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B.Jl. MnporunlqeHro

B npegpAlqnx pa6otax [I,21 rasyualcr Bonpoc 06 oqeHft&( norpeu-
nocrn nplt6alneHxf, +yHrr$.ur f (r) e rl[a rb] r ee npo]tsBo.u5ux c tloMo-

ulrn xlduuecKoro cnrarHa s(r) Gc'z[arb] r HHrepnortpJnoqeno sHaqe-
Hlrr f r = r(rr) B Jrcnar( flpolrsBonbHotr HepeBHouepHofi cerrx A: a =

= ro (ri<...<rN = b . Ilptt t{HTepnonffr{nn nep}lo.ql{qecftxx (ryHKr+{R

I,rcnoJIbSoBaJI[cb nepxo.ulqecKle cruraf,HblrB Henep[o,uflqecr(oM enJ {ae B

Kar{ecrBe rpax[qHblx ( rpaearx) ycnoBnfi AJrf, crurafiHa au6rpamcr ycao-
Bl{f o.0Horo r,r3 THnoE:

I. 8'(rr) = fr(r"), k = 0,IIi

11. sn(r.) = i"(rr), k = o,Ul

IY. 8"' (5+o) - Sn' (rr{) = o, P = 1 ,f,-t

B.qBnHofi pa6ore rfi tr3yqe€r noBegeH]te nonpemtocrtt npn6arxennR

npr 6oaee BHcoKofi nnaAr(ocrr Qynrqr.cr f(x).
fua nepr.rogr.rtrecrltx nparxqHblx ycnoBxfi t{ ycroBrfi ttttroB I,n B

t4] B npeAronoreunr f(r) € czrl,o [a,b] (r.e. Kor.qg f(r) c

€ c2[a,b] n f(r) G r: [rrrs.,J,I = 0, I,...,tt-l) nor1 {eHH oqeHrx

n s("){-) - r(")1r) h strsEr-slFt"tr-, r = ol, (1)

nge Eo = 5/384, K, = I/24,, = T 
h.r hr= rr*r-rl, I = 0,...,x-[.

llpr etou nokagaHoi rso B flepxo,q]rqecrom cn)rqae r .qJlf, rpaH[qHE( yc-
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JtoBr,rF Ttlna Il noctoRnnue Ko n ( I) .qoetnrarcTcn npt,t Bcex qerHbD( N

Ha tplfiKr${nx n3 rJracca ri tarul c czwf,.-'[a,b]. tsoaee ronorrar Ao-
Ka,3aHo E [3], orr4 nocroflH]tue He Moryr '6uru yrrenurueHbl r,r npt,t 6oau -
[eR nnaAxocrr.r f( x ), a uMeHHo npr.r f(r) € crla, b]. Tarnu o6pa -
goM, oqeHxrl ( I) nc eJnr{ecrBy rBJIf,mrcR HaltnJruur,rMr,t gJtfl xy6nuecxnx
cruIaFHoB KJraeca C2 r,r 6ynrr4.ri, f(x) H3 r(nacccB ck[arb], k:4.

0gnaxo otMeqeHHoe o6croRreaucrBo He ogHaqaer, qTo oqeHI(H
(I) ae uonyr 6uto ynln{uenu &[rr orAenbHbrx (]flKr4.rtr r cerox. B qact-
Hocrr{, a [a] gorasaHo, rmo Ha npo]r3BonbHoil HepaBHoMepHoF eeTKe

AJrr ennarHoB c npaxxqHuur'r ycJroBlrrMr,r rnna I (rann nepfio.q,nqeexnMnrec-

Jr{ f(x) nepnoAraqecraa) r,t f(r) € cr[a,b] enpaBe.qJuBl,r oqeHx]r

I g("){r) - t(")1r)lb sro,on4-olpt'h * o(R4-"), r = ol, Q)

rAe Eo ,o = 2/384, Kr,o I 0r0I4?3I. .I]Jrn paauouepHofi cerKr g*4 2qeH-
rr nuerir Mecro npr r'= 0rlr2r3 c nocrorHHbrMl,! Eo,o= I/384, El ro =

=137216, Kr,o = I/I2, Kr,o = I/2.
Tarono eopra oqeHrrr B r(oropbrx Bbr.qereH rraBHbrf wIeH norpe[lHo-

cTH, a ocTaJlbHbre cJlanaeMbre no cpaBHeHnp c Hl,lM cTpeMf,Tcf, K Hynx)

npr E +O (an6o 1{, - o) e 6onboef cropocrbprH&auBasrca Scnunrou,!-
r{ecrltMta. EctectaeHHor noJlbgoBarbcf ornMn oqeHKaMI,t Ha npaKT[I(e nMe-

er cMHcJr nfllxb npn AocTaroqHo MaJED( H (Aoctatoraro 6oauurx llrecr]t
E -O npt,t tr -? ), r a oror ct{Tyaqtn oHr, KaK noKa3HBaer conocraB-
aexne (2) r.l (I), cyqecrBeHHo roqHee xapafirep[sypr nonpeflrHocrb npH-
6mlnenua B cpaBHeH[t{ c HeacnMnrorr{qecr[Mr,t oI{eHKaMn. Hecuorpa Ha

Heroropyo HeonpeAereHHocrb cJroB ",g.rlg AocratoqHo uaJIhIx E" cayuafi,
Kor.qa H MaJIO, T[mr{eH .q,JIf npaKTl,tqecKl4x 3r.q,qqr r{To nPe.q,onpeAenf,ef
qeHHocrb acrrunrornqecrcfix ordeHot. Boo6rqe roBopflr npr fieJlaHnttr Mor-
Ho KoHxperlr3rrpoBarb cMUcJr orr.rx caoa. Hanpnuep! lta pesyaotatoa [4],
Kaca^Dult{xcf, oqeHx}r (2), caegyet, qTo cJlanaeMoe, o6osHaqeHHoe' a (2)
qepes o(Er-o ), onpannqeHo BeJrnqrHoF E!rrn'-"ll tYll-, rAe Eor, =

= I/96r.T.r,n = I/24.0rcem Bn.uno,qro npr KrrrBlEY[- .. Eo,olEt"]b
oqeHra (2)'npegrournreJrbHee qeu (I).

BuAeaenne nJraBHoro qneHa norpeflHocr[ He BcenAg Aaer nonoxx-
renbHbrfi gq{ert c roqxlt speHfis WeHHneHnf, oqeHtx nonpeoflocrtt.l'lnon-

AE 3TO nprBoArT r( npoTnBonono,(lroMy PesyJIbTaTy.
Ilycru S(r) - ry6nuecrnr nHrepnonfiLgoHlctfi cnnaftH c rpaHlqHuMtt

ycJroBxf,ilr rnna Il. Conaacno [a,c.99] am lt = I r,r re[ro,rrl r.tMe-
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s(r) = (1-t)to+tf,,-uit(r-t)[(z-t)r; + (l+t)riJ/6,

r.Ee t = (x-ro ),/no. fua f(r) e wlxoI.. ], r4cnonbsyr qopuyay Teft-
nopa, HerpyAHo non} s,rrb

.(")1r) = 1(")1*1 * J"){t)u;-rrrv(r) + o(Hi-'), Fol, (3)

pge E(t) = -t(1-t)[1+t(1 - t))/Z+. Tar KaK 116t)lls = b/84 n

ll|,(t) lb = I/24, ro orcrcAa npilxo.ulrM K oqeHr(au

I s("){r) - r(")(t) lls s r,u!-'lg'"lb + o(85-") , r=o l. (4)

Cpannenne coorHoueHtaq (a) u (I) noxasuaaer, qro B I1aHHoM cny-
qae BHAeneHHe FJIaBHono qJIeHa nonpe[rHocrl{ HocHT rlHcro (ropManbHHrl

xapaxtep n, 6oaee roro, np[BoAr{r x aarpy6aennp oqeHnr.
Morcro norasarb, r.tro Arf, Beex lt > 1 nragHbtf qneH I aenunl irn-

rdecKnx oqeHra)c Arfl cnnarHoB c rpaH!{qHbrMn ycnoB}tnMl{ Tr.Ina l! uenrue
npaBoft qacru (I). Ognano a rrc6ou cryqae ora oqeHra 6y6er xyne,ueu
(2). Stru o6ctoate.nucrBoM ild.rneHrercn, B qacrHocru, BbrcraeaHHoe B

t4] cJEAeHle o roM, qro lFarrdqHHe ycnoBr,rs rtrna I npeAnoqrnrenb -
:il' r YCIOBTIfi tnna fl.

