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B.K.l4caen, C.A.flrorHuros

bneAeHre
9o r,rnorrx npnnofieHxf,x Teopnfi cnnsrH-$/HKr+.rfl BosHt{KaeT sa,Aaqa

npnonnteH!!fi (yHrryn cnnaf{Haur c 3a,AaHHoF ?ot{HocTbn Ha ceTKax M}r-

Hlra.,rbHoi! pasMepHoerr [I-4]. B uactnoctt, a HeKoropbD( o6nacTE(
npnKnaiqHor raTeMafrKr{ x Brrqlcnt{TenbHofi neoMerpHl{ (peueHne pfAa
sq.q,aq Her[HefiHoFo nponpaMMlpoBaHxa H aB?ouaTnst.lpoBaHHono IIpoeKTu-
poBSHt{a, annpoKcl4Matprs HeJrlHerHbD( xapartepncTnK o6rerToB !l c}lc?eu,
npeAcTaBneHre pa3nl{tfiror reoxerp[qecrotr nH6opMars4l{ Ha .4{c[uer( l{

rpa4lnocrporTeJlp(, annPoKcnrarstf, Tpaexfoprr ABrlfeHrlfi pel]n4eno rH-
crpJn eHra craHkoB c qllyt cfarile xH@p{au{r B r+{(poBrlx }mpaBrlrDuptx
x8rHa)c t{ T..q,.) nxept xecTo 3q.qAq]r npu6nt{f,eHxf, (yxrryf cIIJIafiHa[l'r

nepBoll creneHH IIr3r5-9r13]. Monno BHAeJrrrb rpn rnne 3a,q8tr.

3A[AqA I. 3anaxH {trnrnpra f e c[a,b] n neaunefiHoe xoneqHorgP -
noe uxonoo6pasre (s,)pc c[a,b] pasuepHoc?]t 2(N-1) cIUIefiHoB nep-
BOfi CTeneHn Ae(eKta I xa cetrax A! a = xl<r2<...<rtr=b c aq,qaH-

HhrM qrcrou N ysroB. Hafrn raxorl cruailH s'e (Srlp , qlo llf-6'll =

="H$rlNll f -sll, rAe ll'll - ue6ueBcran Hopra B c[a,u]'

3AAAI{A 2. 3a,qanu Oynrrgn f e c[a,u] x ?ottrtocab rpn6arrenna

c>0. Harrtn cruIarH "t a oy.,t,,\ 
taroflr tno E{cJIo N = l[' sBJlf,e'rca

HarreHbEr{u HarJ@aJrbHHr qlcJror, AJrfi notoporo llf-B'llsc r 8'€ (sr}n.
3AIAqA 3. Hafim Haxr) ree qe6ueBcroe npn6nmexre {1nrrIgr

fe c[a,u] Ha uHorec?Be Bcex peaeHrl sqgaru 2.
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3ra gqflgqa BDmeKae? rs HeeArHctBeHxoc![l p€oexxfi sqlatol 2.
3eflato{ npn6amemrl 6nmUn cruIatlnarr nepBofi creneHr clent

nprBJrerarb x ce6e rH?eHclBHoe Bm{xamle c l(oHqe 50-r rogoa. ltta
BHnyr",rro( fiynrqptfi raacca c[a,b] E.f.Pereaor [2] 6cr npeAJlorex aJI-

nopr4gr nocrpoeHl{f, p€oeHrf, Bqlatgt I. n.I. Ketroa [7] noa]',ou nero-
loPEe oqeHrol cBeFy n cH[3y AJI8 PeUeHnS sq,qFtu 2 pnr ctpono eu-
nyr(nu( {yr{KrSrR rJlacca c2[arb] co sHaronoctofrt{Hon ?pe"ben [po[sBoA-
HoR. ToEtoe peEeHxe salAut 2 pe crpono BHflyftntfi oyHrl[{il ns

czla,b] co sHeaonoc?ofifitofi B?opon npotrsBo,qnon ,qano Otalnncor [5].
llr rarme ,qJrr ororo ruIacca t[3nrnUn 6sl npe&IoreH aJlropn?r noc?poe-
Hlrf, pe[eHxr sqAplo{ I, rcnoars1,Dqrn petrenilf, sr,rFttrr 2. tlorc [6] o6-
o6qra pesyautatu (hlamrnca Ha crl^ran crporo BEnyruux eyflil$U ftrac-
ca cr[a, b ], norasaJl e.qrxc?BeHHoctb pe[€Hxs gq1ar8r I.uJra,qetororo
rnacca (yHrr$fi r nocrenrul sqnatry 3. K coralemmrB pe6olrx Onann-
ca n Korca He lcnoJrbsoaSJrrcb r ,qFre He lmorxnaJrxcb tcJrecct.tqecnre
pegyrbtattr o Hat{nJ ottx paBnorep}ofi npn6meraa, B tEctnoc?rr no-
nl reHHue ll.Jl.9e6rmestu [I0]. [cnoaastr/e erb"epHaflcnte cBoilcrBa.
B.ll.lllyrraoa [8] rccaegoaal acrr.n"o?Hqecmt HarrJ @te paBHorep -
rnre npn6menrn [I] .q;rf, crpono lunyr.uu Wnrcfrn uracce cz[a,b] r
sarponyr BsarrocBrgb r€[iqJr sq,qeqarr I r 2. 06o6qexre pgyrblarcB
no RBagnnanrln!ilr (rra ructttoctr, no tttrntolrqocrd xarrtrrrru)
npr6araenrer .qgno I [I]. B.A.llonoa Ha ocHoBe peBHorepnu ctrran -
xoa [3] norJ Du npr6.rcemore rfoprye{ 1rl otrpoAerenxr Hexrentref,
toqnoclrr npr6enrerue r rrnrrarbxono f,orrqectBa gDeHbeE A.tlfi pde-
Hxn sqlgq I n 3 eoorea?clrB€HHo .11r fr/fin6n rc Ca[arb] c onpexr-
cornofi B?opof, nporroBo.Orof, [IIh o<rr< lf'(r)l<r.< o,- r€[",b].
B [I2,I3] B f,aqecrBe peaermf, A.rfr Bur0rr.E frfin[rn rc cr[a,b] ro-
IIlelGt .rof,a.lbHo omrm.[bHue cntaltrfl nepDon clBancflI.

