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MHOIOOBPA3UA 3EVMPEPTA N (1,1)-V3/bl
JI. I'pacceanu, M. Mynannanu

Annoranus. 1lens paGoTbl — U3yYUTh OTHOIIEHUsT MEK/ Iy MHOTOOOpasusimMu 3etidepra
u (1,1)-y3namu. B gacTHOCTH, JIOKA3aHO, YTO KaXK/J10€ OPUEHTHPOBAHHOE MHOroobpasne
Beitdepra ¢ nasapuantamu {00,0 | —1;(p,q),...,(p,q), (,,l — 1)} nmeer dynnamen-
—_— ——
n pa3s

TaJIbHYIO TPYIILY, UK/IITIECKH KolpeacTasumyio B e Grn((z{...2%) x,P), u, 6omee

TOTO, SABJISETCSH N-JIUCTHBIM CTPOTO IMUKJIUIECKUM HAKPBITHEM JIMH30BOI'O ITPOCTPAHCTBA
L(|nlg—p|,q), pasBerBiennsiM Haj (1, 1)-y3nom K(q, ¢(nl—2),p—2q,p—q), ecnu p > 2q,
u nay (1,1)-ysnom K(p — q,2q9 — p,q(nl — 2),p — q), econ p < 2q.

Kuarouesble cioBa: muoroo6pasue 3eiidepra, (1,1)-y3ubl, pasBeTBIEHHOE IUKJINYE-
CKO€ HaKpBITHE, IIUKJIMYECKU KOIIPeJACTaBuMasi IPYIIa, JuarpaMMa Xeropa.

§1. Benenue

PasBeTB/IeHHbIe TNKIMYeCKIe HAKPBITHS Y3/I0B B S° ¢ IMIUK/IMIECKN KOIPEICTaB-
JIEHHBIMU (DyHIaMEeHTaJIbHBIMY I'PYIIIIAMU B [TOCJI€IHIAE T'O/[bl THTEHCUBHO UCCJIEI0Ba~
sck MHOrmMH aBTopamu (cM. [1-10]). VIX pe3ysbTaTsl BKIIOYEHbBI B €CTECTBEHHbIH 1
Gouiee obmmuit kourekcer B [11], rae mokazano, uro dyHIaMeHTaIbHAA IPYIIIA KAXK 0
I'0 N~JIECTHOTO CTPOIO HUKJIUIECKOro HAKpbiTus (1, 1)-y3sa moyckaeT IuKJInIecKoe
KOIIPeJICTaBJIeHNe, KoaupyeMoe Juarpammoit Xeropa poga n. B [12] stor pesysnbrar
OBLI yJIydIlleH yKa3aHWeM KOHCTPYKTHBHOTO ajlOPUTMAa, KOTOPBIA B TOYHOCTH JA€T
[UKJIAIECKOE KOIIPEJICTABIIEHNe, CTapTysl ¢ Konpejcrapierus (1,1)-y3na B TepMn-
HaX IPYIIBI KJIACCOB OTOOPaXKeHU Il IBAK IbI IPOKOJIOTOro Topa (1oapobHee 0 TaKOM
KolpesicTaBieHnn cM. [13]).

B [14] JauByau BBEa KJIacc MHOTOOGPa3Wii, 3aBUCSIIMX OT IMIECTH ITEJIbIX Ha-
paMeTpoB, TaK Ha3bIBaeMbIX MHOroobpasuii JIaHByIM, UMEIOIUX IUKJINIECKH KO-
npescTaBieHHble dbyHIaMeHTanbHble rpymnbl. Kak gokasano B [15, 16], cemeiicTBo
MHOTO00Opasmit JlaHBy M COBIAMAET ¢ CeMEHCTBOM CTPOTO IUKINIECKNX HAKPBITHIA
JIMH30BBIX TIPOCTPAHCTB (BOo3MOKHO, S3), passersiaennbx mHas (1,1)-ysmamm. Kak
cirepcrBue, Kaxapli (1, 1)-y3es MoxkeT ObITh 3aaH YETHIPbMsl IIEJIBIMA YUCIAME
a, b, ¢, r, u Mbl Oynem obosHauats ero yepes K (a,b,c,r).

