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IIOETfII,IETOCIA PMHOSIIUX OIIEAMPOB

Il.E.Co6oreBcrri, D.A.Crrpr rqrxn

0nroru us octrtlBHro( BonpocoB rrlt{ lccreAoBaHrtx cr(ot1ruoctx IEs-
HocrHux cxer,noc.rlxror[lrrx ArE Ar(meperl$8.[Enr!( trryaBnoHrn a qacrHHx

npoxsBqlEttr, f,Blrrerca Bo[poc )rcrorhflBoct]l srnx cxer. B gamron pa-
6o"e llcraHaBrxBa€?cr nogxtf,Btoc?b uacca IEoHoc"Br[ onepaEpoB B

c -Hopiaa, roropaa noSBorie? I,orasHBarb ro3P4r?,r8HyD rtrr not8r-rorp-
tlxtxBHyr) yctorlr[iBocrb paaHocrHrtr arrxrlrxllecBrx rrr napadotrrq6ckEr
3qaaq.

JIrHefrlHfi oft)psrop Ar nencrByqrn B 6aflaxoBox npocrparlcrBe Er
c nnofHon B E odlaarbD orrP€aeleHrfi o(l) , xasuBa6rci nosrfiiBliat
[I], ecrr ero cuerrp q(t) xaxo.qnrcr Brytpr crmmtp.rrurono orHocr-
reJrbHo notrolrlglulon noryocx yl.Jra pactBopa 2q <2r , a Ha ctopo-
Eax yrra rr BHe eno tr,Jrr pssorDEl+ru (l-t)-l onepanopa A cnPaBA -
nrBa oqe8ra

[(r-a)-rllE-E s r(e) lr.l-i . (r)

Hrmnaa rpanr farr,( e , nlri [otoptx cnpalaAlxBa oqexu (I)' nasu -
Baercfi cnetlpoJluruM yrrox o[epa"opa l' tl o6ogHaqaetcfi uepes 9(e) .
Ecln {l) < 2 , ,ro onepelop fiaguBaetcr cxrHto lrostltl{ar$fi.

Ilpr*epemr nolrlrBHE oneptopoB aBJlorcf,: cauoconpfiiomlEfl no-
Jro t{rerulo onpe,qereHr$ onepa"op B I'rub6eproEor npoc"paRrtBo' sJt-
,t{n"tlrlecrxn oneparop c oAHopoAHwr.r FPar3rrDlrolt lrcJloBnna &[Dc one-
p6rop kI (IIpr{ Aoc.la"oltrro 6orEooM k ) B npoctparcrBe \(1 <lS o) 'onepamp a/at c HyreBtrr Hatra.lbHtor ycroEx3r B ]rtDcllBfictBe
!D(1s p= (. ). ognaxo eorr nepB$ r,Ba onePaaope crJlDrlo nosxlllB-
n'u, ro a rperbex nlrixetr d,il . r,/2 .

Ia)



Brme nprnegexu nprrc1ltr Ax@perqt{a.[6]c[' r.e. H6orpaflxqercGlt

noSxfiraloo( onepatopoB. B ctatte xsyqaerct nogrltlBnocrL pagnoctttto(,

t.e. olparu{eHrnff onepampoB. JID6on olpaBrqeMun onepolop flrnc
oneparop kI rBrnatcr nogrr BlG[r onglBropori IIpr AoctatoqHo 6rb -
Eox k.otrHaro Hac 6lrAer xHr€pecoEarb nosflrraHoclb He (tsrcrpoBaH-

Bono pas8ocrHopo olleparopa, a Bcefi coBoR]mHoctr rarr{x onepe$opoB
BBe SaBrC mc?r O? llAra Cgtf,r.