B nactolqgf, pa6ore paccre"InBe€rcr sqlArla 2 .qrr fr/rtnun rg
C[a,b ]. Ilpggrorernue arroplrru H8ro.q[r torotrre. a He nF6rtremrue
p{erlrtf, sqlA$l 2 I!r[ .D60R sql$fion ?orutocrr empoxclreqll.

!I. 3e1jqa onrnatbnoto npr6.uretue
x .qpof,crBeE{aa r Hen sqnEqa

.(p.uee ees.qB 6ypBr HaluEarb sql8ru Ir2 x 3 eoo?Be?c?BeHHo
npooR' g6pa"HoR ll crcraroron sqlAqern qe6EeBcrono npr6.otema. B

.qemot pa6o"e rrr paccro"pnr lorbro o6parr;rc seflAlry.
Ilycts sql4ot {ryarqre f(r) e c[arb] | HeflHef,Hoe roHarnorep -

xoe rronoo6pasne (gn rvh pasrepHoc"n a+1+(rl+1)(n-2) noannoytarr-
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Hto( cnJIafiHoB c?eneHl n Ae(€K?a v Ha cerra)( Ai a = ,,,( ... a \= o
c 3qAaHHuM rr.renoM N JtsroB u e>0 - ToqHocrb n}_rflOraxieHxn.t,6ogaattura
qepeg G nHor(ecrBo AonycTrMHx xa [a,b] cnJrai:HoB, a,Jepe3 G - rpa_
Hrlly 3ar.blraH[f, MHorecrBa G Il2,c.fti]. liyctt \ - MHorecrno ee-
TOK A: 8 = Xr<xa<...< xr<...< \=b enIafiHoB r{3 tsn,r}N nG.

OnPEiiDiLHllE I. Cnaarn "lTI,,. (*i.(r" ,r)*) 0 c Ha cel,fte

a[r), ",21-lt). r!t)..... r|t)tli r, 
^'Lr.""r"" 

o n r u M a rr b-

(enpaaa) r €cJrH x- nax{x. }(ri =
a(aN
, N TaKoro,= frit'*-'*'l

r{ro \1fi.
Ilycru (al:1,.) - uxorecrBo onrruaJrbHbo( cJreBa (cnpana) cn aF-

HoB c xHAeKcoM 1, a (ol*)) - rrHof,€crBo coorBefcrBJrDqnx }rH ceroft.
B grJry orpaHrqeHHocrx o.rpesxa [a,b] r HeBuporAeHHocr]r ceror rg
(olt)) cyqecrByet HHreKc 1'= -n+T l. = Eer i. . Tax xax i'=

{till 6 (al} ld
- f,' = d9,f,, To xH,qprc lt c coo?Betctnlmqeil a'

\fF
(+)
It

HEM CNEBA

etBJrDqeno crutanHa

gfory cnpaBe.qllBe
JIEITTIA I.

AJIf, Hexoropono AocraroqHo 6oauuono

"1t,1,.. 
r 6y.qer peoeHrev o6palao!1 sq[Eqx.

ceTxoil cootBe?-

llo-

D8:f = n'l n[ -

tol*) yo #6
cJrrupTErE r.

((9;,r,..) u (sl ,v,r.)) c ((Bo-,u,sr) 0 {sl ,r,..}).

.[p.nee 6yger paccxa"pnBarb crrran,H ns !.HoreciB" .!.t !]1,.t ,

t.e. onrrrerbEre cJIeBa (cnpaaa) HenpepHBHHe cruafiHH nepBon c?€ne-

xl. 06ognarur Arf, npocro"H qepes tlt) cn efH ue rlHorec?Ba

("1:1,.) , 2s Lst'. 3aretltri ,rro yaea rl(rl) nocJreAHeno (nepao -
ro) gsexa cnaalxa sl*)trl yAoBrerBopset ycnoarD: sl(xl) e c
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{

(ei(ri) € G) , i =-2 tf , TaN Kar sBeno RBJIaercf, oAnoBpeMeHHo Jro-

K&,IbHo onrlM&,rbHbn c HeKo?opEr (PrKcl{po8aro{ttrr SHaqeHrer B ySre
rl-r(xl) (cu. II2,c.28]). Iloerouy cnpaBeAJrrBa

JIBWA 2.

sl(xl) e G(sl(xl)e G), i = F.
Paccuorpnr"r HexoTopHe cBoacTBa HenpepHBHEx ontlxaJrbHL[ cneBa

(cnpana) ctrJrafHoB nepBol? cteneHr. 
/-\

ilEldl,lA3. Aan ap6 o n cer Kr AL", i=2,1' -1,
(cnpaea) cnJrarHa

(xa rnrepna.re (rl ,rl)) x a-HA !r H r e p B a n e (xl-r,xl)
xoArren xorr 6u oAHa Aonyctxrat ro-
EaJr bno o nopHaf, roqKa (cr. [I2rc.28]).

AOI(A3ATUIICTBO. Ilpe4noJrorrr, r{?o Ha (rl-r,xl) (xa (rf , rf ))
He.r Hx o.${or Aonyeil{vofi JroKaJrbHo onopHoil Tottxtl. Tax rax ri =

= oq t*.) (-i = aH ('s-,..)) ' to 'i = -i-, . 
^2fr 

{r,-ri-1}

(rl = x! 
Hq*("1-t-,*r)). Ho lax onpeAerfietc, l-f, Jeea loxarlb-

Ho on?ru&,rbHoro cnrafiHa ([12, c.28]). floelory (r-1)-e (nepaoe)

sBeHo cnJrafi". "l*){*) AoJrrxo 6trtu onopro cnp.Ba (caeaa) x G [I2,
c.29], qro nporrBopeqrr uettcrxarbHoc?r{ ero uana.CreAoaa?erbxo, no

rerue 2 ns II2,c.29], Ha rHr€paeJr" ("i-.,r1) (ru (ri;ri) ) rre-
etca xora 6u oAna Aonycrxraf, ne(arbHo onopHar torota. Jlema lgxa-

on{ItMaJIbHono cJIeBa

3AHa.
JlllrtlitA 4. .[ a n a n 6 o f c e r

onTnyaJIbHono cneBa
rr olt), 1=ffi
(crpaaa) en.rgRHe

cyqecrByeT AonycTruar ,oratrbHo
onopHar rorrKa x.€(x--r,r]) (r.e (rf ,r!)) ra-
KaEr qro o(r.; =lr)l = -ot-lfll, "l*)), nre o1r;r[r); =