B sr10it pabore MBI TOKa3bIBAEM, ITO OpUEHTUPYEMOe MHOTOOOpa3ue 3eiidepTa
¢ UHBapUAHTAMU

{007 0 | 71; (pv Q)7 R (pv(J)v (lv l— 1)}
~—_——
n pas
nMeer DYHIAMEHTAJIBHYIO TPYIILY, H30MOPMHYIO MUKJINIECKHA KOIPEICTABICHHON

rpyne Gy, ((2f ... 21) z,P), n sBAsIeTCA N-JMCTHBIM CTPOTO IUKJIMIECKIM HAKDbI-
THeM JmH30BOro npocrpancrea L(|nlq — pl,q), passersienabiM Haz (1, 1)-y3mom
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H H'

Puc. 1. dexkommnosunus (1, 1)-y3ua.

K(q,q(nl —2),p—2q,p—q), ecmm p > 2q, u maz (1, 1)-yznom K (p — q,2q — p, q(nl —
2),p—q), ecm p < 2q.

8§ 2. OcHoBHbIE 0003HAYEHUS

Koneunoe 6asancupoBanHOe KOIPEACTABICHUE IPYIIbL (X1, ... , Ty | F1,. .. ,Tp)
HA3BIBAETCH YUKAUMECKUM KONPEOCTNABAEHUEM, ECTTA CYTIECTBYET CJIOBO W B CBODOI-
Hoit rpymme F,,, MOPOXKIEHHOM 1, . .. , Ty, Takoe, uto 15, = 0¥ H(w), k = 1,... ,n,
rae 0 : F,, — F, o6o3Havgaer aBTOMOPMU3M, OnpeiessieMblil 110 npasmiy 0(x;) =
x;1 (mHmexenl GepyTes mo mod n), ¢ = 1,...,n. Dro KonpenacrasieHue (U Co-
OTBETCTBYIOIIAs rpynma) oyayr obosnadarbes depes Gy, (w). Bosee mogapobuo cM.
B [17].

Vsen K B 3aMKHYTOM CBSI3HOM OPHEHTHDPYE-
Mom 3-muOroo6pasun N naswisaercs (1,1)-ysnom
€CJIU CYIIECTBYET CILIETEHUE Xeropa poja OIuH

(NgvK) - (HvA) ULP (H/7A/)7

rne H m H — nonmmoropun, A C Hu A’ C H' —
COBCTBEHHO BIIOJKEHHBIE TPUBHAJIBHbIE IyTH ), & ¢ :
(OH',0A") — (0H,0A) — nupucoeIuHSIIONMHA T0-
meomopdusm (puc. 1). Ouesmmno, N3 oxasbisa-
€TCsl JIMH30BBIM IIPOCTPAHCTBOM L(p, q), BRIIOUAs
S3 = L(1,0) u 82 x S = L(0,1).

Xopotio uzsectHo, 9To cemeitcrio (1, 1)-y3i08
COJIEPKUT BCE TOPUIECKUE Y3JIBI U BCE JIBYXMOCTO-
BBIe Y3716l B S3. B mociesHee BpeMs HEKOTOPbIE
Torosioruyueckue ceoiicTsa (1, 1)-y3i108 6butu ucce-

JIOBAHbI BO MHOTUX IIyOJIUKAIUAX (CM. JIUTEPATYDY
Puc. 2. JInarpamma Xeropa B [13])-

st K(a,b,¢,r). Komnpencrasienue (1,1)-y3108B 4eTBepKOii 116~

JIBIX TIapaMeTpoB paspaborano B [16] (cM. Takxke

[18]). Kaxkmerit (1,1)-y3es, KpoMe eJIMHCTBEHHOTO

@ HCKJTIOUeHns] — «cep/eBuHnoro» yaa { P} x St C

S2 x S!, MOXKeT 6BITE IpPeICTABICH eTEIPLMS HeOT-

PUIATEIBHBIME NEJIBIMA IUCIAME a, b, ¢, 7 1 Oyer

Puc. 3. oboznavarhes yepes K (a,b, ¢, r).

