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BneAeHre

B nocae,uflre Fo,qH 6oauoe BHrrarre y1erf,e[ef, npoenrnpoBaxxr
Bbrtr,tcrnrerbHa( ce?efi Anf, npf,roFo oc]qecrBreHrr HeroropDo( rarprq -
Hux aJlnoproxoB B anflapar1pe Ha 6ase caepr6oaarux rrHlerparbHrfi
cxeu. Paspa6otannue cgrx .qJrr o!!rx eJtnopxtxoB qacto aBr@[cf, acrr-
nron{qecrr onrnilaJrbHur,r,r AJrf, peaJnmarfl[ B cBepr(6oaulo< rrxreFparb -
HbIx cxeuax [I]. Mareuautrecroil repofi crgrHoctr oc]qecrBreHrf, npo-
eKTa B Caept6oamrx [HrenpaJrbHLrx gxeuo( aBJIf,eTcf, nporcBeAeHrl€ A!Iz,
KOTOpOe SaKmrrAeT B Ce6e XOUnPOXIICC Xef,Ay CTOnXOC'IbD rnnOTOBJIeHrf,

KpncraJrna c ruroqA,qDn A n BpeueHeu T BEnoJHeHrf, KpxcTaJuroli sqlptr-
Hbrx BuqrcJrenni. 0cHoauBaf,cb Ha uoAeJu cBep(6onilffx t{HTeFpaJrbHHx

cxeu [I], B pa6ore [2] 6ulro norar]aHo, rno .m6ofi npoerr AJIa yrftio -
r(eHxf, ABID( (nxn)-uarprq Aonf,eH yAoBnerBopsrb oqeHre ar2 > (Dr).
Tar rar c1rulecrByer npocroe cBeAeH[e Marprqnoro nponsBe.q,eHra r o6-
paqeHlrp rpeynonbHofi Marpnrg, To noJl1rqeHHaf, oqeHra 6yAet cnpaaeA -
nnBon u Arf, saAAqr o6paqenna Heoco6eHnofi rpeyronbHofi (arn)-uar-
pttrg. CooraercrByorrue, actlunrorllqecrr orrr[MaJIbHHe Bblqrcn[reJlbrHe
cefl,r, yAoBnerBopf,pqle HxfHe, orIeHKe Afz = o(nr ) , 6urrr omtceHH B

pa6ore [3].
5 nacroar{eF pa6ote, Ha ocHoBe paspa6orennono paHee [4] cnc -

?eMaTlqeC KOno no.qXOAa r onHeblBaI0TCf BOgMOfHHe npOCTpaHCTBeHHO-Bpe-

MeHHbre BbrnoJrHeHnrr &InoF.r4TUa c6pauenun nrorHoF (nra)-marpnrp Ha

penynnpHbD( aclHxpoHHbr\ BLrqlenuTenbHbD( cerflx. Herotopre I{s npeAcra-
EreHHbrx ceTetr fl Bnflnrefi acHMnToTt4r{ecKH onT[MaJIbHLtM[ AJIfi peaJlnSa4{}r

na 6ase cy{ecrBJrx}qxx (naanaptto<) tt nepcneKTrEHED( (lpexxepnur)
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cBepj(6onHlMx xHleFpaJtbH[B CXer. ApJmre ronJa 6Erb ncnorutoBaHH

npfl noerpoeHr.lr BHu,tc[ltte,IbtttD( crcrer. Ha 6age cyqeeB],Dqo( 6uctpo-
gef,craymuurc 3E[.

$ I. 06qgn cxeua gln o6paqexrs Heoco6eruton
(r x n) -uatpr$l

llymr I = [".r] 6yget neoco6eHHofi mornon (ara)-natpuqefi '
Koropas pas6nra ni-Rxn KJIeroEtbD( uarp[qr n.qe f, = n/r, r - H8 -
rJ@JrbHoe qt{cJro B AnaraooHe lLl/z ]. Ilyclt A(IJ) o6osHaqaet
(t,,f) -n KJIerKy uarprlst A AJIfl tn'l e (Ir2'...rtr), l.e.

l(rr'r) = ["(r-.,)*p,(.r-r)o*q], 1Sp,q s ri

x nycsb l-1(t,.r) 6yget cooraerctBlmqas (t,.r)-a K,IerKa ooparxor
Marpxt+r A-1.

Ha:corgeare o6parHofi uarprrg 6yg,ex ocyqectBJrf,rb retogou o6ue-
na [5]. Merog ocHoBaH xa npeo6pasoBaHrx crlcterH -ypaBHentrfi y = Ir
B crcreMy r = A-ly n1rrelr nocJleAoBarerbnofi sarreHu B cttcrexe y =

= .lr crporu I na ooa6eq J. I{aerorurun BapraHT xero.qa oMCHBa-
erca crcte!{ofi perlppeHTHux cooTHo[eHilfi, gr,lFqrqen ll}tof,ectBo BBtOtc-
.[eHnfi.q.[fi rarAono l[ara E = Ir2r...J n 1 SI, J SI{:

A(K'EE) = A-r(tr9.K-1)i
A(E,JE) = -l(raf)e(r,.rx-1)i 1 sJ sr, J I Ki
A(r,KE) = A(KEf)e(r,E,E-1), 1 S r slr, r / ri
A(r,J,E) = A(r,.rE-1) + A(rE,K)A(E,J,r), r lK, J l Ei

nAe A(I *I ,E) EBJrf,ercfi (f r.f )-n rrerron rarpxqE A Ha tr-il [lane
BuqxcJreHnfi; A(I ,, p) = r(f rf ) prn 1 s f ,J s tr.fcHo,rt"o l(f J,x)=
= A-r(r,J)rr rr noJraraex, qro A(I ,rn+l) = r(r,"r,r) .q;rn 15 IrJ s
sf,.