AHa.nornwtaa cnryalg{fi t{Meer Mecro .[c,If rpanxqHux ycnoanl",r Trna
IV, pra Horopbrx Bu.q,eJreHile rJIaBHc('o qneHa nll[ l[ = 3 nptaeo,;r-L'T t<:;?r-.

rpy6aenuro oqeHrx [5], a o@ei(T, AocrnraeMufi nprt f, > 3 i.'--,{irrlr{TC-
JIeH nO CpABHeH}lO C HeaellMrlTo'i]rlqecK]l!.!l OqeHKarrI , nOJIy'l?ill{blnn , [2].

tlar6oaee noJrHHe pesynbra'rbr orHoc[Te,'IbHo lrcnunrornKn nonpeu-
Hocrn npn6a}lfeHr,tf xldnuecruran cnnailHaMH !{MeDrcfl Jtllf nep!{oAhqecKo-
ro cJlyqas, Kor.q8 cerKa a paBHoMepnafl c trarcM u = (u-a)/[. Onu -
canHar e [4] uetoAr,rra nosBoJrre'l Jrenxo Harr]r B rBHoM BnAe He roJlb-
Ko nnaBrurf qneH norpeEHoc$r, no lr m6oe HanepeA aaAaHHoe Ionr4qecr-
Bo qJIeHoB acttMmorrqecftono p&3Jlor(eHlr norpeuHocr[ no creneHfiM h
(a npegnoaor(eHr,r.r Aocrarourofi 'naagrocrn q3nrrrsrn f(x)). B qactnoc-
Tr,t, npn r € [-, *^*.J fiMeer Mecro coorHoueHHe

s(r) =f(x) + {t)untt'(r).4(t)n5fv(r) +o(b6) , (5)

rAe {t) = -u2/21, {(t) = -u(1 - 2t)(1 + 3u),/18o. t=(r-r.),/h,
u = t(1-t)

. Bupaxenun 4la a(")1=), r = Ir2,3 nonwaDrcf, ns (5) n{er1e -
peHq[poBaHr,reM no x. 0traeTru, r{ro ynoMflHJmafl MeTo.$.tKa c ycnexou
6uaa ncnoaogoBana flpn r{ccneAoBaflfitt acnMnrornxlt nep[o.q4r{ecrr,rx cnJla?-
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HoB nporsBonbHofi creneHil [617].
Cyqecnaenao [eHee AeraJIbHo r{speHa acrrmofl{ka nonpetrHoerx

xy6ruecrcrun cnraflHann Ha paBHoMepHofi cerfte B Henepllo,q,tqecroM cny-
uae. Sgecr raBecrHu pe3ynbrarH ToJrbKo AJrfi orAenbHDlr( TrnoB xpae-
BbD( ycnoB[fi. Tar, a [4,reopeua3.8] pra cnnafiHoB c KpaeBHMx ycno-
Bt{flMn rtrna I noayueno coorHorleHtte

r(")1r) = 3(")111 * J")1t)hr-r 3rv(r) + o(h5-"), r=o,1p ,3, (6)

- I [rrI1.1)r 1=o1...,f,-1 .

Otuetnu, qro uaBHHe qneHbr nonpalHocn{ B (5) r (6) coana,,qanr.Mor-
Ho JrKasarb pf,.q, Apyrnx KpaeBbD( ycnoB[fit ooaa.qAnuBx efl{r, cBoficrBou

[4rc.23l; 8]. 0praro a o6qeu cn1rqae rnaBHHf rureH florpeurnocrrt sa-
Bt{cl{T He toJrbKo or Enna KpaeBED( ycnoBnfi, Ho r{ or HoMepa pacc[ar -
pnBaeMopo npoMeryrra - I x or KoJrfiqecrBa flpoMer]r'rroB - tr. B

eToM ocHoBHaf TpyAHOCTb r{ccJreAoBaHra acllrnroTxKr{ B HeneploAlqec -
KOM CnJrqAe.

llntepecno, tmo cootHottteHle Bx.qA (6) cnpaaeg;uBo .q,,If, Heroro-
pto( HepaBHouepHhrx ceror(. Caeg3mr4ne ABa ]mBepr,q,eHrrfl (Fmrtqecxtr co-
Aeprarcf, a [a,C.I2?,I30], xorr r He c6opuynflpoBaHH rar B FBHoM Br-
Ae.

TEOPEilA4x). IIycrb r(y6rqe cKnh cnnafiH
s(r) uHrepnonlrpyer 0yHkqre f(r) er![a,u1
Ha cerl(e A, r8t(ofi, rlro lh.-h.-.rl=O(f2),
1=I,.r.;l!1. Ecar 8(r) rept{oAHqecKnfr nnu
yAosJreTBopseT KpaeBHu ycJroBr,tf M Tr{-
na I, To Ha KarAor{ npouef,yrre [-.,
,..r], 1= 0, ...rtr-11 c nPa B eAJIr{ B o c o orH o[I e

H}le

,(o)1r) = 3(")1-y . J"){")o1-a 3rT(r) + o(st-") , l-4lp. O)

TEOPEMA5. flycrb l(y6rqecKHfi cnnanH
s(r) r Hr e p n oJrn pye! QyH r(rll{n f(r) erJ a,b]
Ha cerKea n npoxeryTKr [-rF..r), k=1-1,
1l+1 i1<1SE-2rr aRoBH, rrTo h1-1 =y1h1 , h.*t=

r FA" yr=o(nt), 1r=o(nt). Ecan s(-) r€-
Hpleparga Teopex lt Jteln B ,qarc{ofi cTaTbe fiBJIf,efcf, npoAorreHxer
Hyuepeurx rs pa6m [I,e].
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p rloAnqecKufi nrn yAoBJrerBopser
BblM ycJIoBl{fir, oAHOFO tt3 Tt,lnOB'

Kpae-
I, n, Iy,

To np}{ r€[rr,r.*r] rMeeT MecTo
EeHt{e
s(")(r) = 3(")111 . r(")1t)uf-r'rrv(r) + nl-"o(rr), r.412. (8)

E c a n f(r) er![a,u], yr o(sr), ya = o(Er ), r o

r(")1r) = 3(")111 . ,(")1t)ul-o f,"(r) *

+ [nJ-r)1t) * cd,")tt)]ul-"r'(r) + u!-o(nr),

-€[r. I.*r]rD=olP,
F A e fu(t) = 42(1-t)2(1,-2t)/6.

l{sreopeu4n5auteraer
CIIE{CTE{E. tl p n I br n o Jr H e H r r y c r o B r fi

TeopexH 4 ntl,t reopeuu 5 cnpaBeAnx-
Blr oqeHnr{

1s("){-) - r(')1r) I s E,oh:-"Foh . o(85-'),

r = O,1 pi : e [r. Is.1l,
r A e Eo,o = I/n4, E, ,o = fst/eto, Ez,o = I/12.

IaagnaR qenb Hacrofiqefi c,narbr - nocrpoenre aJlnoprtua H&)(or-

AeHxf, acl,lxnro,rrxr{ nonpem{ocrn rldnvecKflx xHTepnoJrfir[,roHHHx cruran -
HoB Ha paBHoropxofl cerfte c npahrunorx yeJoBril.x o6qeno sr,qg.B xa-
qaJerB $I rsmlaerca neo6xorDo.Hf, Bcnor.onaferbHnl ratepral o6 o6-
paqeHrr Heroropxx tpo(S{aroHaJrbin{x Matp}rq. flpnaegenrore sAecb Bbl-

pareH[f, AJrf, oJreueHroB o6parHofi Marpr{4{ npeAcraBnmn co6ofl sHaqr -
TeJIbHo lmpoqeHHue {oprylul r.rg [9]. B raqecrge 'no6oqHono' p$yJtb -
Tara,qaercf, npocrofi Kpl,lrepxf, HeBuporAeHHocrt{ TpexAraroHaJrbHbrx ilar-
pl,trl, r(oropbrfi nogBorf,et nerftc QopMyJrxpoBarb neo6xo.upruue l.l Aocrar.oq-
Hbre ycJloBt{f, cyqecrBoBaH[f, n e.q{HcrBeHHocrt{ pagnflr{Hbtx cnJtafHoB Ha

paBHoMepHotr celKe: xy6ruecrurx, napa6oanuecKlx }l Ap. B $ 2 Aoxasu-
Baercn Teopeua o6 acnuntorhqecxou npeAcraBneHtu pesleH[f, HeroropbD(

c}lcTer c JreHToqHHr.tt MaTp[qarrn.