IloslrrBHoctt Ilasnoc!8rfi on€palopoB B c+roP e l{s! ranacb peHee

rx6o arr olHo ept[o( onepatopoB, Jrr6o ,lrs r,orono eptrd oJrJDrmrqecKrc(

onepatopoB, nJIaBHar qacrb rotopr0( tBrtefcE ct {xon onHoueFrbrx no-
arttrBntD( onepatopor. B pa6ore [2] 6ura yctaxoaaera clJrtaai nogf,-
txBBocrb (q(e)= O) B nl)ocrpaHcrEe Ch oneparopa 15 ronpeneroH-
HoFo Ha oJlrrn$fi oAHoi nepelclfl{ofi rlo 4opt{ytre t5u(r) = (2u(x) -
- u(r+h) -u(r-h))h-2. r=khr k=1,2,...,n-1,u(Or=u(1)=O, h > O,
r = u-r qeloe.

C nouoqro npreua $raapa, ocHoBaHHono Ha {opryre lbmr-&rcca
[3],reopeuu o r(ogprtlrsBHo-no3xrraH]x cyMuax ofieparopoB [4] r meto-
Aa "napaMerplnc", B pa6ore [5] ycraroa.nexa crJrbHas nogtrrrBxocrb
onepaloPa ah! , onpeaeneEroPo Ha ceroqHro( oyHar\rfix a nepelreHnE(

0opMyro n

l*un(x) = [ 
"!r{"**a*r^n". 

a*(x)\ ) + ao(r)]un(x)

,. annporcnMrpJqeno lrep8yn f,p8€BJm 34rla!{]' B ellrHllrtlroM d-[epHou
ry6e Ans or.E{nt[qec[ono orcpalopa

f " -2 - I
.t.v(r) = [ *=t.,{"**{*;1- }a) * ..(*) &-.) + ao(r)lv(xt

o EopfltroM Eh a

B pa6ole [6] xslrusracb nosrlrBtrocrE B npocapaHctBs ch pas-
aocrHoro onepa'fop" {' , onpe.qereHHoro Ha nepxoqx'qecrrx ceroqHHx

{tn flum( no {.roFryre

rfl uo(r) = .i.a. 
(b) (lo)'un(r) ,

FIe Koo@rq$exru EL6xpa.lxcE rar, qro6u oneparop {' annporcr.rxrpo-

t2r







l(z,u)= E a-(1s)r+ t a (tzh)a-r. (2)rrr=r^ ,ltl=#;."
us (2) crqNet, tno B orpec.rHocrr Hyra cntEasrJlxBa oqenfta

ll(r,h)ls clzlx, gzle= lz.,l2+ ... + lz"l,. (3)

Paccxorpc saAaqy Haxollemxr pesorEBeHlu oneparope -lh!
t-u(r) + r' u(r) = f(r), -€ Bb,,. (4)

Jlerro eqqerl, qro B uaace 6rrrpoy6uaeqo( cslourrn (yfinflf, €e

Mo[Ho peurrlb lrerotrox npeo6psoaarora Oypue. Ecar e(grh)+ l I o ,m
aqgaqa (4) q1Hoariaqx) Fspeuxxa tr ctrpaaenmBa ilop4rra

u(x) = (2n)-,-r r,E(y)f(r-y)L, (O)
Jrr bD

rAe" 
E,'a(v' =,,,{*-'t^ta,) 1 1)-r6i(E'r)6q' (6)

oyHirlm (2drElb(y) rasusaDr oyffiwe, tlmra pesorarrm pesrr-
c[troFo onePa.lopa.

Orasuaaerca, sqqaqa (4) oAHoanaqHo pasp lra n B ttlacce oF-
parflrtHHlrx celor[trft 6jrrItr$ r Atri ee peueHf,t cnpeEaafiBn {opalfru
(b) , (6) .

Coopryaxpyex ocrDBrof, pesyrB?ar olol F6orE.
moEIA. n y c r r le(E,h)1. ol€lr r larEl( E,,h) ls e<eo=a

npr o<lEls nh-r ,!oraa onspa!op \! no8f,-
rl{B_eH 1l q(Ab!) < eo.

up€Gle qen ltp{cqmr"B R AoRasalerLc[By leop€uE nlx a=l,clhp
rlyfipyex [E *IrororarerDmE leiolu.