= r(x) - "l*)t-).
A0i{A3ATEJiLCTBO. Ilo aerxe 3, cJnqecrByer .qonyc?xxan rrororbHo

onopHaa roqra x'e (xl-.,,r1) (x' e (rf ,rf)).llo acne 2, al(rl) e G

(si(xf) e G) . flpesnoro,f,r{M, qro s(x';"[t) )= e =o(ri;ei)(=o(rf;ef) ).
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TorAe -" < o(-i"lt)), - <1rl-r,rlJ (r e [rf , r!J) (s.qecr e r 3a-
AAnHaf, roqHocrb npr6rmrema). Ho a raror cnJ^lac c]nqecrByer cfinafiH

e(r) e (tl*)) c rnur rocne.qr.r (nepamr) sBeHou: a(r)= el(rl-.)+
.' {r-rl_r), re [r.-_r,r.] (e(r) = el(rl)+c(r-rf), re[rrrrlJ),npr
HeKoropor a ratror, rlro -c < or(r;a) . o(-;"[*)) r r € (rf_r,rl I
(r e [rf ,rf)), nqe or(ria) = f(r)-a(r). ter rax Qyar4rr f(r) H€-
npopuBnara e(r.)d (e(rr)eE) no neuue 2rlo r. > xl (r, < -f) .
uorJrqeHo npornBoperD{e. Jlenra .q,oraoaHa.

lls aerm 4 eaegyel, qto AonJrctnraf, JroraJrbHo onopH&r roqra
r' e (rl-r,rl) , r; (r.e (rl*f) r rf ) na 

""""" 
o!t) o6pa-

syDr arbTeP[aHc rg Apyr,!oqeK.

TEOPEA I (npnnr). A a a a o 6 o fi c c r r r alr), r=
=2,1t-1, ontrxenbRono cJreBe (cnp$e)
cn.!aRHa He [-i-r-i] (na[rf ,r!J) cyqecrBJr-
e? eJrb?ePHaHe raE rnHlryr ils tpcr
TOqer.

A0tqBATEltCltsO. Orpcsor [rl-r,rli ([rf , rf 1 ) ' couecxo ao-
re 4, .qgncx mqlb rax rflHrryr .qpo arbrep{rtcrurc ?oqrf,. llpq,qnoro-
rrrf q?o,or xreGtr totbno.qDc arbrGpHlltcltuc ?otm: -t e (rl-.,, rl)
(r' e (rf ,rp) n rl (n rf ),nnrrer o(r]; rl) = -o(r';e.-) (o(xf ;af)=
= -6(r.;cl)). Ter rif,-Gce(i-r;al) < e (-c < o(rli af)<s ), to

-" s o(-:.lt)) . ", re [i-r'ri) (= < (rf *]1). lnronrc xoaffi -
rsextrr npc.qnocJl€Ixeno (atoporo) r noeJte.q,Hero (nepaoro) sEeHDeB

cnrarhr r[*)t-) pcsrrrotr, nootory cyrpctlycr cruarrc e 1Sf )1 c
nrofl rrocreglflr (ncpsu) EBcuor: e(x) = el(r.-") + c( r - rr-r ),
r e [r.-r,r]J (s(r) = el(r.) + c(r-rr),rc[rf,xr]) npn Hero?opos

ar ?atror rr,ro -c <or(ria) < ctr;rfr)), re [d.. *l) (rc(rrF:]),
0.,(r;r) = f(r)-r(r). Ho torr-c<5r(r'ir). ?.G. rer [r.-., rl)
([rf , r.J) ctrnlbtle(r) mct 'rorbro o.qtry lerqrcrrrJm ronerDryD

onopqyD rotuy rl (rf ) , tao EporllcP.tG rr 3. thr, [-l-. *]l
(txi*il) urct nc nmc rpc ublcprE 

"o.pr.
I



CIrq4cf,Br{E 2. E c a n ai(xl_r) dE(61 (r!)/E), L=ffi,
?o rH?epBirr (:l-r,{) (nrmepaar (rf,rf)) nre
er aJIbrepHaHc xo!fi 6u I{3 ABYr to-
qeK.

B caron ,qe[e, ecm rl-., (r!) He ec?b roqxa aJtb?epn.fice' ?o,
no reoperc I, lac eJIb?epHrHcHHe louot Haro.qrr"ct fa lrIrtCpBUIe
(rl-, ,rl) (rmepaanc (rf , r!) ) .- 

TE0PglA 2 (o6pa*raa). Ec r n H8 n o.ryr H'! ep Be-
JIc (tr-r,trJ ([r.,r.)) cnrailH e(r)eo Ha ce?-
Kc Ot.(:)rr<re<....-r(5)O rrcet 6orec IByr
aJr b r epHaH cHHx r! oqe ft (-.)rt=IlFial3, npr-
tler e(rr)e G (a(rr)cE) f, l"=-r.(-r'lr)r?o cy-
qec"Bycr. cnraftH e'(r) et"lll,.l , zstsJ,
! a r o n. q ? o s'(r) = a(r), r c [i.*r] (r c [r,t ]).

.[pxrsereaac?Eo .qAxnof, rcopcnr onrtrne?cr Hr Q.I(? o.lBrosHrttrro -
clx oqp€AereHra ?P€rroqermo. trb"GPHaleor yn.loBono Koo{rFqreme
sDcrlr cnlanHa flepBofi c?eneHr.

92. Onrnnrrnuc crear (cnprae) cnHmor c r.mcinrbmrr
xHnBrcoi. A.rrreprrurcrurc cruaillol

06oaxrurr Arn rpoc"onr trepcs (ai) fficccrao (8i,.,.), i =

= TTEf,. lrlnorccrao (81] coctrG f,s e.srnc?Borrorio rininuaruuoro

crcBr cruellHr a](r), re [a'r], rl1, npoAc"aBJrDqeno co6ofi (puc.I)
o.St@BGEHrr (rer rer ynxoaof, roeQrprrprext y Hcno ofipc.qcJlfie"cf, no
rcopGr.c I lpcxtouctuor rrbrcFrrcox). llxorccrso (sl) ccrr xHori€-
c"!o lDysBcrEro!, fip{rpr no roopcre I ynroauc Koafitsqxerttl no -
eriruu sBGrbGE crurlhor ra (sl) o,uxexoar (pnc.2). To r,c caroe
rEa/}tcf, 'n Jrnro8r[ roafiilr0rGH"oB nocJrqlHrx sBCHbeE crurlRHoB H3

(8;), (8;), (8;) r t..n. ao t8;.-r] BrrDrrxtcrlbuo.