.[plee, n $ 3 onrcuBaercf, aJrrop]rrM nocrpoeHxn aclunrornr(fl no-
npernHocnr .uJa rlr6rqecxlrx cruIanrtoB r(Jracce c2 . flor,ruLro ynoMf,H]mhrx

Bbore npaHlrqED( ycnoBttfi rnnoa IrflrIY paccraarphBaercn pfi.q ApJnlrx yc-

COOTHO-
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noBtrfi. B or.urue ot [4] noA rpanxrrHbrMl4 ycnoBr,rsu]r Tnna lll 6ygeu no-
HnMaTb ycnoB[fl BI,|.qa:

lll. s'' (ro+o) = f"' (ro) , B"' (y) = f"' (rtr).

06c1mgp.ntca ABa r[na "nroxtft", c roqr[ gpeHnn Tor{Hocrtt nplt-
6altxeHnR, ycnoBtrfi:

no. s"(xo) = B"(h) o o.

lllo. g"' (ro+o) = g* (1{) = o.

Jcaoans IIo trgsectHu [o.q, HasBaHxev "ecrecrBeHtore". IIpr aunoa-
HeHru ycJroBnfi lllo ty6nqecrrfi cnnaRH Ha orpesr(ar( 1ro ,rr1,[rg-r, ,N1
6yget uHonoqJIeHoM Bropofi creneHr. B [I0] orx ycnoBr,rn HaauBaprcfl
napa6oaruecrnv BbrxoAoM.

B npartruecr[x saLaq€rxr Kar( npaBnno, Tpy.q6o ncnoJlbsoBatb npa-
HlrqHBe ycnoBnfi Tnnon I,ll,Ul, tpe6yoqnx 3algHur npoxsBo.qpm Qynrrprr
f(r) Ha KoHq&( orpe3xa [a, b]. tlacro or]r nporsBo.tr{He saueHflor
paaHocrHulr{ annpoxcfiMat{,r6lr. .qIs rono tmo6u coxpaHxrb nopfiArfl B

oqeHKo( nplr6anrennRrHJaHo [cnoJrbsoBarb no MeHburen Mepe qeTHpexro-
qeqHue annporcnMa4{n. 06osHar8,tr.r uepes lrr(x) noJu[Hou Jlanparora
rperbeli crefleHr, nHrepnorxp],Dwfi snauenila f" B ]rcJrax rr, k = J,
J+1 ,J+2rJ+3. TonAA nparu{qHue ycJIoBHf,, ocHoBaHHHe Ha trerupextoqeq-
Hofi annpoKcr{Malfl}t npoxgBoA}tblx, l{HeDI Bl,lA:

I' . B.(ro) = L!(ro), s'(1) = q_r(a) I

Il' . B"(ro) = L[(ro) , s'(1) = Ifi_r(h) i
lll'. s' (rod) = r,f, (ro) r s" (1{) = rff'-r(1).

0ruerru, qro ycJroBrf, lll I 6hurx flpe1Jroreru a [II ]. Mlrr+rma.nrnoe
qrcno JlanoB! npn Koropou rrof,r{o ttcnoJrbsoBarb ycnoBla I.rllrrlllr, oqe-
Br.r.rr5o paBHo qerupeu (n = 3). [Io erouy flpt{snary K orofi rpJmne rpa-
HHqHUX yCJtOBXfi xOfHO OTHeCT!{ t{ ycnoBt{fi Tl{nA IY, reU 6OAeerUrO npr
It = 3 ace oHx Apryr o.q{H r ror re crurafiH - noJu{HoM Jlarpanra Lo(r) .

B U2] AJrfi rpaHrrettr ycroBnf,

8r(ro) +6'(rr) =Dl(ro) +c!l(rr),

c8'(1-..) + sr(1) = di-r(lr-r) + rin-r(1)

I



(aetpypgo nora3arb, trTo cpe.qr Ht,tx coAeprarcf, ycnoerr Ir ,flrrlll.rIy)
HafiAeHo ontnMaJrbHoe, c Toqlo{ speHt{f, ilHHr{MnsaqI}{ tJraBHoro qJreHa no-
npeaHocTr{, 3HaqeHre napaMeTpa c = 3. B ston cn}rqae ycnoBHfl SaIIfi-
cH8amTcfl B B[Ae:

v. 8'(ro) + 38'(x.r) = 
Uf, 

t-fZco + 9f, +9f. - fr)r

3st(1-r) + s'(a) =*(*o-, - 9fR-. - 9rtr-, + 1?fs).

faaanufi uteH norpeuHocrn .qflr cruafiHa c npaHnqHbo.rt ycnoBlraxlr
rnna. Y coBnaAagr c FnaBHHu qJrenor A,rr cnnaFHa c ycaoarRuu I
(6). Hecuotpr Ha ro, (mo rrpaBue qacru coorHoueHrrfi v coAep[ar no
qerHpe aHaqeH[fi (rynrwtr, HcnoJlmoBarb grl,t ycnoBHfi Morf,Ho roJrbKo

nplr tr l 4, raK Kar( B cnJn{ae f, = 3 uatpnqa crcreMH AJro onpeAene-
Hr{f, napaMeTpoB crurafiHa BHpor(AeHa.

IIpn lt ] 4 uoxno paccMarp[Barb rarre FpaH[qHbre ycnoBttr

Iu. 6r(10) = f;(ro), s,(1) = 4-"(t),
*.u" ir{-) -.}rHrepnonf,qxorubrfi noJu,rHoM Jlanpanra nrrofi creneHu c ys-
Jla!,rlt r,. , k = 'J ,Jr{ r... ,J +4. llxtepecno oruerrtTb, t{!o npn N = 4
(naru ysaoa ,rnTepnonnqxn) cnnafiHu c onrnMaJIbHhrMH npaHnqHuMr.r ycJro-
Brsuu T H ycnoBnfirn rt{na I" coBnalanr.

fu.qnu o6ugno xapar(Teprcrlxy rronJ {eHHbrx acuMnror}tqecr}rx +opMyn.
IIpn f(r)e fl[a,b] Arrs Bcex rrnoB KpaeBbD( ycnoBlrfi. sa rcKroqeHx-

eM ycnoBufi [Io r lllo, rrueot Mec8g coorHoureHra

s(r) = f(x) + ro(t)urr'"(-) * o(h'). r e [r.F.*r], (9)

1= ol'...'l[-1 '
flprqeM t-,-r,g(t) = 9.r(l-t). Qyxrrprn ?rI(t) saBHcf,r or rnna

FpaHlqHhD( ycnoBrfii Ho nptr yAeneHxn orpesxa [r. r"*. J ot I(oHqoB

npoMer(Jmra [a,b] orn 6ucrpo crpeMrrcn r {t) rs (6) r qro nosBo -
nrrer onpelrltqrrbcf, xx t{ccreAoBaH[eM npx cpaBHHTenbHo ne6oaaotx sxa-
qeHrtnl( 1 &nf, orpecrHocrn roqx[ a (R-t.q,ra orpecrnocru roqrn b).
Ecar o6osHaqxrb ?r,-(t) = ** tr(a) ,0,,r, L <N/2, ro npr Aocra -
torrro 6oarnrx !t (xar notaauaant HecJroxnue oqeHKHr nparTxqecrn

)fie ArIf, tr > 10) BMecro (9) a6anslr JreBono ftol{qa npoueryrra [a,b ]
(t.e. npr ua.ru 1) uorro noranarb:
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8(r) =f(r) + e^Jthttt"(r) *o(ut), r e[r.t.*r]. (10)

Jlenro angerbr mo orcn.qg r.orxo nor1 o{rb (ppuyry Arr 11 6ars-
Kl.tx K tr (r.e. AJrf, MaJrhrx lt-i), ec.m 3srreHlrb t na 1-t .

Ecru cnaafin y.q,oBnerBopflgr rpaH[qHbru ycaoanar,r I, V nfi I',
ro rr"(t) = er-(t) = (t ), 1 = 0r..., tr{. Iloerouy B orlrx cnJ {a-
m(, c qeJlbp BbrfleHeHrrf, paglxqxfi B noBeAeHI{x nonpeuuocn{ npu6arxe -
Httf,, Mu BunrcuBaeM rqBa qreHa acttxnrorltrcff. B peayaarare AJrf, npa -
Hur{HbIx ycroB[F I, Vr I" nonJ {aeM

s(r) = f(r) + s(t)ulr't(-) . qr(t)htfY(r) + o(16), (11)

r e [r.,-.+r] , i{),... n{ ,

r.qe f(r) e rJa, b]. Ian 6oaomrx ! Mof,Ho saMeHr{ru {o(t) Ha

erJt) = H qr(t) npn t <fr/2 .

