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KperxrntHo

Kpoue rono, Heroropue urerttx He yraeqaJlxcb B parraJ( rlpflo-
JrronbHon ta6ang tt BEJregaJIr t{s Heer HarlPlrep'co2?, lrllzt.Rhrt,Par''
rr??, f", a B Her(oropue uerrs{ nprfio.qrrocb noveqarb cpaF
sy 15 aaeren,foB: JraHlano[.qH (ot gqrz AoIr?t ), a[rf,Hor,qH (ot
Acse AO LDrot).

flpnmprn layar caqecrBeHHo noron floHf,?b carJr Eq3ripenm ctpyr-
rJpy crpoeHxa flept{oAr{qecl(on crctsrDl xrflrqecRE( sJrereH?oBr cEeB
rec?onoJrof,err{e xrxrqecrtu gJrereHtoa c nf, Brytpeffitr crpoenrer.Op
Haro gro He nplaeno K r,rgreHeH[D (opru ra6amg r ycrpaneHm Bcex
yrasaHHux Bu[e HeAoctaTKoE.

ttart. ta] Ou npe$oren HoBEfi cnoco6 naaccnr[rratprr rurme-
crrx areneHroB, B ocHoBe ttolopono tclat ABe iler Eecbra o6qeno
raparrepa:

- t{Iet eAXHCtDe rrpercoFtecHo ro?opon 5{ffec?Bo odremoa og-
Hofi nplpo.qH pacefla?pr{Baercfr rar panrrqHue aos6trzgexrore coslofirrra
Heftoropon eAru{ofi rareptrr. 3te XlBe orasaJracb Becbre ruogorBopnofi,
Henpxrep, npr paccxorpennf, rHorec?Ba sJreren?apuEx tracrq (cr.[3] );

- rAet e}llle?pnrr E CoOlBglglBEI c ro"opof o{ltoBtm saroHo -
vepHocln,nposBrmoEeca Ha rHCec?Bar qDtopo.goc odrcrnoa.onp€.q,em-
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Drcf, nprrc1mgx nx trnoy ct{xrerpnr. }Igea npoctpaflcfBerurofi rplmnoBon
cfire?pnt{ nosBoJrrrJIa E.C.Oe4opoay .qarb xaaccx(nrarlm crpyrryp
rpncta,rJrrtrecftrm penerox [4]. lia ngee QeHoreHoronrqecnofi cxrrerpr[
ocHoBaHa reopltfi {rsruecrcrx crpyrryp, nosBoJlmqaf, yBrlflerb lr rrona?b

tDrstrry EaB eAxHH]o qerocln]rD ctrurery [516].
llpruemreauHo r xrorec,[By xf,xmecrtc gJrexenroa B coraacrr

c nepBofi l{geefi Knr,$rfi Xcfl[qecxrfi gIeIeHT tPaftlyetgt ra6 Hergto -
poe aos6yrgeHHoe CocrosHxe e,q,lHof, nporovarepxf, (xaupruep, EoAopoA

lr Kl,rcnopoA - 9ro ,q,aa pasfirrtnnx ee cocrofiHra). B cooraercrBrr co
ntopbf, EAeefi [peAnoJlaraercf,rtrto AAHHa.fi npotorarcpns odrqlEe? cxr-
re?prlefi! omrcbrBaerofi cneqlaJlbHor a6ctparrHon I'pyrmon G = SU(2) x
x 8o(4,2 ), raagoxy npe,qcraBJlenrm fiotopofi, rar norasago a [2] 'co-
orBercfByeT o.q{osHaqHo onpeAeJlmqaa gguufi llflnrecmlf, orcr€H! tl€t-
Bepra rBaHToBbIx qI{CeJI (n,1,n,ao):

t = LrZ,3r...i
1= 01,2,...F-1 i (I)
m = -1 ,-l+1 ,...rO,...1-1 11 i
az= -L/2 ' L/2 '

3aretrr, qro npn EBar?oBorcrrHxqGcf,or omcarili Bog6yr.q,eHnta

cocroinrf, aroxa EoAopoA& rrilalo n f,BJlf,€tc8 rJIaBHur rBaHroBrr qrc-
rox r{ onpe.q,eJlf,er co6ofi aHeprtrD Bcero rynb?mreta. thcao I HaSEBa-

e.rcf op6r?a.[bHHr RESlltoBu qncror x oqpeAerf,et Be.[rqf,Hy nor-
HOnO roreHta llrflyJtbca SIeRtpoHa. tucao I HoaEBaallct ranHr?Hu
r(EAfltoBHr rlxcJror f, onpe.q,erne" BeJInrEQr trpoerl[[t norHono ro -
reHTa Ha ocb z, t{, HatroHeq, 18 HaSuBaSllcR cnn{oBEr hBaHloB[I to,tc-

