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ËÅÊÖÈß � 6

1. Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

2. Ýëåìåíòàðíîå ïðåîáðàçîâàíèå ñ.-ò.

3. Ñèìïëåêñ-ìåòîä
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ïóñòü s ∈ S′. Äëÿ àíàëèçà ñëó÷àåâ 2 è 3 ââåä¼ì ïàðàìåòðèçîâàííîå

ñåìåéñòâî âåêòîðîâ

x(t), t ≥ 0 :

xσ(i)(t) = xσ(i) − zist,

xs(t) = t, (21)

xj(t) = 0, j ∈ S′\s
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ïóñòü S
′ ∪ S = {1, . . . , n}. Ìíîæåñòâî ðåøåíèé ñèñòåìû óðàâíåíèé

Ax = b, xj = 0, j ∈ S
′
, xj ≥ 0, j ∈ S,

íàçûâàåòñÿ ãðàíüþ ìíîæåñòâà äîïóñòèìûõ

ðåøåíèé (17)-(18).
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Âåëè÷èíàn−m−|S′|� ðàçìåðíîñòü äàííîé ãðàíè (çäåñüm+|S′|
� ðàíã ñèñòåìû óðàâíåíèé).

Òàê êàê x � á.ä.ð., òî |S′| = n − m, ñëåäîâàòåëüíî, x � ãðàíü

ðàçìåðíîñòè 0.

Åñëè |S′| = n − m − 1, òî ïîëó÷èì ãðàíü ðàçìåðíîñòè 1, ò.å.

ðåáðî: îãðàíè÷åííîå èëè íåîãðàíè÷åííîå.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Åñëè S � ìíîæåñòâî íîìåðîâ áàçèñíûõ ïåðåìåííûõ, à S
′
, ñîîò-

âåòñòâåííî, íåáàçèñíûõ, òî á.ä.ð. x � åäèíñòâåííîå ðåøåíèå ñèñòåìû

óðàâíåíèé

Ax = b, xj = 0, j ∈ S
′
.

Òîãäà ñåìåéñòâî âåêòîðîâ (21) åñòü ìíîæåñòâî ðåøåíèé ñèñòåìû

Ax = b, xj = 0, j ∈ S
′ \ s.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ïðè t = 0 ðåøåíèå x(0) ñîâïàäàåò ñ èñõîäíûì á.ä.ð. x. Ïðè óâå-

ëè÷åíèè t ≥ 0 òî÷êà x(t) äâèæåòñÿ â ïðåäåëàõ ìíîæåñòâà ðåøåíèé

ñèñòåìû Ax = b. Ïîêà ñîõðàíÿåòñÿ íåîòðèöàòåëüíûì çíàê âåëè÷èí

xσ(i)(t) = xσ(i) − zist ≥ 0, ïðè âñåõ i = 1, m, òî äâèæåíèå ïðîèñ-

õîäèò ïî ðåáðó

Ax = b, xj = 0, j ∈ S
′ \ s, xj ≥ 0, j ∈ S ∪ {s},

â ïðåäåëàõ ìíîæåñòâà äîïóñòèìûõ ðåøåíèé çàäà÷è (16)-(18).
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ïðåîáðàçîâàíèå èñõîäíîãî á.ä.ð. x. ïî ôîðìóëàì (21) íàçîâ¼ì åãî

ýëåìåíòàðíûì ïðåîáðàçîâàíèåì. Ïðåäûäóùèé ñëàéä ïîçâîëÿåò èíòåð-

ïðåòèðîâàòü ýëåìåíòàðíîå ïðåîáðàçîâàíèå êàê äâèæåíèå ïî ðåáðó, êî-

òîðîå íà÷èíàåòñÿ èç âåðøèíû x.

Â ëåììå 9 àíàëèçèðóåòñÿ ñëó÷àé, êîãäà ýëåìåíòàðíîå ïðåîáðàçî-

âàíèå ïðèâîäèò ê äâèæåíèþ ïî áåñêîíå÷íîìó ðåáðó, íà êîòîðîì öåëåâàÿ

ôóíêöèÿ óáûâàåò. Ïîñëåäíÿÿ ëåììà àíàëèçèðóåò âàðèàíòû âîçíèêàþ-

ùèå ïðè äâèæåíèè ïî îãðàíè÷åííîìó ðåáðó.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ëåììà 9 (î íåðàçðåøèìîñòè). Åñëè äëÿ íîìåðà s îöåíêà

çàìåùåíèÿ z0s < 0 è äëÿ âñåõ èíäåêñîâ i êîýôôèöèåíòû

çàìåùåíèÿ zis íåïîëîæèòåëüíû, òî â çàäà÷å (16)�(18) íå

ñóùåñòâóåò îïòèìàëüíîãî ðåøåíèÿ.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Òàê êàê ∀i : zis ≤ 0, òî èç (21) èìååì

∀t ≥ 0 : xj(t) ≥ 0, j = 1, . . . , n.