Kar caegyer xg nprBeAeHHE( coorHoqenrfi (I), ra ftar,qox K-x
[are BurucreHrfi Arf, rarAofi naptr (I rr) rpe6yerca BtrrroJu{rrb xaft -
poonepaq{D.o6paqerure, ar6o nporsneAeHlrnr ril6o Heron eHrr [po[gBe-
Aehlfi ftrerorotor (rr r)+alpnq. B caon oqepeAb, I(er.qas rn srttx xar-
poonepap{fi lpe6yel eunoffe}orn o(rl) apr(Ferxqecmx onepaqtn rrra
JlynoteHtlf, ]r cnof,enra. 0rreanggo, qro nprr r = I KJrerot&Ilrfi BepxaHT

aJlnopl{Tre BHpor,qaercf, B rD{croBofi cn)rtlan, npl,l roropotl raxpoonepa -
r$rll Hq,q, rneroEttorf (n rr)-ratprqarfl sarenrrnrrca Ha coorBercrB]ln[Ue
apr(PetIrqecn{e onepalEx HqA qncrar.r. Tar rar tucJro xarpoonepar+rfi

(1)
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&rlf, BEnOIHeHTa BCenO MHOfeCTBa BHql,lcneHt{r €Ctb B€Jluel.ltrir TJ
onepaluoHHas (apn(!ilefl{r{eckaf,) cJlofHocTb annop}tfMa e.c.ru8,r', rii irirqr,r-

Hy O(tl'r') = O(n3 ). flcxo, qro npu nocneAonateJrbna)i' r-.,?aJru3aur;' ii-,r-
PopHTMa BpeveHHaa cJlffHocTb BtrurcJleHhf onpeAeJIHTcrl one'!.rrqn(:

cnoxHocTbp MefoAE.

$ 2. fipe.qctSBJteHr,re MHorecrBa BuqrcneHrl"
B petreTqaTou npocTpaHcTBe

flepnoouepeppbtu uranou paapa6orannono paHee nol:(o.qa k euHre-
3y pePynflpHHx Bur{HcrrrerbHH ceTefi [4] RBrfetcf npeAeraBneHil(: tA?-

K

xoArrbD( pehyppeH'rHHx

coorHoueFiHi tst{.qe rti-
BHBAJIEH'I'HO:, CUCTEMbI

ypaBHeHni,. 3aAauqer
tpe6.yeuue BHttl{cJreHlt.n

lr rBHo onpeAenm,{er
HenocpeAcTBeHHEe BXOA-

HUe-8bD(0Alrb;e c883lt
Me[.qy H]rvx I uenot tc-
JIeHHOta peuerqaToM npo-
crpaHcrBe. Las paccva-
tPxBaeHoro aJInopHTMa

o6nacru BC€x Bulgxcre-
Hhii OnpeAenfietcf rH -
AeKCHbna UHfieCTBOM:

P = PIFU PilT U POU!,

rle Pu = ( (r,.1 ,o)/
L -: I,J S tr) gt2 on-

I lAeJIfeT O6nACfb BXOA-

rl,'lx St tlilCJreHXfii Pr* =

,.:I .J ,K)ii S r,J,K SI
Pttc'I lNlqu3-ooaacta

BHJmpeHHxx Buu{creHxfi; a P.nt! = ((I /' F+D/L < I,J': N} - Z2 seflr'-
er o6aacru BbD(o.qHb[x BHwcneHrF (cu.prc.I).

lfucrecray BbIrotcJIeHrFr 3q,qf{HoMy eoorHol[eHueu ( I), ci ]tBerr-rT-

Byer cre,rexa ypaBHeHfiFr onpeAeJlflDlgn o6pa6ctxy lJtt largo" rt;q-
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Kr p = (r *l r) € Ptr[T ]r sa,IaDtqafi cBfl3b .qaHHOfi [oqrfl or cBoHx He-

nocpeActBeHHHx [pe.qpecTBeHH[t(oB :

x-(r) = l(n-ft)i
rr(n) = 11p-er) i
&(p) = r(n-ft);
Itp) = t! r =-.r = K @B {'(p) glg

11r = ( g!gt-x.r(n) 4(n)) elae

E r = r tu-""txrrnl ritn));r8-;
(ft(n) + xr(n)rr(n) ):

Q)

r[e t = (r+,o,0), eJ = (onl*,o), t = (9,o,1) = er aBrmrcf,
BeKroparH HenocpeAcrBeHHofi HHoopMar[toHHofi saBxcl,lroc8r ?oqtcl p <