JEIXA I.Iycrb r=1 tr npn h=l rl rreraqrx
B HeRoroPox cerrops lar8r,l <Q , ArE pe-
Eenxi aaAatrx (4) cnpaBeArxBa oqeHxe
llu llh= oll'l-lllf llh. Ton4a !arar re oqBHia
cnpaBeArl.rBa npr rD6on O<h<ho.

AOt(A3AEJIbmm .leroor rlrEtarEro.
JEIIA 2. IIycrr r(r) -nerpopuEho ArO -

6ep6Hqf,pyorar, It6pxoI,rqccrar c ne-
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ilr:o.EoM 2f li)yHkrr.t6. .lopAa nptralo ctIpa-
Le !. lri Do

t.+- 
rr.rai =;qil*-1; j"+ To;*r".* .

,,0F43A1EIbCIB0. i{a npocrparmre HerrIEIxBxErx 21-nepro,qr.r -
:Erx {,)lIIRrIxf; tupryra u(t) 0 (r) =c (r+t) onpqAerf,er cf,rEHc Hflpe -
r BryD Fpyrmy c4annoa. Ee nporsBolmf orppamp B ol4)e.qeleH @p-
,ryroi Ee ir). o'(r) xe HenpepgBnc ai{{Epol@{p0rcr.rtr Qyrorwnx. Tar
,iar I(t) F 'rep6n! !o npx €:>C orleperof B.= E+e noslfiags x on-
De.qetexn ero ,qpo6ne crenenl (cx. ;II]). T;[ rax r(r)e cr , ro
f(r) ( D(Be) x lrpr o< cr< 1 ctrDa8erlrE .rlrr€cts

C

"g*
Ie 't

tftar
t(r)dr = i

J

Tt

a-l

3 B;c B: f(ddr .

-laG q(r)at.

6 " o(t)a.at -

Arr e6o[ finury 1 (r)e o(2II)

rle (d -;,LJ.*i n

OrcqAg

qan -ra
!

J
3

rI
= r ["-r [.r{dd J

--1ir*'..-
r'(c)d

dr-t)d:at.

Cgerax canny !o Eryrporrd rEraqrra r-t = y. TopIA, Eocnoer -
tEE

6yEqi r ' rq(r),nory.ur

T .4* E;"ok)d, .#-, .-"("-&)u" ,
40

I



i.s**,,*= r"-qo-"J;{-o (r)ar .
.,I

TaIaor o6pesar,

.[arde,

(1-c)

Tamr o6p8orr

i"-*
o

-€B
€c

I = (e-{a)

ttr

t
I
F
o

-tB(r-c ")e(t)at =

4

f(r)dra!.{-J
t

."-o t(,) u" = r1n, 
*, I, ** oo,

F
o

*[.€

+ !t €r(r)aaat 
=

=cr(1-c)

C t-tsr

+r(t(r){:tk(r-t) )at.

I
I = (e-r$a)-cfrf;*'ir"

fr,r
0

r) - e-tct(r-t) )t-rratar.

Ilepeq[a I rcclq$rer paEolrc?ra tt npslery npi e .. o ,noryolr
Aexre tExlrH.

2. .(,oraaar,atclao ieoporor B sryqa€ rr= 1 Fsodiir Ba pE[ rerr.
Ilperls Bcelor aarao r, qro renla I noggorrer pqccua"p{BarE)

cr! rair rorlla h=1. B c8tsn c otxr tol[,€[c h 6yAet g A8r6derinc
paccll'leHrfi ollllq€ir.

l{s ycaoara le(E) l>clglr npr o < ltl=n cre,qysr oqeHra

l^(r) llclrlr , (?)

cnlraEAfiBar B Aoctetotoro iaaloi onpeclHoctl orlEgroB O < Eo S
S l€l =r . B rarracrra raio, orlEcrHocnr xB 6yAeM paccuarTxBarb
odmAriBetrre npnrol/ForbBrBoB P =(z = g+ 1ei, Eo s lgl s ri, l:ol < a) .

lb



,q, a
JIEfllA3. Ilycrr lrl >2s rFAe "=lf"lr(z)l .Ton-

lr^(r)l s 4t "-lY"llll-t .