.[or r oqp€Aerset Be.lf,ro{Hy npocn+rx corrna Ha oct z [?].
B cayrrae re ttaaccr(DxBat[u ocHoEHu cocrof,rflR pagrmHux aro -

roB qncra n,1 , E rBz xreD! coBepoeHHo mon crHc.! n AJI8 rlrq taf,ofi
Har..[Epron 

"parroars( 
nona naf,!f, He yIE:,Iocb. 0gnaxo @pra ra6m4r,

rrpxBe1€HHas a [2, aun.I, c.271 | He f,Brraetcs BnoJtHe yleqHor, tax
EAB B Hefi sAtJ'rreBeHO oCHOBHOe nPABIIO paCnOIO[eHIA rIrf,tr€Grffi OJr€-

reH?oB a ra6arqe.
B nacrorqefi c?arbe npe.q;araercs HoB{If, ippra cncrenr ro.rqe-

crotx gJterenroa (u rc$pra), ec?eclBeHHulr o6pasor orpersDqag ato
rrpeBllJro.

Ilpegaanaerae ra6lrqa rurrqecm arereHroB, HaBBaHHar Harr
tectecraennoni, rrpoc?a r ygo6nararuena ]mas&firq BDue HeAocratxoB
r no3Bo.laer otqFo8HeqHu o6P8or npeflcra8uBe"r rfianro."umlccrfle
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cBoficrBa no6ux eqe Heorxpurbrx (tpaucypanoau) xmrqecrofi
MeHtoB. Oxasa.nocr, qro Bnecro KBaHToBIDC tlrceJl n n 1 ygo6no
rtx nnflefiH]rD rou6rura4m!

u = D+1,
v = a-1,

t{ TaKru o6pasou, Buccro xa6opa (I) ncnoargoBarb Ha6op:

u = 1-,2i,...i
o = .1, ,3 ,5, . . . ,u rnf, u H€qornofo t

[2 ,4 ,6, . . . ,u ruf u qorEoFo I

. = -! (u-v), -1 ("-") + 1,...1 t" - v) ,22-2
"-= -1, l.

2

Baegeu noHf,Ttrf, rynbr]rrulera x cynepuyJlbtrrrJlera.
Myarrnnaerann ff(n,r) u ff(urv) H&suBantcr coBorynHocrtt xn-

Mt,tqecHrx gJreHeHToB c oAruflx I reHn re (nrl) t,l coorBercrBeHHo (u,
v) (prc. I).

CynepuyarrnrrJreraru 5(n) n s(u) HaouBarrca coBorlnHocrr xr{-
Ml{qecKl{x oJIereHToB, cocToqre 13 uynbtrrueloB, l{reDo[,lx oAHIt t{ Te

re snaqeHflfi n (puc.2) nicoorBerctBeHHo u (prc.3).
Carr ryarrnrureru ll(a,1) = tr(u,v) trpeAcraBrsnr co6oft coBor(yn-

HocTt{ 2(21+1) = 2(u-v+1) rrumecEtx eJIereHToB c nocJreAoBaseJ[bHurr

sHatreH[mr[ aroxHHx HOxepoB:

z-ro(u,v) s z s z.o-(urv)1

fo"r(r,v)-zrro(u,v) = 2(u-v)+1 = 2(2r+1)-1

n nso6paxaorca B Brtge AByx crpor( llrx ctoa6qoa (az = a/2,L/D um-
tu 21+1 :

AJIE.

83fi!b

D=

I(u,v) =

-rr1 I

-r/ t

aro r/ z

-1 -frl

Ara
\/ l{*
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an=-t/ z

r/z

I(u,v)= !;-l

o=-I+tr

Morno angelb, qro B cyneprynbrrruere 6(o) co.qepr"cfr ug(a) =

= 2n2 xrurrqecklrx oJreueHToB, a B clmeprynbtrruere q(u) u\

Ng(u) =
t/Zfu+l)t np, u HeqeaHou,

L/2 uz rrpr u qe?nox,

T.e

a I 2 3 4 5 6 ? I
trB(") 2 8 I8 32 50 ?2 98 t8
u I 2 e 4 5 6 7 I
Ns(u) 2 2 I 8 I8 I8 32 32

Htarra6ctpaxrHaf, ralleratrqcctafi EoHctpytclm, rcaqa.n B ocno-
BaHul{ ecaecrBeHlron ruacclllFEaglt rrllrrlecrl{x gJIer€H'loB, roret 6Hra
trso6parena B B[rIp turaxl Herotoporo nopo1rar secrpoerurcFo lr3r5,7,
9.. .-orarrour (u=-1 ,... , I ) , .qa)rxnoArs.lum.x (az = -L/2, L/2)
Aorartrr pacnonorenHurn Ha nepcrpecrnar npocnerroB (1 = 0rl.2r...)
r ynrq (a = I,2,3,...) (prc.4).