€ PE*I . Cruere JpeBHeHrr[

(2) cootsercrByer nparQ He-
nocpeAcrBeHHon lrHooPlar$r oH-
HoR gaBrtgrxoctr BEtflcreHl,tfi
r= (p,e), nAe e= (t,eJ,
ft ), rotopuil rso6pareH Ha

pnc.2Ptacryqalif,=4.
3aslcrroctr BemopoB

t ,r Or ot Koop.Stnar !otl-
Kl{ p = (r r.r g; sc,tt€r
rpaHcnfirryronHJto ( nao6aru -
n1m) cxeny o6rena (r r r)-
r.aTpxqsrx t €ryy toqralllr pe-
flertB.rono npocrpancrpa. Or-
t.eT]lilr IITO BeKlopll t n
eJ B saBncrxocrl, or sHa -
qelf,,tfi Roop.qrHS! f rJ,f xO-
rJm xreTb Kar floJlorr?etb -
HHe, ,[ar n olrPtrqateJtbllue
HarrpaBJrenxs. Ilepexog, r ao-
ftaJbHofi cxexe o6rexoa [t1]
Aaer oKBxBaJreHrHyD r (2)

ercfcry JpaBHeHrfi, cao6ogntrm oT TpaHcnfi$il:

t(p)=!1|I=Ktheaft(n)g
;!!-I..f, = 1 !!gl(p.e.,) elee

Itf,-1 = 1 then e(p.cr) 9}9

hrc. 2
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lf I{ > 1 !3g lr(n-er) 9}grr(n+er);
x;(n) =!!T= E !Iep-r*(.e)'9}g

!1!J-.E = 1 thea l(p-e.) 9!g
!|E-T = 1 !E l(r+e.) .erae

lf J{ > 1 then l.r(e-e,) 9}gxr(re.);
x-(p) = A(F-)i
Itp) = 13 I ='E = J thea rJr(p) eree

E t = r 3gffixrtn)qtffi-"r"".
Er=Eglg(xr(n)a(n))erse

ta(n) + xr(n).xr(r));
nAe el = (1 ,oO), ea = (ol,o), e, = (o,ol) f,BJrmrcr Bextopsur{
JIoKaJIbHofi rHrppnaqrorxof, saBxclrMocTn Torlto{ p = (I,J'K) e p*n.

(3)

E

J
r

llpnaegemofi o,rcrere JpaBHero{f, (3) rorro conocraBrrb npa{ ro-
rarbHofi seBrct,tro<yrrr Bxro{crerflf, f. = (pE(f p,E )), FAe nHorecaBo

E(r,,r,K) =flr = J = E !4gt rl$if (r=r)e(r< r) @ (*",ee) @u (r*) a (J>r) !;!93 t".,"r) *g

Pnc.3
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!1! (r. E) & (J=K) thea {-e",e } elee

E tr, *l "ir="1-i[i't"] rliff! tr<rt o tr. "@1|."::1_.,",) 
elee,

lJl (r <K) a (,r> r) @ (*, ,e. ,er) 9E
lll (r >K) a (J< K) @ (", ,-e. ,er) @
lf (r>K) & (J> K) @ (er,e.,er).

IpaQ aorarrHofi xnQopMar+{oHHofi saBrclruocirn But8,rcneHxfi It A.lrs

cn)ruas N= 4 noxasaH aa prc.3.
Cae4lnoupru EaroM aBJrfelcr peccuorpeHle pasffr{Hblx npoepaHcr-

BeHHO-BpeUeHHbIX peaJrfi3arllfi AJTnOpHTIA.

$ 3. Ilpocrpancraeruro-Bp€uenHrie ocltu1ecrBJleHlrfi

MHOIECTBA BHI'ICJ1EHXfi

B o6qeu cnyqae npocrpaHcrBeHHo-BpeuenHue ocyqeclBJr€Hxf, aJlro-
p[TMa salgDrcn oro6pareHxfxr{ :

q: r. ra(p) ta(pl sa x sa =id+r = rd r zr

nAe a e (0,1 ,...rat-a(P)) - nH6pannaf, pasMepHocrb aprsnqecftoro npo-
crpaHcrBa (cern) peaJr[3a4{t, BbnflcreHl{fi 8d gtd, atn(e) - pasuep-'
socrr o6aacr[ BHqrcneHrft arroprrua (A.rrr noAasr.mqeno B{cJra npax -
rrqeirctx aJrnop[rMoB <tln(p) s3); nd(p) - Mynbr[r[HAerc npocrpat-
cTBeHHofi to,{K[ (oAlHoqHoro eutficanteas) lrs 96r Ha KoTop],D oro6pa-

raercr o.qra HJIlr MHo[ecrBo BepttH Fpaoa ft; e - BeKTop HarrpaEJre -
Hiln npoerqxn Fpa4a f' Ha'cerb sd; t(t(d - nopfi.q,xoBHfi uouep (paun)

oc1nqecrBneHnn o6pa6orr[ B BeputrHep €P Buqr{cJrrreJreua*(p) € sa
ug o6Eefi nocJreAoBareJrbHocrr,r to(p) e {o L... Sa } ; [a - san,m -
q{TenbHHf Holep B [ocneAoBareJrbHocr[ BHrtrtcneHxfi npx peaJlxga${r aJI-
nopt,tTMa B A{repHofi cerx.