(1,1)-Vzen K(a,b,c,r), tne a + b + ¢ > 0, gomyckaer ecrecrsenroe (1,1)-
pasomenue (H, A) U, (H', A’), onucsiBaemoe auarpaMmoii Xeropa pofa OLUH, IPH-
BEJIEHHOM Ha PUC. 2, TJie METKH @, b 1 ¢ 0003HAYAIOT COOTBETCTBYIONIEE TUCIIO TAPA-
JIETTBHBIX JIyT, W CKJIenBanue MexKry okpyzxkuoctamu C’ u C” 3aBucut ot mapamerpa
CKpYy4MBaHHs T IIOIAPHO OTOXKJIECTBJIAIOTCS BEPHIMHLI C OJMHAKOBBLIMH METKAMMN
(oTMeTnM, 9TO 7 MOXKeT GBITh B3sITO 110 MOJYJIO 2a + b + ¢).

H

310 osHauaer, aro cymecrsyer auck D C H (coorBercTBerno D’ C H') Takoii, ato AND =
ANOD =AudD — A C OH (coorsercrBerno A’ N D' = A’ NoD’ = A’ u 8D’ — A’ C OH').
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Puc. 4.

Puc. 5.

Kak mpocroe ciaencreue Teopemsr 3eithepra — Ban Kammena nmeem, aro GyH-
JlaMeHTaJIbHast IpyTia jonosHenus K (1, 1)-y3uy (Tak e, Kak U €ro neppas TpyIia
roMOJIOTHi) NOPOK/IeHa JABYMsI NeTasMu o,y C OH, n3o6parkeHHBIME HA pHC 3.

B § 3 mam nonagobuTcs cieyIomuil pe3yabTar.

Jlemma 1. (i) Econ a u ¢ — HeoTpuiiaTebHbIE 1jeIble dncaa takue, 4ro ged(a, ¢)
=1, o K(a,0,¢,a) sBasercst (1,1)-y3mom B ma30B0M npoctparcrse L(c, a).

(ii) Ecam a,b,c — HeorpuiaTesbHbIE Hejble ducia Takue, 9ro ged(a — ¢, b + )
=1, To K(a,b, c,a) ssusercs (1, 1)-yzmom B smmuzoBom npocrpancrse L(b+ ¢, a+b).

(iii) Ecam a,b,c — HeorpumaresbHble Lejble 4ucaa rTakme, 9ro a > 0 u
ged(a,b—c) = 1, To K(a, b, ¢, a+c) sasiercs (1, 1)-y3/0M B IHH30BOM IPOCTPAHCTBE
L(|b — ¢/, a).

JIOKA3BATEJIBCTBO. Kak nokazano B (18], K(a,b, ¢, r) sxsusanenren K (a,c,b,
2a+b+c—r),u K(a,0,c,r) sxsusanenren K (a, ¢,0,r). Kak crencreue, K(a,0,c,r)
sksuBasienTel K (a,0,¢,2a + ¢ —r).

(i) Ecom a = 0, To ¢ = 1, u pesyabrar ouesuieH. Ecam 0 < a < ¢, TO, IpUMeHsist
nsukenne 3unrepa [19] runa 1B, npusenentoe Ha puc. 4, mojydaeM KAHOHUYECKYIO
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marpammy Xeropa mist L(c,a). Ecan a > ¢, To japukenne 3uHTepa, IPUBEIEHHOE
Ha puc. 5, npeobpasyer juarpammy K (a,0,c,a) B muarpammy K(a — ¢, ¢,0,a — ¢),
skBuBaJsieHTHYI0 K (a — ¢,0,¢,a — ¢). Tlockonbky L(c,a — ¢) romeomopduo L(c, a),
Pe3yIbTAT CJIEIyeT U3 MPEJbIAYINEro Ciaydas a < C.

(i) Ecau b = 0, To pesyabrar BoiTekaer us (i). Ecsu b > 0, T0 npu BbloJHEHUN
JBIDKEHNs 3UATepa, Kak Ha puc. 6, muarpamma K (a,b, ¢, a) mpeBpamaercs B mua-
rpammy K(a—1,0+1,c—1,a—1). Ecim a < ¢, TO T0CTI€ BBINOIHEHNSI IBUXKEHUST
pa3 Mbl nosaygaem guarpavmy K (0,b+ a, ¢ — a, 0), KoTopas SBIsSeTCs KAHOHUIECKOH
nuarpammoii Xeropa L(b + ¢, a + b), mockoabKy

ged(a +b,b+¢) = ged(a — ¢, b+ ¢) = 1.