Peccrotpr (e]) n (al) (ncpcccucrore 6cpcter Kar nepeceqeHre
rorrc(m rnorecrs!). Oro coclor? (prc.S) 19 o.Etor.o gJrcrGHta (oAxo-

r 
-ascun) 3l c al , Bropol (nocrc,grrn) ]lscr r; ro?opono ec?b roq-

Er nGlf,cGqcHrr cruraltra al (r) co rHoraclDor noorc.grr sBcHbeB

cEnrtr B xs (a]) (lrr ttar no rcopclc I ace nocre.q{xG sBeHba y
tG .lGrtt Ha oIHo, npfion (3 s 1.-1)).,{gaee.nepeceqeHxe (g;} n ts;}
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coctolrtl ]ae r{g MHofecrBa oJIeMeHToB (galxeaemrxoa) 
'npnveu 

nlo-
pue (nocaegxre) saeHua y Hxx cHoBa Jlerar Ha Hexoropoft o6qell npt-
r,rotl (pnc.4). Tpelnf (nocaepgtr) Jrsen Bcex erltx ABJfiSBeHHHI(oB o,q{H

er oor [e n f,Bnf,ercf, nepeceqeHreM AByx npfirlbD(: nepBotz npHHa.q,Jlerar

BCe nocJre.q,Hxe 3BeHbfi paccMatpnBaeMblx ABJfiSBeHHI'IKOBr BtOpoF - Bce

nocne1Hxe sBeHbr cruaf,HoB ns Mno)recrBa tsi) . Burneann ns ts;) n

n (s;) ABJr,(oBeHHHK i;t-) = 3;,r{") , xe 111,i]*rl, J = L,2, n.ne

A;tr) = A;{"), x e [il,il1. Tnerun vsea il .rsvr"re,,"rxa Al ectr
rilvna nepeceqeH[R pacctrerptrBaerblx Brrre npf,uto( (pnc.S). tlpogoman
nocJreAoBafcnbHo on}rcblBaerHr Bbue npoqecc .q0 nepeceqem{fi rHorectB

1sl.-.) r {sl.-r} BrcrnqrreJlbHor noJl1rrr{r. o.qnosHat{Ho onpeAereHHHfi

cerxor (i)f na6op unonooBeHm{KoB 6;*r{r)=6.*r,5(r),-e1l;;i;*.1,

j = il-,r; t=F3.€, rexrx qro 0;r.{r)=6;*r{=), " . G;,{*rl,
1= 1:o-.C Koarqectgo,rarrx xnonogBonHtrroB paBHo i'13.

OflPE{EIEH}IE 2. Cnnarn p.(r), r = fJE cJreAyoqero BxAa:

Dr(r) = al(x), r e [a = i;,i;],

n'(r) = fI='' " [i:-' ii]'
[eLr(x), re[li, =i*r], t = ffi,

n.ue al*r(r) ectb onrrrraJbHH!! cneBa crurafiH, npoHsBoJIbHo nu6paHru?
ne (sl*r), He:luBaercf, a JI b r e p H a H c H bl M c Jr e B a
cnrafiHol,.

CnrarH p.(r), t =FE, onpcgcJrf,cfcf, oArrosHaqno npr KarAoM

1 (Hesaarerro or au6opa s]*r(r)), tar Keft Ha [=i,-.-*.] ace cnrafi-
Hu ns (si*.,) (1 - @rrcnponaxo) coanqggnr (reopeua I). llrar,nueen
xa6op pr(r) ,p.(x) ,. .. ,p.._.(r) rs 1i.-2) aJrbrepHancHbD( cJreBa

cn afiHoB (prc.6). Ara.lorrrnro
OflPE{EJIEIME 2': Cnaafia r.(r), 1=f-tr.-4 B}IIB

rr(r) = ef(r), re [rf , xl = b],
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r.(r) =

r), r€ ti:, il.r=bl,

,(r), re 1{, rfl , L=ffi,
r.Ue el*r(x) ecrb onrr{raJrbHufi crrpaBe crurafiHr npoxsBonbno ax6pan -
HbrE l,rs (Sl*.), HasHBaercfi a Jr b r e p H a H c H Et r. c n p a-
B a en lafiHoI.

Cnaafiru r.(r), 1 =fJQ onpeAerrflrorcfi rof,e oAHosnatrHo np]t

xar.qoH 1, H rx RoJrrqectBo paBHo 1'-2.
Paecuotpru napy cnnaf,HoB: p.,-.(r) r r€ [a = llrrl.-.J, n

r.(r), r e[rf {=u]. Tar rar rf s rl.-r"ro cJrupc"Bye" roqra Er.-l
nepeceqeHxa nocreAHeno sBeHa cruanna p..-.(r) x nepBoro (agecr vt

nocaegpreno) 3BeHa cnnanr.a rr(r) (pxc.7):

p..-.( Er.-r) = r.( L,r-r) .

Baegex B peccvo"peHne Hexoropufi cnnailH . or(r) Ha ce.lKe

ar: a=Ei< B2< ...( l.r-n( Esr= b, Er*], J=IF (fle al.-r),

8.. = il (i.e al):

ltlr
t"l.

er(r) =

KoropHfi nprHq,qJremrr uHorectBy {Sl.} (rm (8i.))1 to€. rHorec?By

orrrl{raJrbHro( cleaa (cnpasa) eruIaRHoB e rrHgercor 1. (prc.?). Ana-
Jror[qHo flepeceqettr{e cnJrallHoB p..-r(r) x r.(r) onpelprf,et loqKy

8..-2 , raKlm tr?o P..-r(8..-.)=r.(E1.-.) r H t.A.
g1PFJFJnH[E 3. Cnmqx e.(r), k=1-FrHa cerre \: "=8, 