Paccrorplru renepb rpl,t xHTepecHtrx .q,rs Hac crJ {at{, KoF.QE d =

= Ir2r3.
I. Tpexlrepnoe oclAejlnnenne anropntva. Peannsaqnr yHorecrBa

Bbrrtr{cneHnf, nplr d. = drn(p) = 3 sa,\tetcfi a{mfiH}Gru npeo6pasonanneu

e, r Koropoe HenocpeAcrBeHHo Erura,qHBaer npa4 f' a mpymypy certr
siwcnnreaet sr E zt , r.e. nt(p) = p . Tanrx o6pasou, nprr 

"pex-
MepHoM ocyqec?BreHrr arropt?ra xatAofi Beptr[He p € PDm npa4a r' =

= (PrE) opltogHartrro conoctaBrsetcs BbtrotcJlt{renb c o.qnortxeHHtrxtr Ko -
opIIHaraMHt a BeKTopau rs E - roMMyHr{KaISroHHHe ranaJlbr cBfisrl uef-
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,(y coee.q[rut{ BbrtrxcJtil'leJlrra. Orrear.qHortmo lFrll = llPggll = Nrf,tl[,
t.e. ceTb coAeFt.r tr' oEtononalbHo cBsSaHHHx autuurtteaefi, r(8r-
.tEM rc Korophrx cpe6arBBaer npx nor]^retoln Bcex Heo6xo.E{tdx Arf, .qAt{-
Horo rara Bxolrrxx nepexeHHux rr(e), rr(l) , ft(n) . tlangex ?enepb

paririlp}rDqJrc fi/Hrq[E tt(p), Koropas oflpe.qerser [opf.qpr np[xo.q8 B

Burorcxrrenb nl(p) e Br Bcex BxoAtm( nepereHnu. Saretrr, qto pe-

Eerqaluf, rpa{ f'He rBlaetrcfi Koop&rHaraur [6], A.lf, r(o"oporo paH-
rr{pyDqefi fi/Hrq+{f, Haro.Et?cfi epaBHrrenbno npocto [?]. Eolee ?onorru
paccra?pxBaer acrlfipoHx3D peerrca4{D a,rnoprua, rpe6yqp sr,qnF{a
Ha HHorecrBe BHrflcJIeHrf, cners(p{qecEfi ycnoB[fi BEIlo.,DIemtn.

i{argony uany o6@ono,r E € t1 p,...tt} coorBelcrByer noA -
npa,+ t = (trB(r, J, tr))r Kotopuf, rBJlfietcf, r-tr ruocxoc"bD npaF
r' . Herpy&ro noKeserb, tmo cpe.qt rHotrecrBa aeforr fl* xreErcf,

erq{HcrBeHHafi xilHlraJrbxea Berurria 116 = (r s I): .qrf, Bofopqfi
p(K, r, E) = e!, T.e. saancqgf, rolbro o! HenocpellcrBerxo rrpe.@ec-

rBJmqefi efi acpuu Ik-.| o f,il rril PEI npr E=1.Bcpcra ,F
H&9HBaercfi HaqaJrbHofi BeprHon f-Do trara o6@otu, tar ftaK toJrb-
ro c Hee role! Haqatbcf, trpoqecc mrruclerms oclarbHtr Bertfl .qpr{ -
Hono uala.

0trruemre Henocpe{crlBenuono rrpelpeclBoBanr, uruclenf,R c{pyr-
typHo sqlaHHorro op[€[rrxpoBaHHHrn .e[.a[l npa{a t rHftf4lHyet Ha

qac'r,.,.rro JmopaAoqeH*or r]rceglBe BepH f* s r .,rHole*,te aBBr-

BaJIeHrHosin - , pas6nBanlee oc""rro tElln Ha ruaccH of,Bf,Bar€H-
tHocrt{:

[frm]-= (t{,n(dlJoSrSrI*, r= lr{l + lr-sl},
.e" tfm(r)l- = b-ilp,s € 48, {nf,to) = il#-,q) = r}
f,BJraercfi &faccoL BgarxHo HesaBrcrm BefErH, c"gloflIo( E npe4e

U Ha o.B{HaroBor paccrof,Hrr (nyrn) r = f r2r...rtff o? HaqeJrb-

Hofi BeFErlGr {" = (tr, E, r) = [rEon(o)]-. Paccromue ff =

= n (11&,ryE), FAe krar - Eer[xxa (aepurror) o 4m, ratrclrra.rb-

Ho yAaJreHHaf, , t o" BerrnHH ,P . flcno, trro tflm(rr)]- n

n t{ruto.)l- = I nrn n, I n , r.e. ttrol(dl- nonapno He ne-

peceruut?cf,. Kpore rono,

o s"us {* 
tft*tn)l- = {''
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t.e. Bce Brecre tfrm(n)]- rcuepIIHBaD! f*n t tletpypro rors!'8rb'
trro .q,rf, Kar.q,oro nara'o6pa6otrr r e (f 'er.ll-rr) pacerorue {9t=
= nar [2(r-1)r2(tr{) ]r rar r(aK ecrlr f qsrHor ?o

ff= (n,cS) npr t sr =il2;
(1 t ,E) nfm t/2 <t sra

a nln Helem(x I;
{(r,rrl npn 1 s tr < (n+1)/2;

ff = lttrar)t(1rl)i(rls);(rx,E)) rrn c- = (r+t\/Z;

[1r,r) rrru (t+tl/z <Esr.