CQopryanpyer ?enepb ocxoBrrof, Qrcmecmfi saftoH, r€[aqrn B oc-
HOBaHm flepxo.q,mecBofi cxctort rDrrtlecm gJlcrcHro B lleu4eaeeaa.

Ilpqle acero neo6lo.qp.o )rrlaerb [paal{Jro, no Rotopoxy EaAory
xxrrqecrory gJrereHTy conocTaar8(}rcs onpeAeJreHHoe feclo B onPeAe -
JreHHOr rylb?IflIete.
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hc. I. Pecnolorcnrc ryrbtxueioB r(u'Y)=[(a'1)
Ha ruocrocrf,x (n ,1) r (u ,v ) .

a a a(e)a

,t a a a
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r)

a( r)
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I-Tl a( a)

a( r)
Y
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6'(n).
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4r JT

1qE

n=-1
n=O
n=+1

L4 1=1 1=O

n=5

n=4

n=3

n=2

Prc. 4

llpe.q,noaanaetcf,, rrro c]nqemBye! onpeAeJleHHaf, f,srepx?eJrbHaf,
npoqeAJma (nanprrep, rsrepenre norru ceqelorf, paccef,Hxf a-qacrq
Ha ftoHrperHbrx arorax), rrogao.[mqga cofiocraBttrb rar.qory rrrmecrF
uy onexeHry aroutufi Horep z. Pacnoam Bce mmccrore arerennt
B OrIpeAeneHHoR flocJreAoBallerbHoc?r B nopEqEe Bospacre]rxs s r Prso-
6scr ary nocneAoBarelbnocrb oAEr p&s Ha cJmellryrbfirurenr 6(")
(prc.5)r a ApyFof, - Ha cJmepryrbtrnrEm s(u) (pxc.6).

B gagncrrocu ol au6opa 6(o) nan g(u) s no.rtr^rr paE.lxq -
Hrre peaJrltoaqrrn rynbr[rureloB I(a,r) = r(urv). Tar, Hanprep, npr
pas6rerun no 5(n) D,yJIbrnIIrcv! fi(srt) 6ygct meru cre4mw perfi-
38rflD: tBlrt" Gd", rb", DyttFOt"rB"tt),8 trpX paS6reror no g(u)

uyJrbrlrruler il(6r4) = fi(S.r) peart€yercf, no-Erory: trot', gato,
sbtl, [r52, r", xr" ].

Morxo norasarb, rl.!o gqleflf,e tle$Ip€x raafitoBu qnoef, qrvrrraz,
xaparTep[g]m$q rerJTlfi xnmecg, oJIereH!, npr pas6netm troGro -

?
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1t2 lrl !-i0 t9-a a@Eq
8( r) E( z)

i(r,o) [1. r0) [1.,n

x(rro)

B( r)

, ro) , rf ) I( I ,z)

e(.)

r) a( a) a( r)

r rr)

[(.,. r rz) U(rrr)

E'( l)

rro) l( r ,r) , ,2) f;( r ,r) i{, ,.
Prc. 5

g( r) a(r)

z rz) r,r) r( t rr) 'r2) r rr)t( r ,r) l( s ,r) r,r)

"(.) "( 
z)

I( e ,a) a ,r) a 16) t ,tl I(r,r) I( z ,r) l( z ,r)

r)

l(r,d I( r ,r) x(a rr lrt

hc. 6

AoBa?e,rbHocrr rrrxqecrnx o.[qeH!o8 llo c]mepryJrb"rrllsrar g(u) no-
3Borf,e? oAttogHAqHO Onp€AO.lI"b ero alom,olf, Horep:

r(u,v.rra.) ' u(u:-l) +v(.+t) -{.$tr<+1.) +u +c.-L/2.

3etern, nto
n ao(o,Y) = n(urv, -(u-v) , -L/2),
o nr(orv) = z(u'rY, u*. L/2) 1
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Iorno argelr (prc.6), uro sqleflre a?orHoro Horepa z o4r{o-
sHaruo orrpcAerrne! rBeH?oBHe tuora u(z) , v(z), s(z), az(z).

