AHAJIN3 NMPOEKTA M0 KPUTEPUIO KCTOUMMOCTb—AJIUTEIBbHOCTH

JI1s kaxxaoi paboThl j€J BMECTO JJIUTEIABHOCTH 7; 3a1aH BPEMEHHON HHTEPBAl
la;, bj] U JUHEHHas QyHKIUS Cj CTOUMOCTH BBIITOJTHEHHS paldoOThI B 3aBUCUMOCTHU OT

JJIINTCIIBHOCTMU.

a; b;

TpebyeTcs HaliTH MUHMMAJIbHBIE CYMMAapHBIC 3aTpaThl HA BBIMOJHEHHE BCEX PabOT

N COOTBCTCTBYIOITUC UM JJINTCIIbHOCTHU pa60T, YTOOBI 3aKOHYHUTDH IMPOCKT K 3aJaH-

HOMY CPOKY T’ "
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Moaeab JUHEHHOT0 IPOrPaMMHUPOBAHUSA

Hano: J={I1,..., n} — MHOXeCTBO padoOT;
C=1{(,j)|i,j € J} — 4acTUYHBIA NOPAJOK;
[a;, b;] — nomyCTUMBINA MHTEPBAJI BLIIIOJIHEHUS PAOOTHI /;

0 ..
Cj = k jPj +C€j — CTOMMOCTb BBINOTHEHHS padoTHI J;

*k
T" — BpeMst OKOHYAHUs BCETO IPOEKTA.

HaunTn: MunuMmaibHbIC CYMMApPHBLBIC 3aTPpaThbl U JTJIMTCIIbHOCTD BBIIIOJIHCHHUS KaXK-

%
01 paOOTHI )11 OKOHYAHUS IIPOEKTA K 3aJTaHHOMY CPOKY 1 .

. : 0
Mopaean: min Z(kjpj +c]-)
Pj jeJ
IIpU OTPAHUYCHUAX s; +pi < 's;, nid Beex (i, j) €C
%
;< T

CljS,Oijj, ]EJ
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OoOparnas 3aga4a

Hano: J={I,..., n} — MHO>XECTBO pa0dOT;
C=1{(i,))|i,j € J} — 4acTUYHBIA NOPAAOK;
[a;, b;] — nomyCTUMBINA MHTEPBAJ BBIIIOJHEHUSA PAOOTHI J;

ci=k;pj+ c? — CTOMMOCTbD BBITIOJIHEHUS paOOTHI J;

%
C — cyMMapHas CTOMMOCTb BBIIIOJIHEHHS BCEX PadoT.

Haiitu: Hanbomnee panHee BpeMs BBITIOJHEHUS MTPOCKTA MPH YCIOBUH, YTO CYyM-

*
MApPHbLIC CTOMMOCTD BBIIIOJTHCHHA BCCX pa60T HC IIPCBBICUT BCIIMYNHBI C.

Mojaeab: min s,
IIPU OTPAHUYCHUAX s; Tpi < s, nid Beex (i, j) €C,
0 %
jeJ

a<p;<b;, jeJ.
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IlakeThbl IUHEHHOI0 NIPOrPAMMHUPOBAHUSA

ABACUS 2.3
BCP
BonsaiG 2.8
CBC

GLPK 4.2

Ip solve 5.1
MINTO 3.1
SYMPHONY 5.0

http://www.informatik.uni-koeln.de/abacus/
http://www.coin-or.org/
http://www.cs.sfu.ca/~lou/BonsaiG/dwnldreq.html
http://www.coin-or.org/.
http://www.gnu.org/software/glpk/glpk.html
http://groups.yahoo.com/group/lp solve/
http://coral.ie.lehigh.edu/minto/

http://www .branchandcut.org/SYMPHONY/
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Ipumep

JMUTEeNnBbHOCTD T'r (cmapm) T (cmapm) 3aTparsl
A 3 0 5 2 100
B 5 0 0 5 000
C 3 5 5 1 800
D 4 8 8 4 800
E 8 12 12 32 000
F 2 8 11 1 000
G 4 10 13 2 800
H 2 10 18 7 000
1 5 5 15 4 000
J 3 14 17 30 000

Htoro: 90 500
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EskeHene/ibHbIE 3aTPAaThl IPU HaAaM00JIee paHHEM cTapTe padoT