.q0ffAuA1S.ECIts0. Arf, z€p mrcex

tA(z) + xl> lxl - ll(z) I > l^l - 8> l^l/2 . (8)

cgeaaeu saileHy l=5+r(ersar)a nog sHaEou I{HteFpsJIa B paBelr -
ctse (6).
rg{n a(d x

BoenomsoBa@{cr

"ls, [onyqmr
anaxtrlrqlocrbD n nepro[nqHocrbn 6JEIB-

r^(r) ir^,a, + !-1siEr66 .
-G

Orcp!,a, lrcrroJrbaoBaB orlenry (8) , nonlrtnrr lt"lae1xAenxe JI€MtrHo

JIEilMA4. IIycrb BHnorH6HH ycnoBsr aeo-
perE. Toi'.q,4 0yHruxs ars!'(tz) psBHouep-
HO HetrpepuBHa tro coBoEyrlHocrnz u' k
rplr O<k<koB aaKxx SotIEaxz=Et qto OaEoS
s lElr l€klsr.

AOHAAATBTILCTB0. IlpegcmBreHxe Ayxuqrx l(z) a autre pqga (2)

noSBorger Sluxlicarb

ars l(tz) = "r6(kz)f,+ 
art ; ",(rn)l{ . (9)- - -L=X L

Equ r(z)lo ryt z = zn , to--SJ4anga a$Ek) HBtrPsprrBlra B aotl-
Be z^. Iloococy, B crey aig(tz)l = art rl , Eepgoe ctana*oe E IE-
,encrle (9) eerr HerpeprrBliafi fiprqra. llg orternr (?) cee$rel nepe-

BSHClBO

l.!. 
"ttgtl=r| 

: c'

Iloerory.DnoFoc GrantEaNoo - lraEto n€trp€1xues fpuqr B ]rcroBnfi
r6fl8. neu, goraaalra.

Inr,lr5. Ilyerb BEBoraeEE yotoBrs leo-
pcru, I>1 r O<l{sAA .tonAr

Fltrllso.-lrlDlrtollrlP-'r Fr€ D=rlt, uo>o .I

rtr



B nrrerlnre {opryru (6) clel!3n saneHy

E=lrl . [oryta1E

r^(y)= (r( lrlg$ + P-r.r lr'tP!;rt^teni 
=

tIl lrl-p

(r( 1r1D!) 1r1-t+ d-'.rlrlDf alr(I9)

lil

f<.

= 1r1Ft I
<a lrla

rle [ol= t r argo = argl . [IPr
B crry oqenc (3) 

' soryDr
lil < I n u<t.'

l^( lrlp(ri lb)) lrl-rl <alt+lbrlr <v2
olcqp

l^( lr\lP(!r ib) ) lr!l-r+ trlz l'-1l2= L/2. (ll)
llyctr b" BH6Frro !ar, qlo Irpr lll > go> o r b < br ,

1ar6 r( lllp(f+ ib)) | s o^ . Oto roro c.qiralt a orry ramr i.
Ioqa npl IEI < nl^.la r lart rl ( n - 9o , rcnorbsoBaB oqeHf,y
(?), nory.cr

l^( lrlp(!+rb)) lr.l-r+ ol> c(b.,oo)(l^(l^lP(t+1b)) lrl-rl r

+lol> 8(b.1oo)(li+ iblr+ 1) : d(1ilr+1t. (i2)

B PaBrclE ( I0) e.Aera€r sorerry -6!+ r(a.gny)bo , !o= sla(br,ba) .
BbcnonrcoseEiicr aHarrfirarrsrbD x [epoAf,toroctbD c rreproAor

zsl^t-p &yaj1$r 
^( 

lllp?) , .l lllDv! , trorytrx

r^(v) = lrle-r 
r-,J,^,_r,^, 

,^,-o ,^l-r+ d-16llrrDvE a' . (13)

0rc4qa, rcnoeasoaaB orl.rrn (II) r (i2), norfux

lr^rr) 1s .- 
lrrp lrt" I 

lrln-, (,J 
*zaZ.

."- - lrlP lrto l,^,r-".