Ta n o6pasorr .qfr Ecero segrrrcto yrop8AoqemroFo rmec?Ba
BUtllrsss{ttg, sq,qaffroro rpci[o. f', eyqgetntDa eB}lcrB€lrG* rmfi -
rarbruf, ererern p^ = (1 I l) € Pir! r e.qpmcra€rriltr Ercncrb-
rotil erererr ,iF = (111,1) e {'t . 3rru*ar ,q$y.o Eiorecf,Ea

lf1an]- nra x e (I,2,...!) .un€fiHo yuopf,AoqeHu, r.e.

kdo = [ilm(o)]- <.[pr,n(l)J- <....<.tfo,E({a )]- = ry@ ,

IAe (. - ABOrttI|Oe Xppe(D,teEcxBrroe ac[xreapnqHoe ?paff]ll?fiBHoe oIHo-
EeHxe [pelpecrBoBamif,. Kpoxe tono, .uraef,Ho ]mopr.qoqeHa nocneAoaa-

"' '' 4rl'
nopilbr, Ho He Bporr, Elnorreurf, BeFrrH k € flr*r sqrEercf,

pa}[rplDqefi 0ynKlsren tt(ry) € ! , orparatqen uoc,reAoBareJrbHocrb
t[oprrpoBam{s no?oroB qepes Bepo{f ry . 3anetrurr 9To BemtflHa

t'(pE) xapartreusye! Bperf, ro.trbro .qrf, roAe.trr crcfipoHnlD( BDrrrlrcJre-

mR. .(.ua roAe,In actolportrGo( Butrcrerurf, Bpers t €8. Ouenug;ro ,
qfo ecrf, tt(ke ) saraetca Pa[nor rrronaautofi BeEIiHIrrto t'(pr) =

= t'(pib).{f"rry).Imro nbresata, tno ,rp t'(4b)= o acax-

t&Ha rt(qfu) = 3(r - 1). C.re4pBa,lerb6o, rr(11) = g(r-1)+ lI{ | +

+ lJ{l r ace ErtneerBo Burflcrerorfl saBepr{?ca tta paHre [r(f) =

= t'(Df,9r) = 5(r -t), rar( trat( dF = (1,1- r) . fctro, qro Berrqr-
na rr(F) = {pP &: ) , !.e. panHe .q.mHe Kprrrqectrono nJmr B

npalF f'. Tar rar EHrofircile rarAofi BefErHH rpe6yer O(r3) apn6
xerrqecxrx onepargf,, To Berlrrrna lr(n) o(r') = o(nt,/r1 onpeAeJrxr
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o

K=1

K=3

K--2

45 51.23

5

o6qee BpG[i gaDelleHxs
BDlttt{creH[fi Ha cern S, .
Ha pnc.4 nyHlmnpHbrMl,t Jnr-
HHfi,ll NOK&3AHH SHAIIEHTfi
pa!ilflp]mqefi Ql/HKr+{r,r Anf,
cnlruafi !l = 4.

?

' 0npeAeJrxM renepb ne-
pnoA BbH}{cneHnft D3( N )
xar BpeMs HatlaJra o6pa6or-

.lt ru cetrn s, HoBoFo Ha-
r r 6opa t,tcxoAHtD( AaHHhrx .
,' Herpypro noKaoarb, qto

/o or(r) = o(r') rartrqlo t[

3q,ryrr{ peuaeTcfi 3a BpeMa

r r(N, u)4 r(N)+(u-1 )o, 1n; =

= o(a'./tr2 + m,/Rr). Ta-

5

4

56

5 5

5
4(=

14 1'

o

to

9 8 78

hrc. 4 ruu o6pasoM, a o6qeu cay-
qae cnPaBe&E{Ba

TEOPEMA I. 06 paqe H lr e (an)-u ar pr rlbt, p as -
6rrofil{xlqKJreToK, MeTo.q,oM o6ueHa Mo-
lter 6urr ocyqecrBJreHo rpexMepHofi
ceTbp r{g nEN{ opTopoHaJrbHo cBasaH
HHX Abtr{}lcJIHTeJIei, C JIOI(anbHOfi fla-
MrT bD KarAoroO(r2) c Jr o Br s a BpeMsO(at,/Xz)
l,I nepHoAoM BHttHcJreHr{r Dr(r)=o(r.r), rA€
r = a/[.

Caegoaareauno, npil HeonpannqeHHoM napaJrneJr[gMe, t.e. kolAa
r = I n ![ = Dr cerb Ha ExD BHrrrcJrureneft o6partl (n rn)-uar -
pr,rrJy sa apeua o(a) c reproAou Dr(n) = o(1 ) .ttar.Efi nuwcarreau
cern tpe6yer npr arou o(1) penncrpoB Arrfi xpaHeHrn, o6pa6orr(r et

o6MeHa Agr'{HbrMr{. Bpeun pemen[fl Ha rar@f Tpexl{epHof, cer}r I ga,n8q

onpeAeJlfeTcs BenilwHofi fr(an) = O(n+n). Tar KaK paoMep Kar,qoFo
BuqreJrrTeJlf, ceTH He 3aBt{${T oT pasMepa peuaeuofi 3a.q,aq[ (nopngxa