Eciu a > ¢, To mociie BBIIOJHEHUsI TBUXKEHUS ¢ Pa3 Mbl HOIydaeM JUArpPaMMy
K(a—c¢,b+¢,0,a — c), sxBuasnenrnyio K(a — ¢,0,b+ ¢,a — ¢). Tenepsb pesysibrar
crenyer u3 (i), Tak kak L(b + ¢,a — ¢) romeomopduo L(b + ¢, a + b).

(iii) TTockonbky K (a, b, ¢, a+c) sxkBuBasenten K (a, ¢, b, a-+b), MbI MOKeM Beeria
cauTaTh, 9To ¢ < b. Ecim ¢ > 0, To IIpH BBIIOJIHEHUN JBYKCHUS SHHTEpa, KaK Ha
puc. 7, nuarpamma K (a, b, ¢, a-+c) npesparaercs B nuarpammy K (a,b—1,¢—1, a+c—
1). Tlocse BBIMOTHEHWST TBUKEHUI ¢ pa3 MBI osrydaem auarpammy K (a,b— ¢, 0, a),
Koropas sKkpuBasenTHa K (a,0,b — ¢, a). Teneps pesyabrar cieayer us (i).

Ormerum, uro, nockosbky K (a,b, c,a + b+ ¢) sxksusasnenren K (a,c,b,a), y3en
K(a,b,c,a+ b+ c) asagercs (1, 1)-y3nom B smmazoBoM npocrpaucrse L(b+ ¢, a+ ¢),
ecm ged(a —b,b+¢) = 1.

n-JlucrHoe mukimdeckoe Haxpbitie M3 3-mmoroobpasus N2, passeTsiieHHOE
nag ysinom K C N2, HazbIBaeTcss cmpoezo UUKAUMECKUM, €CIN MHIEKC BETBJICHNSA
MHO>KecTBa K paBen n. DTo o3HadaeT, uro cjaoil B M?> Kaxkoit Toukn y3ma K co-
CTOUT U3 OJHOW TOYKH. B 3TOM CjIydae rOMOJIOTHYECKHil KJIACC 11 MEPUIMAHHON
nerm Bokpyr K 1ipu oTobpaskenun MoHoapomin w : Hi (N3 — K) — Z,, nakpbeitus
oT0o6pazkaeTcs B IOPOK AUl rpyuibl Z;, (¢ TOYHOCTHIO JI0 SKBUBAJEHTHOCTH MBI
BCerjJia MOXKeM CUUTaTh, 910 w(m) = 1). OrTMeTnMm, 4TO pasBeTBICHHOE IUKJIYIE-
cKoe HakphITHE y31a K B S Beerfa sIBJIS€TCS CTPOTO IUKJIMYIECKAM U OIIPEIEIISTETCs
OJTHO3HAYHO C TOYHOCTHIO JIO SKBUBAJIEHTHOCTH, TOCKOJIbKY H 1(S3 — K)~Z. Oue-
BUIHO, 9TO CBOUCTBO HE OCTAETCs BEPHBIM JJIs y3J1a B OoJtee 00IIeM 3-MHOT00Opa3u.
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Puc. 7.

Heobxomumble 1 JOCTATOYHBIE yCIOBUSI CYIIECTBOBAHUA U €IUHCTBEHHOCTH CTPOTO
[UKJIMYECKUX Pa3BeTBJICHHBIX HaKpbiTuil (1, 1)-y37108 nosydenst B [12].

§ 3. OcHOBHBIE pPe3yJIbTaThI

ITycrb n, p, g, | — HOIOXKATEIBHBIE TIEJIbIE YHCaa Takue, 9To ¢ < pu ged(p, q) = 1.
Hanee gepe3 X(n,p, q,l) Mbl o6o3HadaeM opueHTHPyeMOe MHOrooOpasue 3eiidepra
[20] ¢ nHBapHaHTAMEI

{00,0| =15 (p,q),---,(p, @), (l,l = 1)}
~—_——

n pas

¢ POCTPaHCTBOM Op6HT S2, MMeroIiee N NCKTIOUUTEIBHBIX CI0eB THTa (P, q) U pH
I > 1 uckirounrenbubii caoit Tuna (1,1 — 1).

