
−θkm

αkm
ei) ≤ 0, i = 1, . . . , n

èìååì f ′
xi

(x̂) = 0, i = 1, . . . , n.
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Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Ýòî îçíà÷àåò, ÷òî ãðàäèåíò ôóíêöèè f â òî÷êå x̂
ðàâåí 0, ò.å. f ′(x̂) = 0. Äëÿ âûïóêëîé ôóíêöèè f
ýòî íåîáõîäèìîå óñëîâèå ëîêàëüíîé îïòèìàëüíîñòè
ÿâëÿåòñÿ äîñòàòî÷íûì. Ñëåäîâàòåëüíî x̂ ÿâëÿåòñÿ
îïòèìàëüíûì ðåøåíèåì çàäà÷è. �
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Ïðÿìûå ìåòîäû: ìåòîä Êåëëè

Äàííûé ìåòîä èñïîëüçóåòñÿ äëÿ ðåøåíèÿ çàäà÷ âû-
ïóêëîãî ïðîãðàììèðîâàíèÿ âèäà:

min f(x)

ïðè óñëîâèè, ÷òî

ϕi(x) ≤ 0, i = 1, m.

Çäåñü f, ϕi : Rn −→ R � âûïóêëûå ôóíêöèè è
f, ϕi ∈ C1.
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Ïðÿìûå ìåòîäû: ìåòîä Êåëëè èëè ìåòîä ñåêóùèõ ïëîñêî-
ñòåé

Ââîäÿ äîïîëíèòåëüíûå ïåðåìåííóþ è îãðàíè÷åíèå,
ñäåëàåì ôóíêöèîíàë çàäà÷è ëèíåéíûì:

min y

f(x) ≤ y

ϕi(x) ≤ 0, i = 1, ..., m,

=⇒ áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî f(x) =
= 〈c, x〉 è îãðàíè÷èìñÿ èçó÷åíèåì âûïóêëûõ çà-
äà÷ âèäà:

-19-



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Ìåòîä Êåëëè

(c, x) =
n∑

j=1

cjxj −→ min

ïðè óñëîâèè, ÷òî

ϕi(x) ≤ 0, i = 1, m.

Òàêæå ñ÷èòàåì, ÷òî â çàäà÷å ñóùåñòâóåò îïòèìàëü-
íîå ðåøåíèå x∗, êîòîðîå ñîäåðæèòñÿ â ìíîãîãðàí-
íîì ìíîæåñòâå Q0 = {x ∈ Rn|Ax = b, x ≥
0}, à òàêæå Q ⊆ Q0.
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Ìåòîä Êåëëè

Èòåðàöèÿ k.
1. Ðåøàåì çàäà÷ó ËÏ

(c, x) −→ min

x ∈ Qk,

ãäå Qk � òåêóùåå ìíîãîãðàííîå ïðèáëèæåíèå ìíî-
æåñòâà Q, ïðè÷¼ì Q ⊆ Qk.
Ïóñòü xk � îïòèìàëüíîå ðåøåíèå ýòîé çàäà÷è.
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Ìåòîä Êåëëè

Åñëè xk � äîïóñòèìîå ðåøåíèå èñõîäíîé çàäà÷è,
òî îíî ÿâëÿåòñÿ åãî îïòèìàëüíûì ðåøåíèåì (ò.ê.
Q ⊆ Qk). Àëãîðèòì çàêàí÷èâàåò ðàáîòó. Â ïðî-
òèâíîì ñëó÷àå ïåðåõîäèì ê ñëåäóþùåìó øàãó.
2. Íàéä¼ì íîìåð îãðàíè÷åíèÿ ik, äëÿ êîòîðîãî

âåëè÷èíà ϕik(x
k) > 0 ìàêñèìàëüíà. Ïåðåéä¼ì ê

âûïîëíåíèþ ñëåäóþùåé èòåðàöèè ñ

Qk+1 = Qk∩{x|ϕik(x
k)+(ϕ

′
ik

(xk), x−xk) ≤
≤ 0.}
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Ìåòîä Êåëëè

Êîððåêòíîñòü îïðåäåëåíèÿ ìíîæåñòâàQk+1.