[cxo.q,Hof uarpulp), ro (I.rsr{qecKxfi pa3Mep (odreu) Bcefi cett{ e.(a)
MofHo r{3Mep8rb B rrl{cJre BHqrcnrreJrefi, r.e. Ar(n) = o(nt).T6rAa
KpnTepnfi eapiDeKrl{BHocrl,li cBf,sbrBaDqxfi Pl3l{qecKxfi pasuep TpexrrepHoro
ftpl,lcTatrna cBelx6orb[ofi nHlGrpaIbHofi cxerBrBPeMR n neploA BHrrrcJIe-
HHfi, oqeHtarca BeJrrqr{Hor er(n)tr(a)or(a) = o(aa ), t.e. ceru on-
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TlrM&,rbHa A,Jrf, ocyqecrBJreHrf, B annaparJpe Ha 6ase nepcneftTr,rBHhrx

TpexuepHux cnepx6oarmrx [HterparbHbrx cxer'r [8]. flaanapnocrb cJnqecr-
aynqeft rexHoJror[H cnepx6oaaurx nnrerpa,natori cxeu tpe6yet oro6pa -
reHHf, MHorecrBa BHttr{creHflfi aJlropnrMa Ha luocrre cer[.

2. jnyxruepxar peaJr[aarl[fl MHox(ecTBa Bbrqr gl!4l4fr Te-
nepb oro6pareH[e 9a, flpoer$pyDqee rpexMepHnfi peueTt{aTHfi rpao
lr Ha ruocr(yD cerb S2 no HeroropoMy HanpaBJIeH[D e = (I, J,K).
Cpegr uHoreerBa Bosxor{Hx HarrpaBJreHrr npoextprfi [HTepecHuur 6ypgm

rorlbno re, Koropue o6ecnetuaanr D.ta (lF:llA.(r) ='[r(tr)], rAe

lF:ll - rptsnuecxrfi pasuep .q"rrr"p"oi cerr, noJlyqaeuoft npr oro6pa -
,[em}{ ppa{a I' no nanpaBJreH[D g. Tar Kax f' npegcraaaRer co6oft
x;6, ro nJ.n (lls!ll) = tcrll o6ecnerrraaerca roJrbt(o &,rfi HanpaBreHrfi
ar = €r,8, = o.r t = "r. 0praxo tax KaK BbrqrcJrenrf, pexyppeHt-
HO CBASaHH nO E, TO TOJIbKO .q,Jlf, t = er BHnOJIHf,eTCf, yCJIOBIe

B.(n) = [t( tr ).flpr4 ranofi AB]DilepHoF peaJrxsar+{l{ tHorecrBa Buqrc -
neHnft Ha xaxggf, (I,J)-fi BurrltcJrureJrb cerr (1 s I,JsI{) oro6paxanr-
cfi N Beptll{H (f r.f rf) npa@ t.t Ala K = Ir2r..., l{.fctro, qTo no-
KAJIbHaS nanflb rarAoFo BbFo,tcJlr{Tena AoJrf,na cocTaBJIsTb npx gToM

o(r2) = o(n2/r2) caos. Parcnplru'r{af, *ynrr+ra ta(pr) = tt(BE ),r.e.
!.(tr) = rr(f,).0cao6orAeHr{e Bhnrr/rcJrr,meJreil cern srrpeaJrxs},Dlqtrx HeKo-
ropHfi Ear o6pa6orm, xcnonbsyercf,r naK toJrbr(o oro craHoBlrrcf, Bos-
notrrrto.r AJrs ocyqecrBJreaxa [ocJreAyDqr{x uanoB Bbrttr{caeanfr. ltrs pac-
cMatprBaelofi pea.lilgalflx aJrnopxrxa xapamepHo Harl,tqre II BorH BH-
qlrcJleHt{fir KarIAf, lls KoropHx cBssaHa c Bbt[oJrHeHrex orAeJrbHoro pe -
I(JppeHTHono [ar.a o6pa6orrur. IloaoreHlls QpoHToB BoJt]t AJIfi cJr]rqas
l[ = 4 norasarut Ha prc.4 nyrxrtrpHrnrr JrxHrm.[.

Tar rar Beplnu pi- , pf,ft peaJrcyDrcf, B cem o1fln BH-
rlitcJlr{?eJreu c koopArnataror (1 ,1) e Be , tlo neprroA Brno{cneHxfi
D.(r) =s.(n) +1 = Si4r r.€. rsq,qgqpe[aercf,Hacenr sa Bpe-

rf, !2(rrl) . o(Ert) = o(hl/ rl). Brog r BbrBoA.qamfiD( loret 6ura
ofiFrtttBro oc3qecrBreH no AonoJrHxreJrbnur. IUraroHaJrbHHu ranalan (cu.
p,rc.5). IIpr nnoge .qpriloD( (rrr)-n BrflrcJrrrerrb ce?r g^ Ha panre
ta(nr) = r+ J-2 nptouam no .qrarolraJrbHory rafiaJry (ira)-o raet-
Ky xg:(oAHofi xarpf,$r A oB Coce.$reno (f-1 , J-l)-ro BHtrrgJEllear ,-
rrBBHe r o6pa6aruaaer ee. lla Bcef, nocJreAyDqD( paHrax (I r,I )-n BH-
rlicJtillrenb rrpeBpaqae?cf, B tparcrrHUn IEeJI no .qAHHOry .BranoHaJrb-
Hory HallpaBremo. 3axel[r, rlro aaog (rrr) raeror rarpr4l xorer
ocJnqecrBJrn?bcf, noq,reAoBareJtbHor Tal( Kar AaJrbHertlaf, o6pa6orxa rpe-
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Pnc. 5
6yet o(r!) spelrc!il. Tam o6pa3orr BBoA AafllcD( Bunomaercs Ha {o-,
He ocHoBHofi o6pe6otn, se"pamBaDqefi opronoHsrbHHe f,alralu cBf,3r .
llpr xraoge peaylb"xp]rlg rretro$ru rarprq [alpil (r r,r)-n Brpgc-
rrletrb rBJrsercf, 