Heneuan
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

A 700 | 700 | 700

B 1000 | 1000 | 1000 | 1000 | 1000

C 600 | 600 | 600

D 1200 | 1200 | 1200 | 1200

E 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000
F 500 500

G 700 700 700 700

H 3500 | 3500

| 800 | 800 800 800 800

J 10000 | 10000 | 10000
HeHBem 1700 | 1700 | 1700 | 1000 | 1000 | 1400 | 1400 | 1400 | 2500 | 2500 | 5400 | 5400 | 4700 | 4700 | 14000 | 14000 | 14000 | 4000 | 4000 | 4000
Bcero
szzém 1700 | 3400 | 5100 | 6100 | 7100 | 8500 | 9900 | 11300 | 13800 | 16300 | 21700 | 27100 | 31800 | 36500 | 50500 | 64500 | 78500 | 82500 | 86500 | 90500
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EsxeHene/ibHbIE 3aTPAThI IPU Hau0o0J1ee MO3JHEM cTapTe padoT

Henean
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
A 700 | 700 | 700
B 1000 | 1000 | 1000 | 1000 | 1000
C 600 | 600 | 600
D 1200 | 1200 | 1200 | 1200
E 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000 | 4000
F 500 500
G 700 700 700 700
H 3500 | 3500
| 800 800 800 800 800
J 10000 | 10000 | 10000
He;:ﬂm 1000 | 1000 | 1000 | 1000 | 1000 | 1300 | 1300 | 1300 | 1200 | 1200 | 1200 | 1700 | 4500 | 4700 | 4700 | 5500 | 5500 | 14800 | 18300 | 18300
Bcero
szzm 1000 | 2000 | 3000 | 4000 | 5000 | 6300 | 7600 | 8900 | 10100 | 11300 | 12500 | 14200 | 18700 | 23400 | 28100 | 33600 | 39100 | 53900 | 72200 | 90500
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Yanpapjienue puHaHCAMU

100000 -
20000 4

20000 +

O06nacTh TOMYCTUMBIX

70000 1 pEIIEHNM 3aJ]a4n

G000 +

0000 4

40000 4 27600

30000 P

20000 4

10000

| 14 200

12345678 51011121314151617 181520
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Bomnpochl

e OOpaTHas 3aja4ya MNO3BOJISICT HAUTH KPpUTUUYECKOE BpeMs nnpoekTa (/[a unu Hem?)
e OOpaTHas 3ajJa4ya MOXKET HE UMEThb JIONMYCTUMOro pemeHus ([a uiu Hem?)

e [Ipsimast u oOpaTHas 3a/1auu SIBJISIIOTCSI B3AMMHO JIBOMCTBEHHBIMM 33/1a4aMU

JTMHEHHOTO IporpaMMupoBanus (a uau Hem?)

e OnTUMaIBLHOE PEIICHUE 0OPAaTHOM 3a/1a4uM 3aJjaeT HauboJIee paHHUE BpEMEHa
Hadana Kaxkjaou padotsl ([la, Het?)

e [IycTs BenmuunHa J; 3a1a€T LIEHY OTMEHBI YCIIOBHS NPEAICCTBOBAHUS VIS IIAPbI
pabort (i,j) € C. IlocTpoiiTe HOBYIO TUHEHHYIO MOJICNb JJI1 MUHUMU3AIUUA CyM-
MAapHBIX 3aTPaT U OKOHYAHUS MIPOEKTA K 3aJaHHOMY CPOKY T*,
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KajieHqapHoe mJIaHMPOBaAHME C OTPAHUYCHHBIMH pecypcamMu
Tpu TuNna pecypcos:

e BozobHoss1emble pecypcol (pabodee Bpems, 3GUPHOE BpeMsi, IPOU3BOICTBEH-
HbI€ MOIITHOCTH, . ..) €CJIM HE MOTPATHUIIH, TO IIPOIIAAaloT.

o Crnadupyemvle pecypcol (IMIOMATEpUaIbl, ACHBIH, 3¢pHO, ['CM, ...) eciiu He

IIOTPATHUIIN, TO MOKHO ITIOTPATUTH I1037KC.

e Heso306H061516MblE pecypcbl (KPEAUTHI, CYMMapHBIN 3aI1ac HEMOIIOJHAEMBbIX
MaTEpHUAJIOB,...) MOXHO NOTPATUTh B JIIOOOW MOMEHT BBIIOJTHEHUS ITPOCKTA.
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IlocTanoBka 3agaum

Jlano:

J={1,..., n} — MHOXeCTBO padoT;

C={(,))|i,j € J} — 4acCTUUYHBIN OPSAIOK;

M;, jeJ — Monpl (BapyMaHThl) BBINIOIHEHUSA Pa0OTHI;
K" — MHOk€eCTBO HEBO30OHOBIIIEMBIX PECYPCOB;