.8,tra npanrtfoD( ycnoBnp [o, lllo xueeu

s(r) = f(r) + vo(t)u2t'(r) + q(th'fn'(r) + o(ur), (12)

r e [r. I.*r], 1{r...n-1 ,

nplqeM v*(t) = o, I - Or...rtr{ , Kon,qg cnnaflH yAoBnerBopfer yc-

JIoBrrM runa lllo.
Ha ocnoae aHarISa acnunToTt{qecKrx npe.q,craBnerMfi nonpeuHocT[

npil pasJlrqHEx KpaeBbD( ycnoBrE( MotHo cAenarb cneAyDr4ne BHBo.qH.

Cpep.r rpannqHux ycroBnfi lrnrU, ticnonmlmqrx rotlHbre sHaqeHtra npo-
nsBo,q6u(.HarJrJ ue pesyJrbraru .qanr yoroBxf, Tnna I r nanxyppr€ rlr-
na lll. IIpu uerupexroqeurofi aflnporcxMaI1lrtr nporrsBo.E{rrx (ygaonra Ir,
grrlllr) HalrxyApflltr{ fumrcf, ycroBnf, rnna It, a HanJI}E@tMt{ - trfia
lllt. Ycaoana rrna IY Jr) ae ycrroBrfi lllr , xo x]rre ycnoBnfi lrna I.
Cnmfimr c npaHxqHuur ycroBnflilr rrfloB Y n I" oqeHb MaJro pegJuqa -
nrcf, Me,r.qy co6or, T.e.r Ha caroM AeJIer ycroBl{f, I" erola fe "onrt{-
rarbHuen, Kax n ycJloBl{s Y. ,qff 6orbmo( f x ycroBrlfi vrr,r ycnoB[fi
Ii o6ecneu{BaDl TaR},D fe roqHocrb npn6mmerua, KaR ycJroBna rnna I.
Caxlm 6oauu]rn norpelIrHomr npr6.rtrreHra nueot cn af,HH c npaH]tqHrrur,r

ycnoBrf,xx trna Io. Heuxonru rlrt@e ycnoBra lllo. Anaronrra.ue BbrBoADr

xoryr 6urr nor3 reHH npr aHe.lxse nonpetrHocrx npn6rrxerua flpor{sBoA-
rrx. CooeaelcrByDo[.e acrrnro.rrqecxxe Oopr{yrH BrTexaryr rs (9)-( 12)
B pesyJtbrare .qlQ{aperrprpoBaHrfi rro r . Taxnr o6pasou, Har6onborafi
npaKanqeclorfi rHtepcc npqAela8re! xpeeBHe yc,roBra IrIyrY, I".

IO



Mu acngy flpe.qronanaeur trro Ha o6olx r(onqa( orpe3r(a [.,u] rpa-
eBHe ycJroBr.rr t.tueor o,qnHaroBbrr arA. O.q,naro Ha nparntre HepeAI(o

npnxoAl{rcs ga.qgBarb pe,aJlnEtile no rHny ycnoBHa B Toqrcr a x b.
llyctr, Hanpnuep, B Toqxe I segaHo ycnoBne rrna I, T.e. 8'(a) =

= f; i I B Tor{re b m6oe uo paccMorpeHHux BHtre ycnoBufi. Tor,qg,
lrcnonbsys pesynbrarbr $ I, nerpygno flokasarbt qro npn 6oaruou x
n6ansrr Tor{KH a 6y41m nepru coorHoueHfla (6). C.rregoaareJlbHo, [oBe-
AeHxe nonpefitxocr]r B or(pecrnocrn a npn 6oaauoM q]tcJle ysJIoB ttHTep-
nonFrut{ onpeAenfieTcf, ToJrbKo rpaHr{qHHM ycnoBneM B oTofi toqxe. otot
BilBO,q, CnpaBe.qE{B npn Jm6ofi xou6aHa4{n nePeqHcJIeEGIx kPAoBHX ycJto-
Bfrf^.

flpeg.norenru,lfi lretoA nonyt{eH[fi acrrnrorttqecrono npegcraBJleHrrf,

norpe[lHoerH npn6.nffierun nprroAeH He roJrbKo g.na xy6ntecxnx crurafi-
HoB, Ho x AJrfl MHonrx .qpyrffi TrnoB cnrafiHoB, nocrpoeHHe r(oropbrx r.o-
ree 6ura cBeAeHo r( pelreHnn crcreti c rpexAnanoHalbHbrMH Matpxqar.n.

$ I. 0 pelleHxr Hcrotop]fi tPax.4lsroHaJIbHLB cl{cter

llycru l, - (r+1)x(n+t)-r'rarpnqa Bxna

ac 0
1a1t \>>1
0 Fe

nAe arcrF - sa.qAHHUe r&rctre, npilqeu I a'l> 2. B [9] npn 6oaee caa-
6rx onpaHnveHnfl He Be,rtrEtry a norJ {eHH neo6xo,pruue n Aocraroq-
HUe ycnoB[fl HeBHpo[AeHHocrr .h H Haf,Aemr gJIereHTH o6parHon uar-
pn$' $r = [a.rl. 0p6aro npr-lal>2 err pesyJrbreru Mof,Ho cy -
qecrBeHHo ynpocrt{rb. ,{eilmampauHo, BBo.q, nonpaBfty Ha ro, qro B

[9] pasuepnocrb Merplrrg lf, crflraercf, peBHofi trrtrr Hreeil

a.o = (a.[1+ar(R-2)] + a"-.[ao + a.(1-p)])/6, 
] (13)

"rr = ("r-.[1+ar(c-2)] + a.[ao+ar(l-d]]4, )

1= Ol,...l{r
.,r = .^o["f,-r*r(1<)+ao-r]*rr[h-r*, *

+ au-r-r(l-F)]*1t..-r*,, t=o,... Fii=1 ,...,fi-1 , (14)

!t



nAe

8r=

o=o(a
T.e.

{ = [+ar(c-2)][1+a,,(P4)]-[ao+a.(1-c)][ao + a.(l-F)), (15)

ol Olf-1+ 1

(a+eq)(t-d+{)

) - nnHunalunufi

, 1=Olr...ti af,+r+t=&r, (16)

no Mo.qyflo KopeHb ]paBHerxfi I * 
^o 

+1 = or

o = [-"*#J asb)l/2, lol < 1. (L?)

llo4ctaaaRn BHpareHxr AJIfi er a (I3)-(I5) n aunorurf,f, rorifi€cr-
BeHHhre npeo6paeoaaxlrsr HerpyAno nonJrqxrb

aro = orfa+p6ff,-ar-1(p+ao)]/e, 
| 1= O,...n, (1g)

.,r = d-t[a+co-o2r-r(a iao) )/e, )
q = (a+co)(a+po)-od-2(o+ao)( p*ao) , (19)

"., = ;ffi [a+a+(c+ao)d1-1][a+pe( p+ao)o{-ar-1], (20)

ostsJ=r-1;

".. = rotl', [a+ee(crao;ocl-r][a+Fo-(p+ao)o{-2r-r]r (21)rr q(a+2o) .

o <J st sr.
Oueargno, ycroBreM r(oppexrHocrr (op{yJr (18),(20)r(2I) n oA -

HoBpeueHHoycnoBreu HeBHporAenHoe?H h f,Brfietcf, flpe.q,rroJroreHne

e I O . Tarcnu o6pasourcnpaBe.qlrBa
TE0PU|A6. Ecan lal>2 r !o lrhl lo ronAa

l{ ToJrbKo TonAar KonAa
q=(a+co)(a+Fo)-otl-'(c"ao)(p+ao)lo, (?,z)

nAe o onpeAeJreHo 0opr,rytrofr (I7).
IIpn c = p ycnoBxe (22) srstraareHrHo ycroBrm{:

ef tar 6c[t l=.1 i
ef a2/2, wt lt = 2i 1

T2

(23)



ct l-a(1tdt ' eCJIlt N >2. (23)

ot d-l
Jlenro angerb, qro lfo t I o &rrr Bcex AocrarotrHo 6onHlxx N :

> no(o) , ecrlr{ BHnoJIHeHH ycnoBlfi a f -a/o, F I -a/o.
l{s teopel,ru 6, a uacrnocrH, rpr{BnaJruHuu o6paeoM nonJn{arcTcf, He-

o6xo.q{Mbre }r AocTatoqfle ycnoBnf, cJAecrBoBaHHf, r,r eAr,rHcTB€HHocT[ ]rH-

Tepnonf,rs{oHrnx ny6ruecKHx I napa6oJn{qecK[x cnJrafiHoB Ha paBHoMep -
HoR cerKe. Tax, naxorgeHt{e naparerpoB Er = St(rr), i = O,...N,
KJd}lqecKono cnnaftHa s(r) c KpaeBHMl.r ycnoB[rilr,r o6u{eno BnAa cBo.ql!-
cf K peueHno cncTeMbl

4no + cE, = oo,

aa_a&t*aa+i = ct , 14 , ... X-1 ,

9.u-r*4trh = "R.