1. Ò.ê. îãðàíè÷åíèå ϕik(x
k) + (ϕ

′
ik

(xk), x −
xk) ≤ 0 ëèíåéíî, òî ìíîæåñòâî Qk+1 ÿâëÿåòñÿ
ìíîãîãðàííûì.
2. Â ñèëó âûïóêëîñòè ìíîæåñòâà Qk è ôóíêöèè

ϕik èìååì

ϕik(x
k) + (ϕ

′
ik

(xk), x − xk) ≤ ϕik(x)

äëÿ âñåõ x ∈ Qk (Ëåììà 3, ëåê. � 2).
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Ìåòîä Êåëëè

Íî äëÿ x ∈ Q ϕik(x) ≤ 0. Ñëåäîâàòåëüíî, Q ⊆
Qk+1. (Äðóãèìè ñëîâàìè îãðàíè÷åíèå

ϕik(x
k) + (ϕ

′
ik

(xk), x − xk) = 0

ÿâëÿåòñÿ îòñå÷åíèåì, êîòîðîå îòñåêàåò òî÷êó xk.)
Åñëè àëãîðèòì îñòàíàâëèâàåòñÿ ÷åðåç êîíå÷íîå ÷èñ-
ëî øàãîâ, òî òåêóùåå ïðèáëèæåíèå � îïòèìàëüíîå
ðåøåíèå çàäà÷è. Ðàññìîòðèì ñëó÷àé, êîãäà ïîñëå-
äîâàòåëüíîñòü {xk} áåñêîíå÷íà.
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Ìåòîä Êåëëè

Òåîðåìà 24. Ëþáàÿ ïðåäåëüíàÿ òî÷êà ïîñëåäî-
âàòåëüíîñòè {xk}, ïîðîæä¼ííàÿ ìåòîäîì ñåêóùèõ
ïëîñêîñòåé, åñòü îïòèìàëüíîå ðåøåíèå çàäà÷è.

Äîêàçàòåëüñòâî. Ïîñëåäîâàòåëüíîñòü çíà÷åíèé
{(c, xk)} ìîíîòîííî íåóáûâàþùàÿ è îãðàíè÷åíà
ñâåðõó (ò.ê. ñóùåñòâóåò îïòèìàëüíîå ðåøåíèå). Ïî-
ýòîìó áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî ïî-
ñëåäîâàòåëüíîñòü {xk} îãðàíè÷åíà. Òîãäà íàéä¼ò-
ñÿ ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü.
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Ìåòîä Êåëëè

Äëÿ óïðîùåíèÿ îáîçíà÷åíèé, ñ÷èòàåì, ÷òî ýòî è
åñòü íàøà ïîñëåäîâàòåëüíîñòü {xk}k∈N . Ïóñòü
x � å¼ ïðåäåë.
Âûáåðåì ïðîèçâîëüíîå îãðàíè÷åíèå ñ íîìåðîì i.

Ðàññìîòðèì ïîäïîñëåäîâàòåëüíîñòü ýëåìåíòîâ

{xk}k∈T , ãäå T ⊆ N , äëÿ êîòîðûõ ñåêóùàÿ
ïëîñêîñòü ïîðîæäàëàñü ñ ïîìîùüþ i-ãî îãðàíè÷å-
íèÿ. Âîçìîæíû äâà ñëó÷àÿ.
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Ìåòîä Êåëëè

1. Íàéä¼òñÿ íîìåð k0 òàêîé, ÷òî ϕi(x
k) ≤ 0 äëÿ

âñåõ k ≥ k0. Òîãäà

ϕi(x
k) −→ ϕi(x) ≤ 0.

Ëèáî

2. Ïîäïîñëåäîâàòåëüíîñòü {xk}k∈T áåñêîíå÷íà.
Òîãäà äëÿ ëþáîãî k′ > k

ϕi(x
k) + (ϕ

′
i(x

k), xk′
− xk) ≤ 0.
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Ìåòîä Êåëëè

Ñëåäîâàòåëüíî,

ϕi(x
k) ≤ ‖ϕ

′
i(x

k)‖‖xk′
− xk)‖.

Ò.ê. ‖xk′ −xk)‖ −→ 0 (èç-çà ñõîäèìîñòè ïîñëå-

äîâàòåëüíîñòè), ‖ϕ
′
i(x

k)‖ −→ ‖ϕ
′
i(x)‖ (ϕi ∈

C1(Rn)).
Òàêèì îáðàçîì

ϕi(x
k) −→ ϕi(x) ≤ 0.
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Ìåòîä Êåëëè

Ñëåäîâàòåëüíî, x � äîïóñòèìîå ðåøåíèå çàäà÷è (â
ñèëó ïðîèçâîëüíîãî âûáîðà i). Íî äëÿ ëþáîãî k
èìååì (c, xk) ≤ (c, x∗) =⇒ (c, x) ≤ (c, x∗).
Ò.å. x � îïòèìàëüíîå ðåøåíèå çàäà÷è. �
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