<

( Ee< ...< f,.o-r( E^r =b, BJ+;(i;(A..-r)2 J=1i[..F, El.-r+r=

= t-r*.(t-r..41..) ' J = !f,' D.'-.-1( E.'-t)=r.( E1'-.) r4arolt

tITO

1P..-r-n(r), r € [a=Er,E..-.1,
9t(r) = L.,t,, r € [E..-., E..=bJ ,

k = IlE,
HagHBaerca a JI b r e p H a H c H Lr u cnnanHor.
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ArrtepnaHcxhrf cnnallH onpeAensercfi o.qHosHaqHo nplt xarAoM k
(puc.8). 9neao aJrbrepHaHcHbD( cruafiHoB panno i.-2 . Tarc kar( err
cnnar4Hbr nplHaAJrefat MHo[ecTBy peEeHt{r o6parHofi 38,Aaq n o6aqgant
onpeAeJIeHHHn[ aJrbTepHaHcHhnrn cBorcTBaur I B .qaJrbHefirueM onpaHxqfi ucf
rtx paccuorpeHneM. .{p.nee, nycrb tlMeoTcs aJIbrepHaHcHHe cJleBa cnnaf-
ro p.(*) = pr,.,(x) , xe [xl ,r,ri,r*r], i=Fi, i=ffi .Paccuor-

pr.ru pr(x) = pr,r(r), x e [xl ,r, *i,.1. 0*pe"o* [=],r,rl ,.1 HMeer

He ueHee rpex aJrbrepHancHbrx rouer (reopeua I). ticar xl . (i=1,2)-
ygnH cnnaf,Ha p.,(x) , To c)rulecrByer aJrbrepHaHcHaa roqxa" {..t €

a ("i,.,f f,. ). lB.nee pacororpru p.(x) _=.p.,r(x), ,a[*i,r.,*l ,r*r],i =t,2. Tar xax aBeHba p. rr(x) f, p.,.(*) y-cnraltna p.(i) ilonyl

Nuerrb roJrbxo oAny rouxy tcraeFrnn r],. a t{,r,xi,a ] , ro H8 or-
pesxe [x].r, x]..1 ectu, no rpaftrefi ilepe, Asd a.nriepnancrue toqftn.
B cnay re<ipeuu I clqecrnyer arbrepHaHcHaf, roqra Al ,"r(rl,r, *],r).
Tonna xl ,l€ [q,., fI ,r] (prc.9pAecb a= rl ,r=rl ,,.= 

*f ,r ). Ho

TonAE Ha Lx;.arr;.rl ecrb,no rpafiHer Mepe,ABe arrbrepHeHeHbte ?oq-
m. Ilo r.tr,qyi{rinri,i re caroe Bepno AJrfi m6oro p"(r), t=lJQ.

Paceuorpnu r.(x)=r.,5(r) , *€[=l ,, ,-l ,r*r] , i=ff ; r = I@.
Y cnaafinoa rr(x)=r.,,,(r), r a[-l ,r,xl ,a 1 tr r.(r) = re,r(r),
xe [xf,l,-1,,*r] , i=1 ,2, sBexbR ., ,r(*) n r. ,.(r) "cxJerBaDr -
cfin rarxe B c,qIHcrBenHofl Totrfie -l ,.a [-1 ,1,91*, I ], nAe tr, a

.(-1 ,.,"1 ,.)- roqxa urbrepHeHca BHyrpr{ lrl ,r, xl ,.]. C ,qpyrofl

ercporo,rrr! ,.a [t,., t,rJ, rAe t,., t,r - rouKu aJlbrepHaHca

coorBercrBeHHo He [rl,r,-l,.J n xa l"f,,.,r1rr) (prc.I0). IIo rH-
,qyKurx Mof.Ho Aor(a3erb, r{To !o re cat oe cnprBe.q,rDtDo p.na m6oro ys-
na cnnafiHa r,(r), 1s I s 1'-2. fitar, Kaf,IHfi otp$or( [r.,, ,r.rr.r1
aJ,brepxancHoro cnnaf,Ha e"(r), lsksi'-2, t{Meer He n6aee 

-,q,nyx

enbrepHaHcHblx roqer. 3auetnu, qro xorff Ha xaf.qox crpesxe n nreDT-
cf, ABe aJrbrepHaHcHLre roqftr, na acex [arb] aJlbtepHaHca ns 2(i'-1)
Toqe* More1 n ne 6utn. 3ro o6ycaoaaeno pasnlrqHHur,r xapaKTepau[
aJlbrepHeHcoB tcrrerBeenufi" antutepHaHcHElx cJIcBa n cnprBa cn ilf,HoB,
KoropHe o6pas1rcr a.(x). Tarxu o6pasonr cnpaBe,q,rlt{Ba

JIE|MI{A5. Ha r(arAoM uene aJrbr epHaHc -
HOrO CnnAfiHa HAXOAXTCS KaK MIIHH
MyM AByXTOT{eqHHfi eJIbAepHaHC.
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Conaacxo .qEHHof, aenue o6qec qncro Aoflycnrubo( Jrot(rubHo onop -
Hux roqeK I12, c.28], Koropoe aJlbrepHaHcnHfi cnJIeFlH nueer Ha [.,b],
He MeHHle qex 2(i.-1) .

JIEXr{MA 6 (caagr c JroKaJrbHo onrnrerrbHbrux cnnartHarrr nepBof c?e-
nerrr).A Jr b r e pH aHc H B f c Jr e B a (cnpaaa) c ana fi H

ABJIAETCf, JIOftAJIbHO ONTTUAJIbHHM HA
[a,rl.-r1([rl,u]), ec Jr r,r an n p o K c r,r u ]1 py e M afl
(ynrqun Bbrnyftra Ha AaHHoM orpesKe.

l{s aeuvu 6 aurexaet (qKT c}rulemBoBaHnf, IUrfi BHnyxJrofi (yHKqt{H

np}t HeftoTopou c >o Tal(oro arbTepHaHcHoFo cnnetlHar tf,ro oH aBJlf,e,rcf,
peuexrex sageqx 3 r npnueu c,q;.rHcrBeHHbru I I2,c.3I] .

Tar rar Ha Ker,qoM llare aJlbrepHeHcHono cn erHa nxeDTcf, ABc
aJlbTepHaHcHr,re lIotllot, to BosuotHbt TpH BapneflTa xx pa,ByerqeHxf,:

I) o4na Hexo,qr?cf, BHJmpr Iurra, Ap1rraa - He epo rpaHnqe;
2) o6e Ha:roAgrcs BHJmpx Earai
3) o6e aBlmrcf, rpaHrqHHr.n.
CJIEJ$ItsI{E3. Ec r r .H a K a x o r - r o u a n e

eJrbTcpHeHcHoro cnJrafiHe ABe Aonyc-
T1{MUe JIOftenbHO OnOpHbre TOr{XX pAC-
noJrolfeHH B coofBercrBnr co BTopblM
nlil Tperbxu !aptraHTaMn u o6 pasynr
eJIbTepHaHc, TO ennporcnu}{pyeuafi
t[yHKrlllf, H8 paccxarprBleuoM meFc
He cTporo BHnyKne.