Coraacno reopeMe 6 ycaoanru,rn ee p&3perrrxMoctn 6y4yr coorHoue-
ar,ra (22)r(23), F.q,e cne.qyer floJroxnrb a = 4, o = -2+€ (Ana 6oaa-
ruxx tr AocraroqHo norpe6oaara e/ 4(2+lE'), pl 4(2+{3)).

Anarorrararo Kogf{r{ts{eHru fr. = S!(r.) napa6omruectono cnJral:-
Ha s2(r) [I3] onpegeafiDrcn trs crcreMu BrAa

6fio+cffr=do,

ff.-rr6ff.*4... = d., 1= 1,...n-1 ,

F*-r*&n=dr'

Ona paspeunMa nptr BHnorHeHHr ycnoB]rr (22),(23), nAe HJntao no-
Jlotrrb a = 6, o = €+2{f (A.na 6oaHnnx I{ Aocraror{Ho, qro6u q. I
l6ts+z$, pl6(3+2€)).

B Ag.mgetlueu Hatr norpe6ynrca pe3ynbraru o peueHxlr crcreM B]r-

AA

azo + o,z1 = Ar

ar-r+ aZr t 21,-1 = C, I = 1r... rtr-1 '
Pfo-r*.h = B.

(24)

JIEMMA6. [Iycrb AJrf
ycJIoBxr lal>2, QIO

Io

(24) B u
TorgaNOJIHEHH

j



,, = #* "."[n - tft"] * "*[, - g],
Ecau cr=F r 

to==T:"'I;
(2s)

a+2

c
a+2

z t + - (a+o)c ,r . olS-r,.-,
.rco"J-t(r""o)

1--o ,.. . I. (26)
t^

ECAn a=B l,l B=-A , TO

, = L[, - (a*'l(d*d-r)l .l(4'"o-'l"'-frf "#-*=J-;."tr{IJ ' izn

1= 0r...ff.
.[0KA3ATEIIbCTB0. CgeaaeM B crcreue (24) saueny z, = c/(a+2) +

+ 6.1 1 = 0rlr..., f,. TorAg
a

a6o + c6, = Ar

6r-r+ 
"6. 

+ 6.*, = O, i=t r... Jt-1 ,

9fo-r+afo -fr
nAe i = I - c(a+cdl(a+2), fr=E*(a.F)/b+2 ). &rear.upo, peueHxe

3Tof1 ct,tcreMu xueer BrI, 6t = aroA * adpr l = 0r...r X. Vtgnraan
cBf,sb Her3BecrHux zr n 6.1 noJrY{aeu (25). 0oPtlyau (26),(?) su -
rexa.Dr rae (25) B pesyJrbrare gnereHrapntrx npeo6pasonamtf,.

$ 2. Acrunroruqecroe npeJlclag drxc p€oeHlrf,

cncreMH c ,eHToEron xarpnqeR

B xaqecrne Hopuu Berropa Z = (zorzrr...rA)t 6ygeu paccnar-
pnBarb Bemlt[lHy llzll = nar lz. I . Cor'.nacoBagHaa c Hef, Hopila xarpn-

t'
tS A = [a.rl,1J = Or...L oqpeAeJlfiercn peBeHsrBox ll lll =

= T ? 1i.rl. Matnr,rrly A 6ynen HaIlHBarb (2n+1)-pranoHaJrbHofi'ecril

".r'= 3 npn lt-Jl > n. 06osHawu tl.t) = t(t)ir. ), rge !r = a +

*-(r+)u, i = o,...,f,i h = (b-a)/r.
TECPEI|A7. flyeru a crcrer,e

AZ = i[ (28)
c H e B up orAeHHoR (2!+1)-Arar oHan bH o fi

I4



Marpr qe fi A= [8rJ], lJ =Ol,...Xrr( oM n oH eHr br

npaBofi qacTt{ rMepr BXA

t=olr...X,d. = B c.-n**.t{a+') + e, rl.=olat
(ce)

npntreu e. =o(hk+P+r ). Ecar l[ E. ll ,s4r...,pi ll lll ,

ll l-'ll , r Ae 6. = (c0.,oi.,...r"tr )8ro n paH r qeHbr B e-
JIt{qI,rHaMtl, He saBHcf,u{rrMl,t or tt r.r f(r)e
€ r$*Ptt [a rb] , r o

2,, = B c,-u.*tt{n+') . o(hr+E}+r), 1 = 01,...x, (so)la=ot'1

nAe ro9([6nqneHTbt cr. onpeAennnrcf,
COOTHOEEHl,tfiMI,I

t = ol,...ni (31.0)

| ".ltr. = crr - | 
t.rtro(J-r) ' 1= ol,...Xi (31r)

i 
ttra'o = "to'

|".rtrn=".p-f".r t-
erp-r(J-1) l

(i-r),
p!o

., -Q{.rr (p_1)r

1=o1,...n. (31.p)

AOI{A3ATEIILCTB0. Ifuxgoe ns. coornorrenra (3I) npeAcraBnrer co -
6oil cncteuy JrpaBHeHxfi c Marplqefi l. fiocaegoaareJrbHo peruaf, [xrrro)i-
Ho Bbtqlrcnlrrb Bce Kogap{r{qreHru er. ! cHaqafia Eo= t1o ,. .. ,016 ]'' ,

saten -n = (tor1ro.1c1g.f , n.g. 0rlrerru raxre, mo n3 HQpaBeHcrB

llEoll s lla-n lllFo ll ,

llq[ 3 [^-r[(F, [ . nlleill4ll],

[an[ s ru-'t{u"rn.ttrrrr 4nSbh(# tt.% h...*nl6-r,,},

/t
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oqeBH.uHurr,t O6pAsOM BUTeKaDqTX l{3 (3I), cneAyeT oFpaH[t{eHflocTb HopM

BexropoB 4 = ( co. r. .. .ft.)r KoHcraHTarrx, HesaBtrcf,iryrnr or f,.
9ro6u ne sanpoMor(.qaTb n3JroreHt{e, nH npoBeAeu .q&lbHelmte pac-

cyr,lteHxf, AJIn cnyqaf, p = I. 06gsHaEtM

zl = c^ohrfft) . t rnt+r3(r+r), i=0 1...fl1

rAe cro.crr yAoBrerBopsnr ycJroBrmr (3I). Ilo.qcraBJtaa BeJrrtrruH zi
BMecro zr B neByo qacrb cncreuu (28), trcnoJrbr]yn {opxyay TeRaopa
x JrqxrbrBaf, (3I.0), (3I.I), nueen

| ".rrl = F.rrroh.trl.) . {pr)u[."t) . a.rol *

+ Da.rcirhr.r63(.*r) + B.rll =

+,outr[n) + cr.,bl+rf[r+r) * 6. = d.-c.+6,r (32)

nAe 6i - ot(. 
".rc.oBrJo 

* hl ".:r.rB.r, ). Oueanqpo, ln15sI s

s u2/zh2[r("it) lll, lR., n I s olp(a+a) [ . Iloerouy l6rl = o(ht+z).

i{e (28) ra (32) norrJrqaeu t(Z-2o) = 26--0. 0tcngp

ll;-ioll s F-r[(2llEll * il3[) = o(h'+a),

r.e. zr = zl + o(httt ) , qto n tpe6oaaaocb nora3anb.
0tuetnu, qTo AoxasaHHyrc Teopeuy MorHo r{HTepnper}rpoBarb KaK

o6ocHosaflfle MeTo,qA HeonpeAeneHruD( ftoe(rwlsteHroB AJra HaxonAeHxfi pe-
EeHlrf, crcrer.ar (28) B B}lAe aenMnror]rqecKono pasnorennn (30).