K” — MHOKeCTBO BO30OHOBJIEMBIX PECYPCOB;

K° — MHOECTBO CKIaJJUPYEMBIX PECYPCOB;
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rk'}? (r) > 0 — notpebHOCTB B pecypce k € KU K° B unTepBane Bpemenu [ 1, 7],
CUMTasi OT HayaJia BBIMOJHEHUS PA0OTHI j B MOJIE M1;

r;g? > () — NoTpeGHOCTL B HEBO30OHOBISIEMOM pecypce k € K IIpH BBINOJHEHHH
palboThl j B MOJIE Mi;

gi(f) > 0 — xonudecTBO pecypea k € K¥ U K°, BblesiieMoe B MOMEHT BPEMEHU  Ha

BBITTIOJTHEHUE BCEX padOT;

| 4
qr > 0 — KOJIUYECTBO HEBO30OHOBIISIEMOTO pecypca k € K, BBIACIIEMOE B MOMEHT

t =0 Ha BBINOJIHEHHUE BCEX PA0OT B TEUYCHHUE BCEr0 MHTEPBAIA IIJIAHUPOBAHUS;

p}” > (0 — JIJIUTEILHOCTh PA0OTHI j B MOAEC M1

d; 2 0 — NMPEKTUBHBINA CPOK OKOHYAHMS PAOOTHI .
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IlepemeHnHbIC 3a1a4M:
m(j) — mona paOoTHlI J;
s; > 0 — Ha4aso BBIIOJHEHUSA PAaOOTHI j

At)y={jeJ|s; <t<s;+ p}” } — MHOXECTBO padOT, BBINOJHSIEMBIX B MOMEHT

BPEMCHU .

JlomycTuMoe penienue 3aa4M: Ha3HaueHUE MoOAbI m(j) U BPEMEHM CTapTa Kax-

n0i pabOThI TaK, YTOOBI BHIIIOJIHUTH

¢ YCJIOBMA ITPCAIICCTBOBAHMAI,

® OIrpaHUYCHUS 110 pecypcam;

® JIUPEKTHBHBIC CPOKHU OKOHYAHUS KaXKJ10M paOOTHI.

3agaya COCTOMT B TOM, YTOOBI HAWTU JOMYCTUMOE PEIICHUE 3aauyd C MHUHHUMAaJIb-

HBbIM BPCMCHCM OKOHYAaHHA BCCX pa60T.
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MartemaTnueckass MOJaeJjJab

m(J)
mln{r}?}((s +p; )} (1)
TP OTPAHUYCHUSIX S;+p; m(J) < d j» JEJ; 2)
s+ 0" <55, (i, j)€C: 3)
D r,;?(f)(t—sj)qu(r), keK’, t>0;
jeA() ()
Z > Vs, )<qu(t) keK®, 1> 0; 5)
t'=1jeA(t")

Z ) < qr, ke K"

k k ) ’
jeJ / (6)

m(j)e M;, 5,20, jeJ. (7)
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Teopema. 3anaua (1) — (7) sBasiercst NP—TpyIHOUM IIpyU HAJTUYUM XOTSI ObI OJTHOTO

BO300HOBIsIEMOr0 pecypea u | M; | =1 nns Beex jeJ.

JlokazateanctBo. [Iycts | M; | =1 s Beex jeJ, K=K =, |[K| =1, qt) =¢q
s Beex ¢ > 0 u ke K*. Pacemorpum 3amaqy (1) — (7) npu p;= 1 g Beex jeJ u

0€3 yCJIOBUM MPEJIIECCTBOBAHUS HA MHOXKECTBE pa0oT. [lonyuum 3amady yrnmakoBKU
B KOHTEUHEPHI, KOTOpad ABJsieTCA NP—TpyaHon. W

A

q

A N

W B[ O | &

Y
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YacTHbIe cJaydan MOJe/In

Hns | M; | =1, jeJ, paccMOTpUM CIIEAYIOIINE YaCTHBIE C1yYau:
1. K’ =K° =, K" # & — TOIbKO HEBO30OHOBISEMBIE PECYPCHL.

TpuBHaNBHBIN CIydal, IPOBEPSIEM XBaTa€T JIM PECYPCOB U €CJIM J1a, TO OTOpACHI-

BacM BCE PECYPCHBIC OrpaHUYCHUSI.