CreAcrare 3 oucang;ro, T8fi xar B orpecrHocrlr oAtrofi aJlbtepHeH-

cxor Torfio,r iDynrrpra BHnyK,ra (aonnyta)r a B orpectHocrt{ Apyrorl - Bo-

nuyra (aunyraa).
3auerrr, qro rperxfi Bap[at{t BolmorcH llru,b t,;nf,, HcArfiifepcHl+{ -

pycubo( fi/r{rq${f, TeK ftaK B otor cnJ rsc y (yHrrflx nBJst[J 6url rsao-
rbr Ha RoHqaf, EaI'e.

Llcxogn na cBoficrB aJrbrepHaHcHlrx cJIeBa n cnpaBa cflnafiHoBrnpeA-
Jrofr,rM ABa erropr{Tra nocrpoemrs peBeHrr (arrtepHarcmx cnnanHoB)
o6parHofl sa,q8t[r.

$3. Aanoputil I (cae.q,eHxe o6parnofi 38.qtqu

r sa,qAqe ABof;Hon uaficnMl,lsal$'ll'l

Ilycra f(r) eC[a,b]. Iloerporl anbrcpHeHcHHf, crrafiH o*(x), xe-
nocp€AcrBeHxo rcxo.q.F ns onpeAencxrn o6pasynu{xx eFo eJIbrepHaHcH[Ix

creBa il cnpaBe cnrafHoB p..-.-r(x) u r.(x) . lha onpeAclenxocrr
nocrponM g.._.(x).
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Cnaafin er(r) e.urHcrBeH, noarouy cHer{aJra Har{AcM pr(r) =

= pr,r(x)r*ahrr. (sgecr.h..r=[r.,rr, xl,. ]). Tar xar-r,r=" (nn-
cnpoBaH, to *,r, = Offi tx.l, no onpeAeneHxp orrTnMaJlbHono cJreBa

cnnallHa. llyctr p. 
,.1(x) = a+p(x-a) , x ) 8, ce[f(a)-c rf(a)+e ] r ror-

Aa

*',t='fTx(a'F)' (1)

npl,lr{eM

lnr rr(x)-t{x) 1 s c, re[a,xr,.J , Q)

T.e. seAEqA Ha)(OfAeHrf, xl ^2 CBOAI,ITCS K ABOfiHOfi MAKC[1MI{3er$tl,t no
q. vt P c orpaH[t{eHnen (2).'

IIpn qrcJIeHHoM perrreHxlr 3agaqr nocrynflM cneA)noq1u o6paeor*.
Paso6reu KoMnaKr [f(a)-c,f(a)+e] paaxoynglenHsnx rotrraxr cr €

< [t(a)-.,f(a)+c], i1$', cr, = f(s)-6,5t = f(a) + c, raxrMtt, tlro
gi+l-cr<<e, i=fifr1 . Tor.ia saAatre (I):(2) rpaHceopunpyercf, B

Senrar{y:

*r,r=.3?hTx(cr,F), (3)

lc,+p(r-a)-f(x)1 < c, xe[anxr,.l . (4)

Tarru o6pasou, s.,vrqa ( I)-(2) cBenacb K peureHrn N seAaq (3)-
(4) noucxa sBeHa c'uaftc[MaJtbHbru neror r,r gar(penneHHHu KoHrloL cnnef,-
Ha c gq,qaHHHM gHaqcHxer B [epBoM ]Bne: plrr(")=r., i=ffi. Alno-
pnTI nOllCKa SBeHa C l{afC}{lIaJIbHt'lH IIAFOU }1 SeKperuleHHbDr KOHIOU

crurafiHa nepBof, crereHr pn a I I2-I4 ].
llycrb HafAeHo petreHHc 3lqeqx (3)-(4) - )tsen xr,a cnnafiHa

nr(r) . fiocrporu .n.(x) . Ilyctu rl r, - BHJrrpeHHf,f, alrti:pnancxaf, roq-
ra cnrafiHe nr(x) , rorAa Btopofi leea ra.2 cnraitHa pa(r) Haxo.qrr-
cf, He fiHrepaaae [rf .r,rl .2 ]. 3a.qqua (I):(2) Ntfi x2., (nocaegne-

ro JEna cnnafiHa e.(r)) 6y4et aunmg,erb: p2,.(r)=a+F(x-E), x > E,
,, - pr 

,,( E) , Eettil., i(1 ,2J ,

r, , = E"EK rna- r(e(E) rp),-r. E p

In.,.(r)-f(x)l s e, x€lxz,2#.,r].

(s)

(o)

Ilo4o6no npoqeccy Ha:(of,AcHr{r _!,. aoscxeu Ha l{HrepBa.le [xi,r,xr,.]
tt roqer E.€ [{ ,, ;, ,.1 , i=ffi, EN = *,, ,.. ilM AorrHH co6teetct-
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BoBarb Gl=pr.r(Er); 1=ilfr'rtaxne, qro c.+t-cr.<< c, i=ifr,. 3a.qa-
qa (5)-(6) npeo6pasyercr B cne.efllu$/Io:

*r,, = PaLnqI x( 6. 'B) ' 
('?)

i=r,N g

ld E.)+B(x-8.)-r1x11 5 ., r€[Er,xe,r]. (8)

Tarru o6pasoMr sa.q8qa (5)-(6) Tore cBeJlacb r( pemennp N aq.q,aq non-
cKa 3BeHa JroKaJIbHo onrnMaJlbHono cnnaEHa c 3e.qAHHbtu reBhtl, KoHI{eBHM

sHat{eHHeM c( E,). Peuraf, (7)-(8) nocaegoaareJlbHo ,q,JIs ysnoB T

cfinafiHoB pr(x), t{TE, B peoynbrare non1rqxM cruallH p..-:('ir:
Jsau x,r., l=@rnpeActaBnEor co6on no onpe[eneHxrc Jtsnbr cnnafi-