S 3. Acnuntorr{qecroe [peAcraBreH[e noFpe[Ixocrr npn6mmennn
rtrdrnccrrr cnraRHox KJracca ca xa peBHoxepnoB ceilK€

Bcngy a AaJbHefoeu )ts& r, cerrfl A [peA[oJIaFaDTcs paBHouep-
Ho pacnonoreHHbrMu c uarou 5 = (u-a)/r, T.e. r. = a1(1-1)h,!.=0r...
..., R. QynrrEn f(x) c,{Hraerca .qr(rfepeHr{HpyeMor H}ftHoe qrcno pa3.

Ky6nuecrxr rnrepnonflIloHHuf, cnaaftn g(x) raacca c2 samcu -
Baercs npn r € [r,,rr.rl (cn . [ ]) B BxAe

s(x) = (t-t)2(t+2t)t. + ta13-2t)f.*. +

+ u.ht(1-t)t - .r*rhtt(1-t), (33)
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rAe o6ooHaqeHo DJ = gr(rt), J=or...n. Hapany c s(r) paccror-
ptlu ry{ruecmn eirarloa ci:ranx s(r)ronpeAerf,exur ycnoBnmm E(x.)=
= f., Er(x.) = fl , 1= or...g. lfueex

H(r) = (r-t)e(r+At)t. + ta(3-zt)f..., +

+ nt(1-t)ari - utt(l-t)f 1rr, re [r. tr..r] . (34)

ConocrasnsR (33) r (34), naxoAnu'

S(r) = E(r) + ht(1-t)[e.(l-t) - e..rt], re [r.I..r], (35)

rAe qJ = .J - fl. ltsaecrno [4.c.68], mo

E(x) = r(r)+(t)urr'v(r) + {h(t)n'rY(-) + o(u6), (36)

: e [r. trsa,1,
nae q(t) = q2/24, q(t) = +r2(1-2t)/6o, u = t(l-t). Tarru o6-
p&sou, nocrpoeHxe acrunnorrKt,t .qrr s(r) cBo.E{rcs x Ha:(o[AerilD
acrunroanqecxxx fipeAcraBneHxfi.q,rlfl BeJMwH Er, 1= o'...rtr.l{x arg
ofipegeaaercf, KpaeBHMx ycJroBrfiM[ ry6nuecrono cruailHa.

.[pmnefiuee ltsJlor(eHtre pas6rro Ha n}fiKfbti Ko[opHe H]ntep]rrrcf, B

coorBercrBr{lr c paccMarpr4Baeubru rltnoM KpaeBbD( ycnoBrrfi . Paccyngema
Hocfir o.quHaftoBbrfi xapaftrep IJr Bcex rHnoB KpaeBHx ycnoBlrft n nogro-
uy nogpo6no r,rsJrarrantcn Ju,ulb B cn)ruae KpaeBbrx ycaoanft rrna I.

I. Ifr" ycnoBt n tnna I cttcreua orHocr{TeJrbHo napauerpoB E,
rueer BHA [4,c.98]:

(3?)

rrAe co = f3,9n = ffrr o. = 3(fr+r-fr-)/b,1= 1,...I-1 . Ilepe -
xoA,E K HerSBeCTHbrM g. r noJryqa€M

9o = t[ = o,
er-r+49.+e.., = i = c.-f l-.,-4f l-f l*r,

1= 1r...X-1 .

Do = Co,

&r-t * &t t Da+i = cl, 1= 1r...$-1

tt = h'

)
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Pasaaraa B BbpareHnr AJrf, E". aeru.r+or f 1-1 F11, Ei,-, fl., no Sop-
ryle Tef,aopa B Toqr(e x.r rrpllxonlru K cr{c,eue

490 =o' 
I

9r-r+4er+e.*. = -hnAGI*o(h5) , l=tr ,... n-1 'l
aq =0. )

Ilpnrenan K oron crcrerre reopeuy ? ( k = 4, a = 5, p = 0), t,tueeu

e. = e.hafl + o(u'), I = olr...X,
n.E€ cr onpeAeJlmrcs l{3 ycJIoBl{|4

4no = Or

cr-r+4ca+ca+r = -1/30, I = 11...!-1 1

aa =o'
Conaacno aenue 6 peoeHrle orofi cnc{euH garrrcuBaerca no @pry-

ae (26)r rAe cJreAyer nononnrb a= 4, o= -2+{f,, c= F=orl=B r
= 0, c = 4/3o. Caegoaarearno,

c. = -#[r - fi-$a], i = 0,...,rr,

n,Jrql{rblBaa (38), noayuaer

el = -#t1-d. Fltl + o(u'), i = o,...n. (ss)

llogcraanu Bbrpsremrs grrer+r a (35) r pasnorrx ff 't,, no {op-
uyre Tenropa B roqKe r, r.e. 1v =,fv(r) + o(h), k = LJ+1 . IIpn-
HrMaa Bo BHiluaHre (36), s lrrone nprxo.qrr r @pryre (II).q,ns s(r),
rAB

(38)

T = 1-t(1{.d), r = o.t(1+o) .

Tar rar lol = 2-€ <o2?, to rg (40) Br,qHo,tlro np{ yIA-
neHr,r[ or KoHr{oB orpesxa [a'b] (npeg,noaaraerca, tmo tr Aocrarouro
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BeJMro) cJrsraer.oe, cogep[aqee ot t.t J-r 6ucrpo crpeMrrcs r( HyJm
tt B gToM cn]ruae a (II) MorHo nonalrarb

Off(t) = {(t) = <r(1-2t)(1+3u)48o.

Qarrnuecrn, npu 6olrurx lt .qoc[arorrto [ccJreAoBarb noBeAenle 06
B6mstr o.qgoro ,{s KoHrloB orpesxa [", b], Haflpxuep, B orpecrHocru
Torrrut a . I,ls coo6pa:relo{fi cnuMerp[r,r ficHo, rIBo rotliro raraf, tre Kaprn-
na 6yger B or(pec?Hocrll rroqtg,l u. Us (40) Br{.q.Ho, rrTo npn 6olumou
n u L <n/2 a (II) BMecro {ff,(t) uorHo B3f,rb

0r. (t) = - g[(1-2t)(1€u) - wr]. (41)

Hetpygno nonJ ;r[b oqeHxy

loo{t) - orJt)I< 1o;tr-r-r/no <pf/"nzo, L<fr/2,
r€ KoTopofi Bt{.qHo, trTo npx tr>10 fi/Hrr+{r{ {tn * 0.. nparcTnqecrcr
coBrrarrlElm uexgSl co6ofi.

ll. Crcreua &,rfi Er [4rc.S]:
4no + h' = co,

Er-r o &t. Dr+. = cr, 14r...X-1 ,

4-.. &h = ctr,
FAe ao = 6(f1-fo)/h-hf3, h = e(fr - tr-r)/b r hfi. 0rcnlA Arrf,
qr noJIJ laeu Crmeuy

4q + 2e, = -b'/L2 tjv + o(hr),

er-r + 4e. * 9.., = o(ur), t{ r...ra1

2q-, + 4N= ht/Lz { . o(u').

(42)

B pesyautare nprxellexltf, Teoperru ? r lenru 6 aotopnr

er = -r# fiftf + o(ur), idl,...n.

llocae nogcranoBm e. a (35) nonJ raeu (optryny (9), rge

I9



qr(r) = -#[" -#], i.=o,...n-r,

ltJDr ,q,rn 6onbnux N - @pMyny ( I0) , nAe

t.(t)=-h[r.fl"o'
1

, .*/2. (43)

Creneru 6.maaocrr ue[Ay OyHKTI'tm,ua o*(t) tr or.(t) x$paxrepusyercr
oqeHrofi

to*(t) - o,Jt)l . li*'fi- . L*;:, L.n/2.

lll. Cnmeua g,.na .. i

Do + [.t = Co,

B.-r * &r * Er*r = ct, L4Pr...

h-r+1r =h'
pAe co = 2(f .|-f )/a + u2t[ /6, h = z(fr-ftr-,,)/n + haft'/6.

Crcreua ,qIn 9r:

4q + 40, = -hr/3 fjY + o(hr),

9r-r . 49. * e,.' = o(ur), i=lr...n{
Aqr-,, * 4.k = n'l3 rfl * o(nr).

(44)

0rcngg

o = -8.
L2

B rrone rneeu (9), r,

e*(t)=-#[". r l!-r-e -vo'-td'' l. 1=Or...rf,-t
1..N-t J

or-
lv+o(lr), t{,...,[.