2. K’ =K"=, K’ # & — TOIBKO CKIaIUpyeMbIE PECYDPCHI.

[TonuHOMUAIILHO pa3pelIUMBIN ClIy4dau, aJroput™M [ umaau Jaet ToOYHOE pelle-

HUE 3aJIa4U.

3. K°=K"=0, K+ & — ToIbKO BO30OHOBIISIEMbIE PECYPCHL.

HauOomnee TpyaHbIN ciiydail, IPUMEHSIEM dBPUCTUYECKUE AITOPUTMBI.
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3agaua co ckiIaaMpyeMbIMU pecypcamMu

Omnpenenenne. Pacnmcanue S = {s; 2 0, jeJ} Ha3BIBAIOT NOLYOONYCMUMbIM, ECIH
OHO YJOBJIETBOPSET YCIOBUAM MPEIIECTBOBAHUS (3) U JTUPEKTUBHBIM CpOKaMm (2),
HO OBITh MOXET HE YJOBJIETBOPSET OrPaHUYCHUSIM MO pECypcam.

Ynpaxknenue 1. IlonygonyctuMoe pacnicaHue CYIIECTBYET <> HauOoJjiee paHHUE

CPOKH BBINIOJHEHHS pa00T 7,(X) yIOBIETBOPSIOT JUPEKTUBHLIM CPOKaM (2).
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T :
Onpenenenune. I[lonymonycrumoe pacnucanue S = {SJT- >0, jed} mia T = Tk,
Ha3bIBaCTCS 1—n030HUM, €CIIH S]T- + o < T, 1151 Bcex j€J M HU OJHO M3 3HAYCHHUM

T
s; HE MOXKET OBITh YBEIIMYCHO 03 HAPYIICHHUS 9TOTO YCIOBHS MM MOJIYIOIYyCTH-

MOCTH PACIIMCAaHHUAI.

AJITOPUTM BBIYMCIEHUU [-TIO3JHETO PACIIMCAHUS AHAJIOTMYEH aJTOPUTMY BBIUMC-
J€eHUd HamOoJiee MO3JTHMX MOMEHTOB, €CIIM NEPEJ] HayajaoM BBIYHCICHUMN IOJIO-
KUTh

Tr(y)=min {d;, T}, j=(xy)eJ.
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5k 5k
Teopema. Ilycte T — panuHa ONTUMAJILHOrO pacnucaHus. Torma 1 —I1031HEE

pacCiiiCaHuC ABJIACTCA OIITUMAJIbHBIM.

k
Jloka3zarenbcTBo: Ilo onpenenenuro 7 —11034HEEC PACIUCAHUE YIAOBJIECTBOPAET

BCEM OTPaHUYCHUSIM KpoMme, ObITh MOXKET, peCypCHbIX orpanudeHuii (5). OrpaHu-

ueHus (4)—(6) urHopupyrorcs, Tak kak K = K" = . I[lokaxeM, 4TO OrpaHHUYEHUS

(5) Tak>Ke BBIIOJHSIIOTCS.

%

* T
IIycte § — ontumainbHOE pemieHue u §° — T*—no3gHee pacnucanue. M3 onpe-

% .
NeJIEHUsT 1—T03HEr0 pacnrucaHus Ciaeayer, 4ro S j < SJT- , U1 Beex jeJ. Tak kak

*
S ynoBnetrBopsieT (5), TO €CTh B KaX/Iblii MOMEHT BPEMEHHM PECYPCOB JIOCTATOYHO,
TO 3TH K€ PECYPChI MOTYT OBITh MUCITOJIB30BAHbI U MO3KE B CUIIY UX CKIIAIAPYEMO-

* *

CTU. 3HAYUT, JJIS SJT TOXKE XBaTaeT pecypcoB U (5) BepHo. CrneaoBaTenbHO S JT -

onrtuMalbHOe pacrucanve. B
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Unpest anropurma I'mmaam

HE JI0ONYCTUMO T TONyCTUMO
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Aaroput™ I'mmaau

1. Eciin Hanbosee paHHUE CPOKHU BBIIIOJIHEHUS PA0OT T),(x) HE yAOBIETBOPSIOT
TAPEKTUBHBIM Cpokam, TO STOP, 3aaua HE UMEET PELICHUS.

2. Homoxwuts 1 = Tk,

3. Eciim T1—mo3HEE pacniiCaHrue JOMyCTUMO I0 pecypcam, To STOP, nony4deHo
ONTUMAJIbHOE PEIICHUE 3a/1a4H.

4. Ilonoxwurs Tp = maxd

jeJ /

5. Ecim T)—mo31HEe paciiCaHre HEAOMYyCTUMO T10 pecypcaM, To STOP, 3amaua
HE UMEET PEUICHUS.

6. [lomoxurs 7 := |_(T1 + Tz)/2—|.
7. IlocTpouts T—T1031HEE PACTIUCAHUE s
8. Ecu " OOITYCTUMO 1O pecypcam, To 1, = T, unaue 71=T.