Ha q..-.(x) . Heo6xo,q,nuo HarTl,r (io-l)-fi yaea (lo-ft ysen paBeH b)

enneFHa 9..-.(x). floclpoua rr(r)=rrrr(r), re[Qtrrr0rra=b1, Hafi -
AeM nepBbrr ysen Or-r cnnaFfla rr(r) (BropoF ysen fi{xorponaH H pa-
BeH b). 0veara.qnor'ttTo npoqecc nocrpoeHrf, cnJrarrHa 9.e-.(x) or a

r b o6opnetcfl npn ycnoBxr{:

*trt*'lQtrt' i'=1 &"" (9)

Vcaoane (9) oaHetrae'r cJnqecrBoBaHre roqx[ ncpeceqeH[f,

Ote[or,t,rr,11r) sBeHbeB pr,.(*l n rr,.(T) . .{gnnea roqra nepe -
ceqenui aerio na:<o.up.rrcR, oni r 6yg,er 1rr-1)-u lrcnor cnnarna

9..-r(r). Tarnu o6paaon, nueeu

g..-.(x) =

P..-.(r), x e[a,qrt],

r,,(x), xe [4,',b].

Og,no rs peueHtafi o6parHofi saAaqu nocrpoeHo. Kar argpo r,rs ero
nocTpoeHlrfit oHo fBJrf,eTCf, acnt nlloTr,lqecKt{ saBlcfilqHM oT N:q..-.(x) =

= e..-.(rilr) , npnueu roqHoe af3$ot*) = *11 
n..-.(riN).

$4. Anropnru 2 (noerpoenne perreHnfi

c ncnorbsoneutreM aJrbrepnaHcHb[x cBoficrB 4lta f(x) e c1[aru])
tlycrs r(x) € cr[arb] n rueer ftoHer{Hoe qxcno JrrracrrcoB BHnyK -

aocrn (nornyrocrr). Ilpunegeu annoprru nocrpoeHrf, 9..-.(x), oc-

HoBuBa.ou{enocfi Ha eJlbrepHaflcHlrx c BofcrB$(. Boe noausyeucf, cne.qcrBt4-
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eM 3. Ecnu r(ar(o€-to sBeno crulefiHa 9.._.(x) xuecr BHytpr.r coorBer-

ctByorqero Eara ABe aJrbtepHaHcHl{e totrK}t (paccuatpuaaeTcs Henpepu8-
tto gn(sepeuqHpyeMas 6yHr4an), ro BHyrpr{ eroFo uere r{MeeTcf, Totfica
JIoKaJIbHoro or(crpeMyua npol,r3Bo.qHof fr(x). Paso6teu [arb] Ha no.q-
HHrepBaJrEr (uo,ur)r(ur,u.),...,(oJr.uJ*,), nAe (u,[ - rounn Jro-
Ka",rbHbD( 3r(crpeMJruoB npolr3BoAHofi f !(x), uo=a, uJ*r=b. EcJur roqru
KSKOFO-TO i-po SKCTpeMyUa O6p8,3yroT KOMnaKT, TO B KAqeCTae u, 6e-
peTcf, np6afi ToqKa r/r3 SToro roMnanTa. onpeAefi{B SHar( nporsaognoF
ft(x) na (uo,u. ), uu nargeM Jrqacrxrl BbrnyruIocrl{ (aonnytocrr) na

BceM orpesxe [a,b]. IIpr f r(a) >o {t/Hrqrf, f(x) nunyrra Ha (uo,ur),
npn f !(a)<O BonHJma. Ecnu f r(a) =0, to f(x) Bbrn]ft(na Ha [ro,
ur] npil fr(ur) ( o, 8 ecan ft(ur) > o, ro f(x) sorHyra xa (uo,uo).
.&a onpeAeaeHHocr[ noJlolf,]IMr trTo f(r) BHnyK,Ia na (uo ,un ) , a no-
grory r,r ra (u. ,ur) ,.. . ,(o.* ,rer+r) , kt 3 ,... ,lr/zl ([.] - oeHa-
qaer qenyn ,{acrr). fun noctpoernaa q..-.(x) 6ygeu noeacAoBarerbHo

H&(O.q,rTb aJrbTepHeHcHHe cneaa cnnar.Htr nr(r) , L=L ,2 ,. . . , tt r.A. Ao
i=i.'-2, e sereu HaJ(oAI,rM rr( r ) . Ha<orAenre pr(r) r rr(x) ropao-
Ao npoqe ocraJrbHr{x! nooroxy MH paccuorp}Iu roJIbICo nocrpoeHtt€ n.(x),
1>1 , npe.qnoJrorlrB, trro cnnafH p.-r(r) yle nocrpoeH.

Ilycru rowr *i_..r,ri-.r.a n ,.-r. r cyTa aJIbT epHaHcHHe roqrlt
nocJleAHero aacxa nr-i,r-.(*I cnnailHanr-r(x) (reopexa I) u nyctr

Arfi onpoAeJreHHocrr ri-r r.,€ 
(uero,u.ro..), ko. ll/21 ri-",a€(ua,o-,.,

o..o), ko+1< uo sl(.;+i/2 ] . Tar r(ax xr-.r,., -i-. r. > ,l-r,, , ro

rr-, ,r€ ltr 'o.*.|J ' 1 I uo ' Torgg

o(x!-r,.ripr-r) = (r)c, ri-r rr€ [ro ru1a1l,

o(xi-rr2ip1-r) = (!)c, ri-r,.€ [oo,u.*r], (10)

6(xr-r ,1ipr-r ) = ( r) c , rr-r ,, € [oo ,u1* 11 ,

n5,e 6(r;n.-r) = f(r)-p.-r(r).. Tar rer uE HqeM p.(x ), to nMeeu

nepBoc orpaHrqeHlre Ha pr rl(r):
rlp.,.(x) 

15 ; _dpr-.r,.-r(-) . (11)
dr dr

Ilcpauft JEen rr,r nocJtoAHcro sBeHe P.r.(r) Hu(oAl4[cf, Ha nony-
nHTepBsJrC ({-r,.,-i,-r,.J. E"* =rr. = i.-.r., TO SBeHO P.r.(r)
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AOJTXHO yAOBneTBOpf,Tb yCnOBnD nOKaJrbHOfi Ontr4Me,rlbHocrr.r, T.e. 6blTb

c MaKclMarbHW [raroM. Iloerouy ]ra fortft]r x.-... npoBoAHM JroraJlbHo

o[TrMarlbHoe sBeHo, r{cnoJrbsyfi, Hanpr{Mep, e.nn6puru ns II2] nar,t I14].
Ecau cpegu Aonycrl4MHx Jror(eJrbHo onopHHx rotreK grono sBeHa HafAyTcrr