I

(1+o)(1

Ae

(r+6')

Hpoue rono,

rr.(t) = -h [u + (1+6')vd],

20
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llorpennoctr npn6.mnenr'ra AJIf, cnJIafiHoB c rpanilqHbn H ycnoBfiEut{

IJll xapaxreprsyercs +ynrr+,rrtr{ Oir(t) a (9) nmr, qro npaxrrqecrx
ro re ceuoc,syrxqnnriu ero(t). th pnc.I npnneflenir npa4nKr,r OyHr$flfi
-38a er..(t)r 1= 0rIr2,3, &rlfi ert{x rpaeBux ycnoBxfi (a:rn ycnomfi
rnna I er.(t) = 9*(t) = dt ), &,rfl ycnoBrfi rnnoa llrlll Qynraprn
tlo(t) onpeAeneHbr coorBercrBenHa 6opuyranra (,t3),(r15) ).l'pa4ur 6ytrx-
rgr J84 go-(t) &,r.f, ycnoBnfi urna U BbrxoAr{r ea paurx prc.I.B ra6a.I

- !t tl 9lo
I
I
I

I

-I
oooooo o [l

---lll

I

I

I
lr
t.J
lr'ri
t.,
l:
!.:
l.'

xo

I

I

I

t

I

I

/

x
/"'

x r
4

Ta6rnqa I

1 ,
\7

Prac. I

Trn
KPAeBbTX
ycnoBnfi

1= 0 1= I 1= 2 1=3

I
n
lII

Ir
nr

llr
IY

I.0
2.5I
8.34

I5.45
14.83
13.99
r0.85

I.0
0r62
I.23
5.29
5.I3
4.90
4.u7

r.0
I. II
I.5I
0.53
0.50
0.46
0.30

I.0
0.97
0.87
I.30
I.28
r.n
I.2I
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,qaHH sHatrennf, BeJrrtl{H llo.-llq = lle.. (t)lato,r], 1 = 0,I,2,3, Ko-

Topbre MoxHo r{HTepnpeTlpoBaTb KaK nocTotrlHr,re Ei. B aclMnToT}lq€c -
KI4X OqeHKA(

ls(r) -t(r)lsht..lF''ll-* o(lt), r e [r.,r.*r].
l,Ia pnc.I u ra6.n.I naran$ro Br,r.nflo, rrro rpaHlqnue ycnoBtrn T]r-

na I cyqectBeHno e(p0errllBHee ycnoBrfi [I n oco6enno lll c rovxr spe -
Hrfi roqHocrn npu6.ruxeauR.

Ii. Cucreua nJrf, Er nonyr{aercr las (37), nAe cnelyer noJlorrrb

co = Lf(xo) = (-11fod8f, - t. + 2t r)/(6il,

h = tf-r(fr) = (-2to-r+9r*-.-18fu-1+11fr)/(6h) '
Tonga

49o = ur3jY+o(ur) ,

er-r + 49. * 9.*. = o(hr). 14r...!-1,
 q = -ulrfl+ o(ht).

0rcn.qg

q. = h, or -olf-r f:v + o(hr), t=ol....tr,-r 
4(1J ) '

r n (opuyaa:r (9) r (I0) cooraetcrBeHHo

e*(t) = -* F - r5*or-*n-r-r;J, 
t*,... r{i

er.(t) = - u(u -6vcr)/24, t <n/2.

[t. Crcreua A.ltr Dr BHTexaer rs (42), n.q,e HJilHo nolorr?b

co = 6(f ,do)/n-nr!(ro) = (€fo+ll:f ,41"+t)/h,
co = 6( f*-f*- r )/h+hri-r(1) = (8fr-11ftr- 1+4rr-2-fr-, )/h .

Tor4a

4qo + 2s, = &!/6 tjv + O(nr) , I
I

22
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g.-.+4e. + gr*, = g(nr) , 1=1 1.. . 'I{-r ,

Zk-r* 4qr = -A'/6 {" * o(ht).

:

0rcngg

H r[AJIee

lt .qaJree

d -o[-'
1tJ

Qt= 10h'

-.
24{3'

tlT + o(nr),1=o,...n,

e.rr(t) = -tnt" -ffi(vd - 'il-'-')], 1=0,...x-1i

rr.(t) = -; (u - ro{Svdl3), L <E/2.

lllr. Cucreua g,Jrff Er Burexaer tls (44), rAe H]nuo noaoama

co = 2( f ,-f o 
)/u+uh;' ( 1) / 6 = (-lilf o+1 ff .€f .+f , )/( &)

a = 2(ro-r* -r)h + u'1fi:r(1)/e =

=(13fr-1 th- r*ftr-.-rf,-, )/(6h) .

Torgg

4qo + 4q, = zh'ht;a + O(hr) ,

gr-r + 4e. . 9..., = o(hr), 1=1,...rtr-1 ,

4qr-, * 4k = -21'/3tfl + o(nr).

0tcng,a

ht o. - d-r
t fiilrpl c,lv + o(hr)' t=o""ni

etf,(t) = -h[" -tgd-'t-:]1,

9r=

i{,... n-li

oro(r) = -tn 1" -rA'+-],
ZJ

L <t/2.



nr, npr{Be.q,eHHaf, B [4], rueer eug:

[r-t{ha*'a.,

= -2(?o-2f ,9")/h ,

= ct, i=(r...'tr-il ,

-En-. +k =2(f*-2fo-r+fu-.)/h
llcrmqan xs nepBoro ypaBHeH[fl He[sBecrHoe Ea,

\-2 I nMe€M

2no + 4n, = (-$o+?f ,-zt)/h,

"a-t * &r r Dr+r = cl, L=L P r... rtr-1 ,

4k-. * 2A = (&o-7to-r+2fu-.)/h

0rcngg H&(o.e{M

4qo t &l = h'/3fjv + o(hr) '

er-r + 4e. o q.*' = o(hr) , 1=1 r".. N-1,

8k-, * 4qr = -u'l3tt'v + O(nr) '

h*ylg flon]rqaeM

IY. Cncreua Ala

Do -Da

ltg nocne.qfleno

,1=Or...n-l ,

B rrone

- 2(2+{C) (vd -rotr-r-r)
.13'(r*d-')

er- (t) = -in t".fr vor-r ) , L <n/2.

tpa{nrn 6ynnr+ar 384 o.-(t),1= 0,I,2,3, .q,,rf, npaHnqHbfi ycno -
mfi lrJllr,IY, npegcraBJreHHue na pnc.2, a rara(e nplBeAeHHHe a ta6a.
I sHaqeHrn lle..fu no3BoJrf,rcr yrBepl,qerb, qro nJ alxMx cpe1]r grrx
npaHrrqHux yctoanfr. flBJrf,prcfi ycnoBr,rr tnna IY.

llo. Cncteraa AJIE nr nonJ {aercn ns (42) nprl co = 6(f ,-fo)/h ,
cr =6(fr-fr-r)/n . Ton.ua

24
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3a a gic

4qo + 2e, = rrfl + O(h') ,

gr-,r + 4g, * er*, = o(ul) , 1=1 ,... A-1 ,

2ft-, * 4q, = -ntii + o(h').

...... nr

-- - lll'

-Iy

x xx r
la,

Pnc. 2

B coonaetenBr{r{ c reopeMof, ?

qr=arhf,l+prhzfl'+o(u'),l=o,...X. (4,6)

Koe@tqrenru e. nenro Ha(o.q.fiTcs c noMor{bn neMMH 6

o, =.4,1=o,...n.' e{5'(r*J)

3ro nognoaser rton1 rnrb BbrpaxeH[f, ArrF +yHrilS{R vN a Qopnyae ( 12)

v,*(t) =*ffi1l=oe...,tr-1; v.,.(t) =#, L <n/2.
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Cyulecrnexao cJrolfiHee o6ctonr Aeno c BHTII{cneHI{eM BeJMu,lH g, n (46).
ConaacHo reopeMe ? onr ynoalerBopf,tor cttcreMe

4Po+2P, =do,

F.-., * 4Pr + 9r+r = dr' 14 ""
2fr-r*4fu=k,

rAe

n{' (41)

a

d *str-' ,f-1
1+ of,

0g,naxo ee peueHxe HeJrbsfl Haf,Tx c noMoqbn neuuH 6 tr nooroMy Mhr BH-

HJm,q,eHbr npnBnerarb o6qyn Qopuyay

P. = 
,=Io 

arJdJ , 1=o r.. . n ,

rA€ arJ - oJreMeHrhr uarprrpro6parHoF K Marplqe crcreyH (+?).!tx na-
nue aupaxeanf, fiMeprcr B $ I. Ilocae goaoauHo pporoa.qlrr Bxrulqox

d^ =dr =-.o.otr-r,o ! .ff(t.oil)
a I

nonJ {aeM

" =--LFl 
El-/tr) t *or-ry1o..d-.) .

