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I. Introduction

Hypercube: Fn = {x = (x1, x2, . . . , xn) : ∀i xi ∈ {0,1}}

Hamming distance: ρ(x,y) =
∑n

i=1 |xi − yi|

Hamming weight: wt(x) = ρ(x, 0)

The h-th level of Fn: Wh = {x ∈ Fn : wt(x) = h}, h = 0,1, . . . , n

The k-dimensional face γ of Fn: the set of all vertices with fixed n−k

coordinates.

The faces γ and γ⊥ are orthogonal if the set of positions which are

fixed for all vertices of γ⊥ and the set of positions which are free for

all vertices of γ coincide.



I. Introduction

We study eigenfunctions of an n-dimensional hypercube Fn, i.e. eigen-

functions of the adjacency matrix of the hypercube graph.

The eigenvalues: n− 2i, i = 0,1, . . . , n.

The eigenfunctions:
∑

y∈N(x) f(y) = (n − 2i)f(x), i = 0,1, . . . , n.

here x ∈ Fn and N(x) is the set of all neighbors of x.

Note that an arbitrary equitable 2-partition (or perfect 2-coloring)

can be represented by an eigenfunction which take on two different

values.



I. Introduction

The orthogonal basis of a space of all real functions over the hyper-

cube:
{
fa : Fn → R : fa(x) = (−1)〈a,x〉, a ∈ Fn

}
.

The function fa is the eigenfunction with the eigenvalue n− 2wt(a).

So, the set of functions

{fa : Fn → R : a ∈ Wi}
forms the basis of the eigensubspace Fi with the eigenvalue λ =

n − 2i, i = 0,1, . . . , n. This subspace consists of all functions such

that their Fourier coefficients can be nonzero only on the i-th level

of the hypercube.

The eigenfunction with the eigenvalue λ is referred to as λ-function.



I. Introduction

Let γ be a k-dimensional face and a ∈ γ. Denote

Aa
i (γ) = {x ∈ γ : ρ(a,x) = i},

vai (γ) =
∑

x∈Aa
i (γ)

f(a).

The local distribution of a function f in the face γ with respect to a
vertex a ∈ γ:

va(γ) = (va0(γ), v
a
1(γ), . . . , v

a
k(γ)).

The generating function of the local distribution:

gaγ(t) =
k∑

i=0

vai (γ)t
i

The distribution of a code can be defined as the distribution of its
characteristic function.



II. Local Distributions

Let γ and γ⊥ be orthogonal, γ
⋂
γ⊥ = a. Denote

wa
ij(γ) =

∑

x∈Fn : ρ(x,γ)=i, ρ(x,γ⊥)=j

f(x)

The complete local distribution of function f with respect to the face

γ and vertex a ∈ γ:

wa(γ) =
(
wa
ij(γ) : i = 0,1, . . . , n− dim(γ), j = 0,1, . . . ,dim(γ)

)
.

Theorem 1. Let f : Fn → R be the λ-function and γ and γ⊥ are

orthogonal faces with the common vertex a. Then the local distribu-

tion va(γ) uniquely determines the complete local distribution wa(γ)

and, in particular, the local distribution va(γ⊥).



II. Local Distributions

Derive the interdependence formula of the distributions in two or-

thogonal faces.

Theorem 2. Let f : Fn → R be a λ-function and γ and γ⊥ be

orthogonal faces with the common vertex a. Then the distribution

va(γ⊥) is uniquely determined by the distribution va(γ). Moreover,

corresponding generating functions satisfy the following equation:

ga
γ⊥(t) = (1− t)

n−λ
2 −k(1 + t)

n+λ
2 −kgaγ(−t)



II. Local Distributions

Let

l(λ) = min
{
n− λ

2
,
n+ λ

2

}
.

If k ≤ l(λ) then the function (1−t)
n−λ
2 −k(1+t)

n+λ
2 −k is the polynomial

of the degree n− 2k and then the coefficients of ga
γ⊥(t) are presented

as finite sums of gaγ(t) coefficients. In this case derive an explicit

formula for the distribution in the orthogonal face.

Theorem 3. Let k ≤ l(λ). Then

vai (γ
⊥) =

k∑

j=0

(−1)jPi−j

(
n− λ

2
− k;n− 2k

)
vaj (γ),

where Pk(x;N) =
∑k

j=0(−1)j
(
x
j

)(
N−x
k−j

)
– Krawtchouk polynomial.



III. Spherical Reconstruction

We try to reconstruct all values of a λ-function in a ball of radius h

by its values in the corresponding sphere of radius h.

Theorem 4. Let h = l(λ) and ϕa, a ∈ Wh, be arbitrary constants.

Let f be an λ-function such that f(a) = ϕa, a ∈ Wh. If

Ph−k

(
n− λ

2
− k;n− 2k

)
6= 0, k = 0,1, . . . , h,

then the whole λ-function f is uniquely determined.

Theorem 5. Let h ≤ l(λ) and ϕa, a ∈ Wh, be arbitrary constants.

Let f be an λ-function such that f(a) = ϕa, a ∈ Wh. If

Ph−k

(
n− λ

2
− k;n− 2k

)
6= 0, k = 0,1, . . . , h,

then the all values of f at the vertices of weight at most h are uniquely

determined.



III. Spherical Reconstruction

Theorem 6. Let l(λ) ≤ h ≤ n/2 and ϕa, a ∈ Wh, be arbitrary con-

stants. If there exists a λ-function f such that

f(a) = ϕa, a ∈ Wh, and

Ph−k

(
n− λ

2
− k;n− 2k

)
6= 0, k = 0,1, . . . , l(λ)

then the all values of λ-function f at the vertices of weight at most

l(λ) are uniquely determined. If furthermore

Pn−λ
2 −k

(
n− λ

2
− k;n− 2k

)
6= 0, k = 0,1, . . . , l(λ),

then the whole λ-function f is uniquely determined.
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