Toqxl{, yAoBJrerBopf,rorqre (i0), !o p.,.(x) nocrpoex. Tax xax AaHHhrfi

cnJrt{ar TpllEt{aJIeH, pacciroTpHM cnyr{artr fior.q8 non] {eHHoc SBeHo He

yAoBrerBoprer (I0). B srou cnJtae -rr.€ (-l_r,aFt-r,. ) . 06pa -
syeM CreA)mqJno coBorlmHocrb nap rHTcpBaJroB:

t(*.r-. ,u.r-r) ,((uar-r ,".") )l!1.,) / "))l(Jr*r)/ ") , e2)

((uar-r,rr.r),{(u.",r."*r)}[g(.f]rtj{tf . (13)

itaxgaa nepa cocrol{T }tg oAHoro BHnyxnoro (aorxyroro) H BorHy-
rono (eunyxrono) [HTepBe.rra, np[qeM a (I2) nepBUR rHrepBaJr - BHrryr-
JrHl?, a Bropof,! - BonHyrHfi B orJI[qHe ot (I3), rAe Bce xao6opot. ita
HarAoii nape r,rs (I2) r (I3) peuaeu cJreA)mqJm crcreuy JpaBHemp:

f '(€,) = f t(q) = (f(e)-f( e))/(q.d, (14)

rAC E, HqeTCf He nepBoM, a {, CootBeTeTBeHHO Hr Btopot{ HHTepBarIe na-
pu (I2) r,rar (I3). Ilyetr (E.,+.), o=ffi, cyrb BceBosMorHbre pene -
Hlrf, JpaBHeHxR (14). 0rua onpcgeJrmr npf,rHe l.(r)=f(q,.)+ [(f(Q,) -
-r(8.))/(+.{.)I*<.) c AByuf, roqfi$.r a.llutepxaxca. 3ne-Ho p.-.(x)
fiBJlrercf, trrcrbo Eaxon-ro nprrror xs coBoryrrHocrr (y.(x))l=r. fi*ip.-
cHBaeM npfiuHe, He yAoB,retBoprpugc onpaHxqeHlrD (II)ra t,to ocraEflrnX-

M -<!tr
cf, Mo npf,Hbrx (r.o(r)).o-., ocraBnu roJrbro re, Koropuc sBJlmrca Ao-

nyCTl'lMhxrI' T. e. y.q,oBneT8Ot,fbl{l@ yCJIoBxD :

lf(r)-v.o(r)1 s c, -€[+:or0.oJ, to={, (uos u), (15)

.On tJo - roqra nepecer{eHls sBeHa pr-rrr_r(r) rt nprMor x.o(r) .0n-
pallnqenle ( I5) uoxno npoBcpl,rrbr Hanpnuep, no alnop]trxy, npeAJroreH-

,oMj, B [I2 ]. cpean ocregrnxcf ]I; npf,ubD( (r.. (r) ]15Tt Aorrf,Ha Ha-

xoAlr'rhcf, npfMar, coAeplr"Bf, eaexo pr.r(x) (cacAcrsne 3).Hrqa,r 6ar-
lraiiilrre ft + . ToqKil nepeceqelur {*. n d,-. npf,xor r_.(r) 6yxx -.or;rd-.o
l-,JaHur f(x)+c u f(x)-c coorgercrBeHHo, T.e. peoacM ypaBHeHHe:
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lf(r)-y,. (r) I = ", x€( q.. ,bl , ni = ffrf (u;s uos x) . (16)

.[4a rax.qono nf Haxo.q1r HarueHH[nll ropeur i[.. yI]eBHeH[fr (I6)rr.e.

0{ = *(Oi,*;i}., crny reopcu I u 2 n e.q,rHcrBcHr{oclr aJrbrepHaH-

ce Ars P.r.(x) cpc.qt rotrcx 0r;, ni=:[Tf,, c]nqcerBye! e.q'llHctBeHHaf,

noura'{o< *.lrr1l=, , o6pas3noqga rpexroqeuufi arb"epHaH. c rotr -
xl l[:

Ka.rr Eo€ (t).i=. !r Oo € (0+).i 
= 1. Tarcrx o6pesou,

-.r, = O8t =irr = 6o' r!r2 = 0e' =rr.*, = %

It

p.,.(r) = l(*i)+(f(0;)-f( go)). (x-q!)/(O;-to), r€[Q;,Eo],
'f!

r.qe 03et0l.).i=, . Secno p.,.(x) cn.refixr p.(x) nocrpoGHo.

Ilycnr xa HcKoTopox l-x trane oKaretcfi, tlro Kal(afi-4o ToqRa

1i "" 0..o Hr)(olFref, * (..orror*r) nfi (I5) sHnoaHfercs Arrr Kb
x!

Rofi-ro npflotr y(r) e (v.i(x)),i=, H8 nonyrHrcpnere (,q,o, b ].Tor-

Ag npoqecc nocrpoeloia crurarHoB p.(r), L=L,2,..., oaranqnBaercf,
(r.e. lt= 1+1) n crpoxtcn r,,(r) no rouy re a,rroprruy, qro u

nr(r) (noctpoarxc p.(r) otfiqlctca o! noctpoem{n n.(x),1>1,[oau-
Ko 'rer, qTo JIcBbre JrsII paoarr"IxDrexro( llbTcpHaflctGfi nlrucfi (P{r(c[-
poBaHH n peBHn a). Ilpc.qnocac.Silrfi y3cJr cmraflHa 9..-.(r) He)(oAr,rrct

KrH rorrrl ncpeccucman y(-) r nr(-) . Cnaaila 9..-.(r) nocrpoeH.

3oretnu, qto ernopxrm I n 2 gonycxrnt pacnapannGnrBanre npo-
qccca nocrpocHlrf, porlcHna o6patnof sr,rfrr{r tar HaK noctpooHr{a pG-
rrlcHr{f, rorcr! IlpoHcxo,qltb o.qHoBpGlcE{o c JrcBoFo r npeBoFo rcoHrloB o?-
pcsrtr [., b] , l raEf,G n a o6e cropoHrr or an6ofi r,rs rotr€n uJ , J =
=F.
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