OnasuaaetcR, qlo ectrlt au6patr pas6rexre nocneAoaareJrbHoc?li

rxrnrecrf,x g.lereHtoB no cJmepryrbrrrrJrerar s(u), ro non]qaeuue
rpr eror xynbtxue?E r(u,v) (prc.6) o6rqganr crre.qJmqrx cBoficrBox:

Bce ry.[bErnJrerH r(u,v)=I(a,I) , rreD-
qne oAf, Hatto Boe crpoeHre (t.e. og36rxryre
tgtarnoc?bt rrc.leAoaalelbHo, o.qFo l.t to re sHaqeHle 1), x tl r n
qecrr nogo6nr.

9to oanaqae?, q[o ptarto-rornecEle cBofic,lBa x[rrqecruo( gJIe-

rcxroB ror1rl c1mlocraerHo saBxcetb o? E x !s qprr QnrcrpoBam{rDc
I n !r Ho c a a 6 o gaBtlcar or a npn (FrcnpoBamffi lrn, 6".
Ily6o roaopf,, .qJra rono qrot! snerr cBof,claa Bc€r rnmecrc aJre-
roBloBrnoclla"oltHo sHetb cBofc?Be xxrmecEtr areroH?oB, Exo.qrlu8 B

rylb"rnaerc l(u,vo) o,storo ctoa6qa c rprcrponarcu gHaqenx€r y =

= vo (gartpuoDarmrc ryrb!f,rueru na pnc. 4).
llpr pee6rcmr [ocrq,qoga!'lrbnoc?r rf,rmccmr arerer?oB no cy-

qrpr:flb"rrretsr R(a) (prc.S) nrrarono nogo6ra rqgl pe.rrqHilx
rryrbliluetarn c o.qgHarom 1 o6xapyrmu Herbsa.

Haanue o,qFof, cc?eclDeroron pesrrcar[fl nyrb"rru€loa l(u,v) =
. ftn,t) c noroqbD pas6rcnrn ro cJmop.yrb?rruorar a(u) cBsaexo
c ruslnuu Baplnc[cil rcro,sron crrrcr?rr 0(2) r Bo(4r2). Ecan

6l cra cmcltIs 6ctr ctTonolr ?o Bco Emecne areroHlB o6-
rqlFll ollrerour cDofclgrn r npn .o6of, pca[rsa4rx rYJlbtrrure-
r 6nu nqgo6c.

Sarctu, rllo elor Bo,lppo.q! [ qpolore"cptra, o?Betc?BeEraa sa
ctl;ociBoaarro Emocn ercrcE oB, o6eqprt ollur. x !!e[ re ?rnor
cD.rcq)rr. Oto rpraolpr ! ?ory, tr"o .tut oflrearrrr aos6;6,qBmnn co-
ctorrfifi a"orr Bolppo.ql r aos6ggpmrc coclosriln ttporiora,leprr
(ryqpreauqa co6on ErcGcEe orcrcn*,r B oclroalror - nceordln -
Il.rrlol - coG?otfil] rcnomalorcf, o.qrr M rc rDaHloErc rucra
!r 1. IrE!.

Qnfaro rrpanop trLllrrrFF rlep]ru€lu[ alol crrclprx y alua
Eolppoll r y trpoioraicpm pla.lrtreHr B lrGslrlbrare qoFo aHepnelme-
enc JlpoEFr etora Eolppom o@Iporci E cyac1rryrrlrrucru t(a) r
e rxrltrecro olcrcHrr - D eync.Fry.lblltrrrG?tr E(u)..

lhar, peampyn, ru rora Jrraagfle?b crq.5m1ec:
Ecrr ocyqce!Bratb pac,6reHx€ €c-

?cctacnxofi nocreAoB6?GrbHocrr rx-
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Ml{qecKIx SJIeMeHTOB nO CynepUyJlbrr{-
nJrerau g(u), To noryqaeuHe rtpu srou
Mynb[t{nnerH c oAHHar(oBErxI,r 1 xnrrI,l-
trecKr,r no.q, o6nu.

llpuaegemaa Ha Brurefifte ecrecrBeHHar ta6lrqa xfiurqecrl{x oJIe-
MeHToB AaHa B ABJrx BapnaHta:(: B Roopn[Harax u,v (ecrecraennaR

Sopua) tt B noopAr{Har&c n,l (xounaxrnaa @pua).
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