Òàêèì îáðàçîì ìíîæåñòâî òî÷åê x(t), t ≥ 0, îáðàçóåò íåîãðàíè-

÷åííîå ðåáðî ìíîãîãðàííîãî ìíîæåñòâà Q, âûõîäÿùåå èç âåðøèíû x.

Íî èç (16
′′
) =⇒

w(x(t)) = −z00 + z0st → −∞ ïðè t → +∞.

=⇒ â çàäà÷å (16)-(18) íå ñóùåñòâóåò îïòèìàëüíîãî ðåøåíèÿ. �
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ëåììà 10 (î ñóùåñòâîâàíèè ëó÷øåé âåðøèíû). Åñëè îöåíêà

çàìåùåíèÿ z0s < 0 è ñóùåñòâóþò áàçèñíûå ïåðåìåííûå ñ êîýôôèöè-

åíòàìè çàìåùåíèÿ zis > 0, òî ýëåìåíòàðíîå ïðåîáðàçîâàíèå ïðèâåä¼ò

ëèáî â âåðøèíó ñ ìåíüøèì çíà÷åíèåì öåëåâîé ôóíêöèè, ëèáî âåðøèíà

îñòàíåòñÿ ïðåæíåé, íî èçìåíèòñÿ å¼ áàçèñ.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ïóñòü r � èíäåêñ áàçèñíîé ïåðåìåííîé òàêîé, ÷òî

t =
xσ(r)

zrs

=
zr0

zrs

= min
zis>0, i≥1

zi0

zis

.

Âîçìîæíî äâà ñëó÷àÿ: t > 0 è t = 0. Ðàññìîòðèì ïåðâûé ñëó÷àé.

Òîãäà

∀i∀t < t : xσ(i)(t) = xσ(i) − zist > 0.

Â ñèëó âûáîðà èíäåêñà r : xσ(r)(t) = 0 è äëÿ ∀t > t èìååì

xσ(r)(t) < 0.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Èòàê ìíîæåñòâî âåêòîðîâ x(t), 0 ≤ t ≤ t îáðàçóåò îãðàíè÷åííîå

ðåáðî ìíîæåñòâà äîïóñòèìûõ ðåøåíèé Q. Ïîêàæåì, ÷òî âåêòîð x(t) �

á.ä.ð. Ïî îïðåäåëåíèþ

(z1s, . . . , zms)
> = B−1As ⇐⇒

As = B(z1s, . . . , zms)
> ⇐⇒

As =
m∑

i=1

zisAσ(i) (è ò.ê.) zrs > 0 =⇒

(ëåãêî äîêàçûâàåòñÿ îò ïðîòèâíîãî)
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

ñòîëáöû ìàòðèöû

B
′
= [Aσ(1), . . . , Aσ(r−1), As, Aσ(r+1), . . . , Aσ(n)]

ëèíåéíî íåçàâèñèìû. Ñëåäîâàòåëüíî B
′
� áàçèñ è x(t) � á.ä.ð., à òàê

êàê èç (16
′′
) =⇒

∀t, 0 ≤ t ≤ t, w(x(t)) = −z00 + z0st ≤ −z00,

òî x(t) � èñêîìîå á.ä.ð. ñ ìåíüøèì çíà÷åíèåì öåëåâîé ôóíêöèè. Ðàñ-

ñìîòðèì ñëó÷àé t = 0.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Â ñèëó âûáîðà èíäåêñà r : xσ(r)(t) = xσ(r)(0) = xσ(i) = zr0 =
0. Ò.ê. zrs > 0, òî êàê è ðàíåå íåòðóäíî ïîêàçàòü, ÷òî ñòîëáöû ìàò-
ðèöû

B
′
= [Aσ(1), . . . , Aσ(r−1), As, Aσ(r+1), . . . , Aσ(n)]

ëèíåéíî íåçàâèñèìû. Ñëåäîâàòåëüíî B
′
� äðóãîé áàçèñ âåðøèíû x.

�
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Îïðåäåëåíèå 9. Ïðåîáðàçîâàíèå ñèìïëåêñ�òàáëèöû (ñîîò-
âåòñòâåííî, áàçèñà), ïðè êîòîðîì ïðîèñõîäèò çàìåíà îäíîãî
èç áàçèñíûõ ñòîëáöîâ íà äðóãîé ñòîëáåö ìàòðèöû A èç ÷èñ-
ëà íåáàçèñíûõ, íàçûâàåòñÿ ýëåìåíòàðíûì ïðåîáðàçîâàíèåì
ñèìïëåêñ�òàáëèöû (ñîîòâåòñòâåííî, áàçèñà).