"pafisrfiE leror Brrro"b Ao peme ta(h) = ! -
- (r+r+g ), ra rotopor oH orlpelenf,eil HIetKy r(rJ,r) = e-r(rJ ),
nocBrttf, ee B .EreroHarbHtrf, xaHaJr cBrtsr. cnpeae.q,r,rna

TE0PDIA2. 06 p aqeH r e (nra)-r at ptr qE' pas -
6n?ofitrrt ttre?or(r=o,/il rorer 6E!b
ocyqecrBreHo cc?bD r3tr!tr IieKcanoHa-
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JIbHOCBf,SAHHHX BHTITICI}tTEJIER' C NO'
KanbHoF nanstbD raf,Aoro o(DaA{2) cJIoBl
3a BpeMn o(a'/rz), BftJIDqapqee BBOA,/BH -
BOA ,q,aHHHXi C nepnoAoll BHqncneHrlr
or(n) = o(nrln2).- 

Tarru o6paeou, npn HeorpanrrleHnot{ naPaJlreJl}rsxe (n = n) cerb
trs nx n neftcaroHaJlbHo cBssaHxltx BuqrcJlnreJlefi o6patnl (nx n)-ualpn-
qy sa BpeMf, n.(n) = o(n) c nep[oAoM BurflcneHun D.(a) = o(n).ttax
l,r Bbrrrrei KarqqHfi BHr$rcrrTenb cerl{ .q,Jlf, xpa}teH}In, o6pa6orrn H o6MeHa

,qar{Hhru}t .qorrreH [Merb o(1 ) pemcrpoa. Bpeun o6paqearn n Marpntl

cocraBt,tr B groM cnJnrae Benlqt{Hy o.(n,n) = o(an).
0qennu reflepb .qar!fifi npoel(T &,Is cn)rqas HeorpaHnqeHHono napaJl-

JreJrr,rsMa Ha onr[MaJrbHocrb ocy{ecrBJleH}tfi B annaparype Ha 6a3e cBepx-
6oauunx r,rHTerpaJrbHux cxeu. Coraacno reopeur{ecr[ nonyr{eHHotr oqeH-
ne [2], AJrf, ruraHapruo< caepx6oJrbunx [HTenpaJIbHhIx cxeM onrnMaJIbHEn,

cqr.rraercf npoeKr, AJlfl r(oropono l.(a) r!(a) = o(nr). Tar rax a na-

reM cnJ^rae e.(n) = llsall = o( u2 ), Tr(a) = p.( n ), no ftpxrepxfi

l(n)o(a)t(a) orannaleHreH Kpnrepnp l(nh2( n ).CaegoaateJlbHorAJtfi

Ha[reno npoexra l.(n)r!(n) = o(nr ), qlo yrasuBaer Ha ofiTfir.aJrb-
Hocrb cern AJrf, ocyu{ecrBneffif, aa cnepx6oaHrrrx nntenpaJrbHlrx cxcua:(.

Heo6xog;tuo oruer[Tb, qrorl{cnoJlbsya orHocrrenbH}m H€BaBltc}r-
Mocrb Bbrrlt,rcrerfl,rfi or Mecra oc),rqecrBJreHflf, Ha cenr,l, MorHo np[MeHfiTb

Apynre crparennlt opnaHxsars{x o6pa6orxr. Hanpnnep, c.qpnrafi nonJrqa-
eMbre Ha r(afAoM K-M uare peSyJlbTaru A(r,J,tr) B BHr{IcJIrteJrb c Ko-
opAr{Hanau[ (t-fr,l-*)noa F , nonJ^{aeu cerb, Koropaf, 6y4en opxermr-
poBaHa B oAlrou (noaoxrreaanou) nanpauleHll. B grou cJtJ tae o6ecne-
qflBaerca cnet+{aJrxgar[rfi oyHril$f BHtilcfitrerer B cerr{, T.e. BHr{xc-
Jlr/rreJrb c r(oopArHaratrlt (1 J.) Bcen.qe 6yget BunoJrHaTb o6naqerue
(rrr)-uatpnr-H (Ae,renxe &,rf, qrenoBono Bap[aHra a.nnoprtra), Butn{c -
,rrrenfl nepBor crporol (1 J) ,! nepBoro crol6qa (r,1) cern (1 =r s
S N) - ocyqecrBJlf,Tb nporgBe.q,eHr{er a Bce ocraJrbHue - Marp[rrr]4o
onepaqlp HarorureHrr. 0gnaro BpeMf, BHnoJIHeHnf, aJrropl{Tua B AaHHoM
crJ {ae 6yger 6oauure, TaK kar Berrr{qt{Ha r.(n) = $(n - 1).