Ormerum, 9TO, B 9aCTHOCTH, MHOr0OGpasus 3(n,2,1,1) — 910 B TOYHOCTH MHO-
roo6pasust Hoitsupra M,,, BBenenubie B [21], usyuasmuecs B [22] u obobuiaBmuecs

B [23-25].
IIpennoxenue 2. DymiamenranbHas rpymnna Maoroobpasus L(n,p,q,l) sas-

. . I _
JISI€TCsI UKJIMIECKH KompeacTasuMort rpymnmnoit G, (w), rie w = (x'f .. x%) x,P.

JIOKABATEJIBCTBO. Cornacuo [26] cranmapTHOe KOIpPEICTABJIEHUE TIPYIIIbI
G =m(X(n,p,q,1)) umeer Bug

(Wis- s ynsy b | s bl [y k), oPR% 'Ry gy i =1, ).

IMockonbky ged(p, g) = 1, cymecrBytor «, 3 € Z takue, aro ¢ — pa = 1.
13 coorHomrenuit mmeem 3 hl 1 = (yh)lh_l. IIpu BBeseHNN HOBOT'O TTOPOXKTAIO-
mero r = yh KOmpeCcTaBjeHne IIPEBPAITACTCA B

(y1,-- - Yn.x, b | [y, hl, [z, B, y7h, 2h7 oy oy i =1, ,n).
B

%

Temneps ompenenum x; = y
npejcrasienne st G:

h® nng ¢ = 1,...,n, 9TOOBI MOJIYIUTH HOBOE KO-

<y1"" ’yn’x’h’$17"' » T, | [yi’h]a [.’Il,h], y:inhqa
2y g R =1 ,n).
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13 coorHoIennit HaxO UM

wf = "1™ =y PRI = (g7 ) = g

-1 By -1 -1
a? = yPP R = PRIt = (yPp?) Rt = p
C.J'Ie)ZLOBaTGJ'H)HO7 G JOITYCKaeT KOIIpeJACTaBJICHUE

qp
’

<x,h,:cl,... T | 2], 2, [:L',:L'l], zPx;

B L B zi_lscgﬁsci_pa, athyi=1,...,n),
KOTOpOE, OYeBHIHO, IIPHBOIATCA K

Ip—1 g Pp. i
<:c,h,:r1,...,:cn|zh yal.oxle, 2lhy i=1,...,n).

-1 -1
i — (0 — (0
Us coornomennit nomyuaem x = (zf...22) " uh = (2f...2%) . Cuenosa-
TesibHO, (G JIOMYCKAaeT KOIIPEICTaB/IeHTEe

l .
(1, zn | (2. 28) 2P i=1,...,n),
KOTOpOE 9KBUBAJIEHTHO
I _ — .
(w1, ..z | (2. 28) @, P, ala P i=1,...,n—1).

s nokasarenbcrBa uzomopduocru G u G, (w) JOCTATOYHO II0KA3aTh, UTO
HOPMAaJIbHbIE 3aMBIKaHUsI B CBOOOIHOI rpymie Fj, MHOXKeCcTB

{w,ala Py i=1,...,n—1} u {w,0(w); i =1,...,n—1}

COBIIAJIAIOT.
D10 mocTUraeTCs ¢ y4eroM TOro, 4ro, noJarad w; = 6'(w), umeem

—-1_4q . -q __ D .—D - _
Wy X Wi1T = XL A =1,.00,m — 2,
-1 .q,,.—q _ ,.P —p —q p.—D p -p\\ 1,9 _
w, riwr, ! =z, x,", T w((w1x2 ) . (anxn )) ] = w1,
-q,, P .=P),.q _ s _
z; wi,l(zi_lzi )zi =w; aaai=2,...,n— 1.