9. Ecnu T, — T > 1, To BepHyThCa Ha 6, nHaue STOP, 11ojrydeHO onTUManbHOE
T
pemeHue S 2.
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3amauya ¢ BO300HOBJIsIEMBIMH pecypcaMu

bynem npenmnonarats, 4to qy (1) =qy, u ry () =ry,j€J, k€ K P T.e. BBIIEIICHUE
U IOTPEOJICHUE PECYPCOB HE 3aBUCUT OT BPEMEHHU.

Jns ipou3sBoibHOro pacnucanus S = {s; = 0, jeJ} u MmoMenTa Bpemenu f = 0 onpe-

JCTUM TPU MHOXECTBA:

C(t)={jeJ|s;+ p <t} — 3aBeplIeHHBIEC PAOOTEI

A(H)={jeJ|s;<t<s;+ pj } — BBIIOIHAEMBIE PAOOTHI

D(t) = {jeJ\ (C(r) U A(1)) | P(j) <C(¢), Z’”ik + 1 Sqp.k € K*”} — pabortsl, KO-
icA(t)

TOpPBIC MOXKHO HadyaTh B MOMCHT BPEMEHH / COTJIACHO YCIOBUSM IPEAIICCTBOBAHUS

U OrpaHWYEHUSIM TII0 pecypcaMm, P(j)) — MHOXECTBO HPEJIICCTBEHHUKOB
paboTHI J.
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Unpest aaropurma

A

qk 4

C(1) < < o0

A(t) \_

{

v

OCHOBHOI BOIIPOC: KaK BbIOpaTh NOAMHOXKeCTBO D' < D(¥) ?
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I pudanKeHHBIN AJIrOPUTM

1. 1o :=0, C(ty) =, A(ty) =D, 1:=0;

2. Tloka | C(t)) W A(t) | <|J| BBIIOJHATH
21.1:=1+1
22. tp:=min {s;+ p; | jeA(t1)}
2.3. Halitu muoxectBa D(t;), A(t;), C(¢)

2.4. Ilonoxurs Q) = qj — erk, keK”
JeA(t;)

2.5. Beibpats D' < D(t;) Tak, 9T0ObI Z’”jk < O, nns Beex keK”
jeD'

2.6. Ionoxuts s; := t; g Beex jeD' n A(f):= A(t) W D'.
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Bb10op mHoxecTBa D’

OO0o3HauuMm yepe3 R j= Z FJ%{ , JED(t;) noiio pecypcos, NOTPeOIIsIeMBbIX

keK”
paboroii j. Torma D' neaecoodpa3HO BHIOMPATH MO PEIICHUIO 3aJ]a4M O PIOK3aKE:
max | ZR X
JED(1))
IIPU OTPAHUYEHHAX DX <qp— Dtk keK?,
JED(1)) i€A(t;)

X € {O, 1}, jED(t[).

*

ITonaraem D’= {jeD( x: =1 , Tae x
J J

OIITUMAJIBHOC PCIICHUC 3aa4YN.
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Bomnpocel

1. JIroOoe npaBuiio BEIOOpa MOAMHOKECTBA DD, UMEIOIIEE MOJMHOMHUATIBHYIO
TPYJAOEMKOCTb, HE MOKET rapaHTUPOBATH MOJTYUYCHUE ONTUMATIBHOIO PEIICHHUS,

ecinu P = NP (J1a niim Het?)

2. OnTuManbHOE PELICHUE 3aa4l CO CKIQJIMPYEMBbIMU PECYpCcaMH SIBIsETCS -
no3aHuM pacnucanuem (Jla nim Het?)

3.0nTuManbHOE PEMICHUE 3aJ1a49U CO CKJIAIMPYEMBIMU PECYPCAMU JTAET HUKHIOKO
OLICHKY ONTUMYyMa JIsl 3aJ1a4M ¢ BO30OHOBIIsIeMbIMU pecypcamu ([a nim Het?)

4. Ecniu P # NP, To 11 3agauv ¢ BO30OOHOBJISIEMBIMU PECYPCAMH HE CYILIECTBYET
MOJTMHOMHUAJIBHBIX alIPOKCUMAIIMOHHBIX cxeM ([la ninu Het?)
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