I at tltr"rr
qsl?l=sl^l* "4

a

iieuua loragane-
l'2!r



JIEUA 6. IIyc?b B u n o r H e H E - y C ! o B lr a !so-
p e x n, r=1 r o<lrls 28 ,! o r.n a lr^(v) ls al\yl-e e-l)'l lvbol,

o <e< 1, yl o.
A0I(AAAIE IECtts0. Analonn.uo !ory, rafi oro c.qeJralto B nerore 5,

norlntror npenclaBranre (I3) gn Qyrnuu E^(r) , rolopoe rp I=i
xlcgt E[lA:

"^ar, 
= 

,E,J,^,-r(r( 
lrl:) l'\l-i+ o )-r€i lrrv! aE =

= "-lrllrto 
I [ "t 

l^lri r(Aai = o-lrllvbo lr,
lils*tu-'

nse r(E) = (r( lll(E+ r(61BBy)uo)) lrl-i + o)-t . 3alemr, uto r
crry oqeHoR (II) n (I2),n& rqA!/ri fi/rlrr$r t(g) cnpaaanar.rao se-
ITBHCTBO

lr($l= cr(l + lEl)-t rpr l€l s ,rlrl-r. ii4
B crry onpeAeaerma 6yrnr4rr r(g) , {rfiu, t(l ) ,qn{rlepexrrpyeila.
r ry{ lEl s nlll-r , arlarorr(Iro Hepa8eHcrBy ( I4),no.lyvaerca oqen-
Itt

lt'(E ) ls c.(1+ lgl)-a . iio,
Bocno:rrooaaunca paoyrblarox lernr 2, rolxo sanncarb

,r = "ror={iJrg$Frl-!u*n =

IT
. 

"trot-"U J .E!o lSs:-!t *ne .
Io

. 
J J 

uq*+r=, u*r) = "1a,1-tr, + r").

I = nl,rl-r .ntre

I29



Qprlx rnrcnpal I. . Ilpqgclaxr aro r tnlc cj,ru rrn.lpcror

*i"'i'i),n,' -
r

r.= Jt
o

|!

F

*'Jtrtrt - r<c-trr c+t= ]r'-cff
- r(f -t)ldlat. r.r.,r r.,r. r..+ rr..

r

B16cr oqcrnralr ralloa cramaxoe
syr nsFotrruDct Qyraqnr f( 0:

!
=l'

o

!
sJ'

o

![
s J"-'-"tutr*t-ro(1+l-r) )at+ ftoo

!.

olnarbro. oucrrx I.. , rcnorE-

-'-"(1i,, r,",. lrtr-tr tar)at s

:t{([to,o.+t lr-,ar. Jtrro tar)at s

1
{+t -I

J 
.,<r - :)-'ae..,,"f r(1. a) lal dts

!
-Fa*J"o.(1+ la+gl )iragat =

= e ft-t-t"tr. Lr-r-t-lat sz Jt-r-ta(t+t)at.oo
["af,, Irr oq)ar rI.H Dalrtrarlol. tlc ae8rcEai or I .

Ilpslgc ucnr oqaHrBrlb rHtcrTer lr, , oqorxr xoAJab nontu o-
pprrbnon fyHngm {grt) = t-r-qlf(d - f(E-t)l . B o6lacrr,no ro-
lolron BHrarcrfiaicf, xxlcnprr I.t., lEl s! x lE- tls r . tloerory
cnpatq.lnBH oqcrfix (I4) r (I5), ra rolopru cralJa! trlrBdrclBo

le (E.t) ls c Dls(t-{{1+ lElr'2. tsr(t+191)-r) .

0lcqlanp.r rDoox o3 ps1 BtlrorHaercn

le (E,t) I : ct$P(t+lBl)F8 .
IIycrL o <p.<1-e < o" <!. . Tonga rs noctq4[cFo HclraBacrBa no-
r! flx, mo

lQ (E.t) ls o(1+ [81) 
p"-t.io16--pt. a*o') .