. qr(1+od-t t)
[-.1ts1(1+d) -d1-d r) (1+ s-z t- z 

1 127 .
1+d

. ff14} 
t€'( tr-l-1 ) (r+J ) -o(r.- ozf,-z r-a 

I 
11* 

""-"1 ze : ).
Ha nau BsrJIflA arl{ QopMynH He npeAcraBJIrDT npaftT]rqecftofi noJlbghr \t

uu He 6ygeu BbrBo,q{rb Ha llx ocHoBe BupareHxr Arr QyHKrS,rfi !rJr(t) B

(I2). Mu ocraHoBl,rJtr{cr nogpo6Ho Ha BbrBo.qe {opuyr Fr Jlt{lub AJIa roro,
uro6n npogeMoHcrp[poBarb re rpyAnocrn, c KoropuMx flp]rxo.u1Tcf, craJl-
rt,tBarbcfi npx nonHTKe noJI] {eHnf, 6oaee ognono qJIeHa B aclMntor}Iqec-
r(oM npeAcraBrrennn arn S(x) .

llpn 6oaeunx lt Koo(P{&rr${eHrhr F. uonao saMeHt,trb Ha Fr- =

=-l-im p, , Koropbre ot{eHb npocru. l,h,leeu ?r-= -LoL/(2{3), L<N/z .
li+o

Tenepo HerpyAHo norJ [,rrb
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!r.(t) = -+[u(l+o) + lv - ot], L <fi/2.
2{3'-

Har ang;ro lrs @opMynbl ( I2), cruraRn c "ecrecrneHHbolr,r' ftpaeBuur
ycJloBt{fur,r rnna Ilo .q,aer HeBHcoKyo rotrHocru npr6maxearaa. Bo-nepnux,
nopf,Aor npr6ameHna paBeH o(ha) BMecro onriualrnono o(hl) Bo-
Bropbrx, HerpyAHo BuqrcJtrrrb: 8ll vo r-lb = o.39, I llvr,-l[ = oJ.f ,
8llr. r-lb = O,G3 ' Sllvl ,-l[ = O.OO8 t{'cJIeAoBareJIbHo' Ha KpafiHxx l,lH-

repBaJla)c [xo 1.1,[t., *.] torrrocrb npr6anxerora xy6uuecrcm,r cnnafi-

HoH c ycnoBnrmn flo cpaBHxMa c rouHocrbn o6Hrtrron nxnerHofi laHTepno-

nflq n. Buecre c rel! oTueT]rM, qlo oTpttqaTeJlbHoe BosAeficTBre Kpae -
BbD( ycnoB[fi runa [Io 6rcrpo sar]D(aer no Mepe yAaJreHxn or ftoHqoB or-
pesra [a 'b] 

.

lllo. Cncreua &rr8 Dr Bbrreftaer ua (44), ecJu{ rroJro,ir,rrb

co = Z(tr-t)/h, c* = 2(fu - fn-r)/h .

Ton.qg

Aqo + 4q, = -2n2/3 t[' + o(b3),

e.-r + 4g. * q.., = o(hl), la1 ,...,lt-1

4h-, * 1is. = -zh"/g 4l + o(h').

0rcngg

qr h2 or * of,-r fI +o(h'), i=o,...nr6 (r.o)(r+C-t)

llrcneAoBareJrbHo, B (opuyae (I2)

idr(t) = -rl,"',t'=-t' ,1=0,...'r-1i rrc,(t) =-urol{5+1) .u! 
6(t+o)(trof,-r)

Tarcrx o6pason, toqHocru npr6.mmenufi &,Ifi cruIafiHa c rpanxrtrtblul,t yc .-
noBr{f,r.x lllo paana o(h') , r.e. ona BLme, t{ex y cnnafiHa c rpaHfitrHbr-

Mr4 ycnoBlf,r.r [Io, no omruamrulfi tropr.qor ToqHocu,I o(ur) ne Aocrn-
Feslcs. fun noanoru rp[Be.q,eu sHaqeHna: n8[%-llc = 1.86, a8flnr.llc =

=o.s,48lln..h = oL3' 48llnr.h = o.G6.

n



I". Cmcreva lrx llr nonpaercfi ng (3?)r n,qe cJreAyer noJro)t(r,trb

co = il;(ro) = (-2ffo + 48 f, - 36 fz + 16 f, - 3t4)/$2il ,

"r = 4-u("r) = (3ro-n-16 fn-, + 36 fo-. - 48 f*_r+2trtr)/(12h) .

Torga rueeu

4eo =-4hn/Sf[+o(h5),

9.-.r * 49, * 9r*,. = -ht/3ofT + o(45), 14,...,s-1 ,

 q = 4lb/5 ffi + o(ht).

0lcnAa

-, = #[r .gfi$ll)]rl . orni), 1=0,...g

qto nogBonfer nonJn8lrb,q,nr cnnafiHa c rpaHHqHbrMt4 ycJroBr4flMn It'co -
orHoueHt,re (II), nge

om(t) = - # [tr-r"ltro,r, 
.ffi], (,18)

i=O r.. . J[-1 ,

qr.(t) = -u[(1-2t)(1€u) + 3tud],/18o, , .*/2. (49)

V. Crcrelra AJr nr xMeer B!rA:

uo + 3u. = (-1? fo + 9f .€f2-fr)/(6h), )
I

Er-i * &l r D.+, = cr , i=4 ,. .. J-1 , 
t

3qc-, * ,n = (fn-r-ff[-.-Str-r*Ze*)/tsa). J
0rcoga nonJrqaeM cncreMy

-"...';: 
i e.*, =l;ir.l,,];, i=tr,...^-,, 

112k-, * 4q[= -tnltril + o(u'),
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pe[reH[e KoTopoF sarrlcbrBaeTes B Br{Ae:

q, = - h: [. - -5(d.J-]l ,T. o(h5), i=o,...n .
18o t o(r*o) (r*il-r) I I

B pesyarrare .q,rr cnnafiHa c r(paeBHMH ycnoatanM]r V cnpaaeArxao pa-
BeHcrBo (II), rAe

a,S"t-#[,to.,,1€u)-ffi], (so)

t=O r... II-1 ,

qr-(t) = -Ifr-[(1-2t)(1+3u) - 5,vo1-1/(L+d), t <n/2. (51)

Taxnu o6pasoMrcnraftHbr c rpaHrqHHMr,I ycnoBlsul{ Tnnoa I", V tt I
lrMepr oA,l,tH lt ror r(e nnaBHrlF qreH norpemHocn{ t{ nooroMy npr 6oaa-
unx tr, ftor.qa BJII[f,Htre BTopoFo r{JIeHa acrMntort{Io{ HegHaq}rreJlbHorBce
grtl cnnaftHu IarcT o.ql,tHaxoB]m roqHocrr npu6alrxenna. Otcpgg oqeBulfla
npaxTxqecrcan lleHHocrb ycnoB[fi I" r,r V , Tar( ftaK oHtl He tpe6ynot sa-
.qaHlr.r npo[sBo.rrflbD( oyurr+tr f(xl Cpaaruaaa uenA1r co6ofi Bupafientaf,
(48),(a9) n (50),(5If nerpyAno Ba.i,rettlrb, t{ro .q,rf, cnraftHoB c rpa -
HlrqHhrMlt ycnoBnflur I", V aropue wreHu acnMflTorltnt! np]r Bcex N Z 4

MaJIO pa3Jlrq8roTcf, l{, CneAOBATenbHO, OTI{ yCIOBnfi npAKTnqeCE}r 9KBUBa-

JIeHTHIT c roqrl{ speHxfl ToqHocr[ npr6anreuna.
B garfloqeifl.re nplBeAeM oIII{H Tr{n ftpaeBbrx ycnoBfifi, npn ftoropux

r{Meer Mecro (6). O{r,r saru[cuBarorcs B BnAe:

4oo+14n, = (-71f0+5f ,+54 f.:10 tr+f.)/(6h) ,

latr-r*4l5 = (?1fu-*6 flr-r-il fo-.+lo fr-!-fr-r)/(6h).

llpn errx ycJroBl{f,x a, = -nrrlft}o + o(ht); t= 0r...1[; qro BMec-

re c (35),(36) aaeue* (6).
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