Ïóñòü zrs 6= 0. Òîãäà áàçèñ

B = [Aσ(1), . . . , Aσ(m)]

çàìåíÿåòñÿ íà íîâûé áàçèñ

[Aσ(1), . . . , Aσ(r−1), As, Aσ(r+1), . . . , Aσ(m)].
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

α′
i = (z′

i0, z′
i1, . . . , z′

in) (i = 0, m) ñòðîêè íîâîé ñèìïëåêñ� òàáëè-

öû: 
α′

i = αi −
zis

zrs

αr, i 6= r,

α′
r =

1

zrs

αr.
(22)

r-ÿ ñòðîêà, s-é ñòîëáåö è ýëåìåíò zrs íàçûâàþòñÿ âåäóùèìè.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ñîîòíîøåíèÿ (22) ýêâèâàëåíòíû ñëåäóþùèì
z′

ij = zij −
ziszrj

zrs

, i 6= r,

z′
rj =

zrj

zrs

.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Ñèìïëåêñ-ìåòîä

0) Ïîñòðîèòü ñèìïëåêñ�òàáëèöó, ñîîòâåòñòâóþùóþ çàäàííîìó áàçèñ-

íîìó äîïóñòèìîìó ðåøåíèþ (òàáëèöà, åñòåñòâåííî, áóäåò ïðÿìî äîïó-

ñòèìîé, ò.å. zi0 ≥ 0, i = 1, m).

1) Åñëè ñèìïëåêñ�òàáëèöà äâîéñòâåííî äîïóñòèìà, ò.å. z0j ≥ 0, j =

1, n, òî ÊÎÍÅÖ (ïîëó÷åíî îïòèìàëüíîå ðåøåíèå)

2) Èíà÷å, âûáðàòü âåäóùèé ñòîëáåö s : zos < 0, s ≥ 1.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

3) Åñëè {i | zis > 0, i ≥ 1} 6= ∅, òî âûáðàòü âåäóùóþ ñòðîêó r ïî

ïðàâèëó:
zr0

zrs

= min{
zi0

zis

| zis > 0, i ≥ 1},

èíà÷å ÊÎÍÅÖ (çàäà÷à íåðàçðåøèìà èç-çà íåîãðàíè÷åííîñòè öåëåâîé

ôóíêöèè).

4) Ïðåîáðàçîâàòü ñèìïëåêñ�òàáëèöó, ïîëîæèòü

σ(r) := s è ïåðåéòè íà øàã 1.

Çàìå÷àíèå 6. Ýëåìåíòàðíîå ïðåîáðàçîâàíèå ñ.-ò. íà øàãå

4 ñîõðàíÿåò å¼ ïðÿìî äîïóñòèìîñòü â ñèëó âûáîðà âåäóùåé

ñòðîêè.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Çàìå÷àíèå. Àíàëèç ñõîäèìîñòè ñ.-ì. çíà÷èòåëüíî óïðîùàåòñÿ, åñëè

ïðåäïîëàãàòü íåâûðîæäåííîñòü çàäà÷è. Òàê êàê â ýòîì ñëó÷àå ýëåìåí-

òàðíîå ïðåîáðàçîâàíèå á.ä.ð. âñåãäà ïðèâîäèò ê íîâîìó á.ä.ð. ñî ñòðîãî

ìåíüøèì çíà÷åíèåì öåëåâîé ôóíêöèè (ëåììà 10). Ïîýòîìó ðàç ÷èñëî

âåðøèí êîíå÷íî, òî è àëãîðèòì êîíå÷åí. Äëÿ ïî÷òè âñåõ èçâåñòíûõ âà-

ðèàíòîâ ñ.-ì. ïîñòðîåíû ïðèìåðû òðåáóþùèå ýêñïîíåíöèàëüíîãî ÷èñëà

øàãîâ îòíîñèòåëüíî ðàçìåðíîñòè çàäà÷è. Îäíàêî, ñ òî÷êè çðåíèÿ âû-

÷èñëèòåëüíîé ïðàêòèêè, ñ.-ì. � ñàìûé ýôôåêòèâíûé ìåòîä ðåøåíèÿ

çàäà÷ ËÏ.
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Ñèìïëåêñ-òàáëèöà (ñ.-ò.)

Äëÿ ïðîèçâîëüíîé çàäà÷è ËÏ êîíå÷íîñòü ñ.-ì. ìîæåò áûòü ãàðàíòèðî-

âàíà òîëüêî ïðè óòî÷íåíèè ïðàâèëà âûáîðà âåäóùåãî ñòîëáöà è âåäó-

ùåé ñòðîêè. Íàèáîëåå èçâåñòíûé è ïðîñòîé âàðèàíò êîíå÷íîãî ñ.-ì. ýòî

ëåêñèêîãðàôè÷åñêèé ñ.-ì. (ñì. ó÷åáíîå ïîñîáèå Ãëåáîâà Í.È. Ðàçîáðàòü

ñàìîñòîÿòåëüíî.)
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