Tencpr

a

I30



|I.

r,s" |.ro{t*o', "-*pt)o"*}f + 1g1)p"-eag s

= " irro{"-*p' , ,-*o')u, }tr. 1g1) 
o"-tug 

.
l{rmenpar Ir.' onpaluuex Barrro[rol, # eao"qen or I .

llnlenpa.rx Ir, r{ 11" oqer[ilaDmi .Ii.romtEro tlHrepparer Irr
r rr.. 0qerur rxrirla.r rr , xcrrolbayfi neplo.ql.noclr t(g):

o'[o8!
," =u[r'-" Jt<.1*tr-rlr u*. =["-'*(,[trrilaEtr[F{ g-t)taE) aF

o 'l[ . ![

.lt'* , e!{rltarat =.["-**nrJ..a+lEt)-rdc s

< d!-a b(1+ !)s t,
rAe k Bq ae cf,t o!. A .

oqenrn rxrerlnroB Ir n re trorasHDlD!,qro lJl< cl^yl-a
rgo c He laxrcn? En ot y , ,o{ ot l . Jlenra gorasana.

3arepaet AotasatenrctBo lcolrau craAyqat
JIElolA 7. n yc " E BrrIor-HeEH ycroB1lr teo-

psxn, !bngi npx lalg tl <r- eo cnIraBe.q!xBo
H6paEeHirBo llu llh s clrl-rllf llh .

IoK[3AEIIbClts0. tar rar r(g)+r,/o nFl lsrsll < n-eo , !o
mcnoJrbolrcrcE paBeHclBor (5) *ra oqerar rqAJrri peocxnr )paa$erort
(4) . Ilotyrtro.

lu(r) | s(2tr)-ryD€Blr1(v) | n91 lr(r-y) l.

Orcpla

,cn
lr^(y) | ll f llo .

fue :iaaepmeua AorasalerEc{Ba .qocramuo noxaga?B, qto npn

lalSll <r - 9o x O < lfl <. cllf[Dlllxm rcPaB€Hctr

ytnlh(Y)l<dlrl-" (16)

ll ulh s (2r)-r

I3I



Aetcl8rrarbrlo, trl,r lrl : 2E , mcnorbsoBaucL lE3yrrlalor rer-
mr 3, no.rywr

l-lrl(y) I s 4n E_c-lJallrl-ls c.lrl-r .

Ec,rl o < l,\l 3 28 i !o np.r I > 1r BocnolbsoBa[icL lrrsyrblalor
.lemol 5, noqrram

y€rR 
lf, r(v) ls c E .-'FlP lFo I 

l ^lF!s 
q 

r rl-16 r r,r.- 
I rlD lrto l=o., 

^r'.
Ecm r = 1, Fgyrbna" leloor 6 nogrrrc! aen ca?b

,[F1(r) lsa r- 1ry1-".-lrvlbo s 6.lrl-r.- -lfr

Tanrr o6pasu, oqenra .( t6) yctaroBlona rfr npoismrurom no-
palpa r. .qprasam Jronaa n teoperaa a qoror.

I. @EOTEEIOM II.E.
. AH CCCF. fi)66. r.
2. CoEO[EElom n.E. 0

tr.

5. AnltErloB X.A. tau
ypaBr.Erlfi. Il.

ilr!eparypa

.a,r

@slrioDoB.

i:t
Bon

"r.:d;t]

E

3- GBISfI'RD P. Equations dlffarolttbll€s ab€tlqotes.-  na.
Scielrt:Ecof .Itotu.Supo;1969('197O) ra.2.N r rp,r11-19r.

4. COE0IErcMI,I [I.8. IlDo6mD creoa roonfllrBr*l{roar?flEnu
cyrr orcFlopor. {pra. l}f CCCP, !975, t.%','i6. o.I?I-I?4.

CozuEBq0ln II.8. 06 ]rcrorraDocf, r crolt -.
BflCOttOFO nODArf,A 

'trnErCtErrII 
rtr [!Dl60 -- .[en. H[l[lX. XI!IS-% Ieri. : 50 c'.

6. OflrulIlOfi D.A., ooEolErcM,l II.ts. Poosrrrcme DasD r -
rocrD DasHodrm[ orr tr*riiracrou ypan* n. .rAonJ BnHffil,'p 5q?-76
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