3anenxu ral(re, qro npr rpexMepHorY rt AByyepHoF peaJrtrgarflfix ar-
noprrua npnBegeHHaf, Bule cncreMa ypaBHeHxtr, (lr) 4exrnuecftlr fiBJrf, -
eTcf, flporpanMofi, KoTopafi oI[rcHFaeT [oeneAoBaTenbHoctb AeircTB[f,
o.q{HoqHono BuwcJruTenf, B TpexuepHofi Hntr AB]nepHofi cer[. iiou erou

oytlKr-plr{ no npxeMy cooTBeTcTEypu${x AaHHE( saflaryTcf, f,BHo, a eyflK4(r{
no nepe.qaqe AgHHrrx - Hef,BHo.
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3. 0&rorepHaa peaangaqxa a.lroprtra. 0nxoreproe ocJnqecrBJreHxe
r.Horegtaa mnucnelorn rcet 6mr sa.qauo xnoFrrr cnoco6arlrr B SaBrclt-
rosrt,t or mr6pannono HanpaaJreH[f, npoeqxpoBan[f,

E= 4 no.qfPe@a S
nocrelpBare,rbHocTll

= (rE,E(r, J, E ))

I5

1tl

7r/
12 ./

21 20 19

tl to/ lo

AJIn E = Ir2r...1 [ Ha nrnelttyD
ceTb BHEtc,Il{telefi. Tar rerxar n
BH[er HAC l{HTepecyer Taroe Han-
paMeHxe npoerl+tx I, r(otopoe
o6ecneu{Baer ura t[ s,, ll ].Hernvn-
Ho no*aaatb, ,io rrr, .qa*oro aJr-
rop,rrua rarc{}.r rt,anpaaaemrRror 6y-
A3mt=(1,o) H 6J=(0,1),
oro6paxanqre npa{u $ Ha nxHefi-
Hlm cerb ll Srll = r no crpor(aM

l{Ju no cTor6rlar cooTBe'DcTBeHHo.

Ilpoe4rpoaanxe Fpa{oB no Ha[paB-
neHrn tJ = (11 ) onPegelaet
ceta ll srll .2N-1.

llpr oro6pareHn[ nocJleAoBa-

TeJrbHocrt{ npa4€B BAonb HaIIpaB -
JIeHUfi aI rJrX sJ ' ftaf,ryfi BH-

.rrclrteai .qo.mei o6pa,6olatr tra

BeIonH npa{a r' . Patmtppqaa

$ynn$f, npr oro6pareHrnr Hanptr-

uep BAoJIb e"t6yger [xerb BrA:
t1(ry) = 1na)(r-r) + | r-1 | +

+ llr 19 (r-rA) ] uod r-1 I . 3na-
qeHHa AtOtr {J/Hnptr noKasaHH rtJ/H-

KTrpHur tr JlllHnf,r.r na prc.6 AJIa

crSrqaa lt = 4. JloralunaR IIarrTb
rarAono BHrrlrcJlliTeJlf, ceTr cocTaB-
rf,er rpn eror o(trr2) = o(a2/n )

caoa.Tax *"" ,f,3* = (1, tr-1, tr)
(cr.pnc.6),ro !.(tr) = [2+2[ - 3,
T.e. Bperf, oAHoxepHof, pearxsa -
rurl aJrropx"rar c !rue"ox Beca

uaTpllulon onepSu$rr cocraBlT B€-

z1c

.21?

/16

z1)

K=3
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\tz
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JtrErHy tr(r) o(rt) = o(trzrt) = o(atA ). Henpypro Jdq[rtbctr tno

or(r) = n.(r) + 1 = o(a'ltt). Tarn o6panor, cnpaaqltrlaa' TEOPEU3. 06paqeHxe (ara)-ratprqH' pas -
6rtoilf,rtrxret or (r=n/r)r rore! 6ut r ocy-
qectBreHo cerbD nsxJtrtnerBo GEfraaH-
HHx BHqrcnrteref,r c rorerbHofi na-
r.aTbr) trarAono o(natI)croBi 3a Bperr
o(n'/r) n n eproAor EHtlr creHtr ] or(r)=o(n'/n).

3alern, rrto B .qFHHor crJllrae nocrg,qgBaterbErfi aaoA./augoA

(ara)-ratprrs B ce?b He lrxyp{t nprrBe.qBrcu Bpa.efiHu oqexor.Ta -
rnr o6paaor, npn Heorpel[qeHHor napa[trenare (r = n) cetb ur n

nmellHo cBf,seHHlB Burilc,rilte[ef, ocllqectrBr" o6paqBwre (a r a) -rarFury
sa Bperf, Er(a) = o( na ), a n' talctx rarptll - 3a Bp€!.f, Er(aF) =

= o(m2 ). Jlora.mnaa narf,rb raAorro Buruqtrr?ern celn coclaBrt" fipt
eror o(u) caoa.

Caegyer o[rermb, trrorxo?n nocrqpflf, spoem r He sElf,elcn on-
,[[raJIbHHr gla caeg6oaura ruilerpaJlbHtc ctra, epo nctrotrbgoBanre
ran6oa'ee peenrctrtDlo B coBp.eHHEr lrc.f,onffi coo.q8rflfr c€lcil rs q!-
Hocxretrbrro ne6oarrono teicea (nopa.qra I0) cyqgcaporyc 6DlctpqAerct-
BJ,Du[o( OEl Erm AP-I20, 'SeerrporarraJf-?Ol' nan A-I2 [9,I0].
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