B cuity TpuBmasbaOro dakra, aro muoroobpasmue 3etidepTa ¢ OHUM WA IBY-
Msl CHUHIYJISIDHBIMU CJIOSIMU #BJISIETCsl JIMH30BBIM MpOCTpancTBoM (cM. [26]), Gymem
canTaTth, 9o n > 1 ul > 1 upu n = 2.

Teopema 3. Muoroobpasue 3eiipepra X(n, p, q,1) saBjsieTcst n-JIUCTHBIM CTPO-
ro NUKJIXIeCKUM HaKPBITHEM JIHH30Boro npocrpanctsa L(|nlq — pl, q), passersien-
e Hag (1, 1)-yzmom K(q, q(nl — 2),p — 2q,p — q), ecam p > 2q, u Haz (1,1)-y310M
K(p—q,2¢—p,q(nl —2),p—q), ecom p < 2q.

JTOKA3ATENBLCTBO. (i) [Momoxkum p > 2¢. ITo n. (iii) semmbr 1 K = K(q, g(nl—
2), p—2q,p—q) asagercs (1, 1)-yznom B L(|nlg—p|, ¢). IIpeanosoxkum renepn, uro K
JIOTIYCKAET N-JIMCTHOE CTPOTO MUKJINIECKOe passeTsiaennoe Hakpoitue Cy, (K), ompe-
Jenstemoe yeoBusMu w(a) = 0 n w(y) = 1. B arom caygae C,, (K) sBiseTcst MHOTO-
ob6pasuem Hausymu D(q,q(nl —2),p —2q,n,p—q,0) (em. [15,16]). Oupenensitomast
ero guarpamMma Xeropa pojia 1, UMEIOmas IUKJINIECKYI0 CUMMETPHIO MOPIIKA 1,
npuBejieHa Ha puc. 8, rae a = ¢,b = q(nl — 2),c = p — 2q, r = p — ¢, 1 OKPYKHOCTH
C! noskHa ObITH IIpHUKJeeHa K OKpyxkHOoCcTH C)' 7yist ¢ = 1,... ,m B COOTBETCTBUU C
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Puc. 8.

Puc. 9.

HapaMeTpoM CKpy4HMBaHHsA 7. UTOOLI yOeIuThCs B TOM, UYTO yKasaHHAs JarpaMMa
JIEFICTBUTEILHO TIPEJICTABIISIET MHOTO00pa3ne, yI06HO PacCMOTPETh KJIETOYHOE Pa3-
6uenne, JBOCTBeHHOE pa3bMEeHNnIo, aCCOIMUPOBAHHOMY ¢ auarpammoii. Ilpu Takom
nozaxoze Cp,(K) monydaercs HOIApHBIM OTOXKJIECTBICHAEM 00j1acTeil 2-KJIETOIHOrO
pa30ueHms IPaHuIbl 3-mapa, Kak n300pakeHo Ha puc. 9. Pazdbuenne cocrout us 2n
obnacreii: RY,..., Rl Bokpyr cesepHoro momoca N u RY,... R! BOKpyr 10:KHOTO
noJoca S, coorsercryomux nukiam Cf u Cf nnarpammel. Pebpa pastuenns coot-
BETCTBYIOT JyraM JuarpaMMBbl cieayiomuM obpaszom. Iomocer S u N coeauHeHb 1
MepUIHaHaMI, I KaXK bl MepHanaH m; cocTasiiel u3 nlg pebep e; ; (j =1,... ,nlq)
or S k N, 6osnee Touno, q pebep or S 1o B;, g(nl —2) or B; no A; u q or A; no
N. Bosee Toro, qst i = 1,... ,n ayra a;, coeauusiiomas B;_1 ¢ A;, cocraBiieHa u3
p—2q pebep e ; (j = 1,...,p—2q). Ormernm, aro mpu p = 2¢ (1. e. p =2 m
q = 1) roukn B;_1 n A; cosunanator. st monyuennss Cy,(K) obmacts R, npukie-
nBaercsa K R st i = 1,... ,n TaKAM MEHSIOIINM OPHEHTAIUIO TOMEOMOPGhU3MOM,
uto Touka S w3 R/ cosmermaercs ¢ Touxoit?) B;_y w3 R;. Tlpu TakoM ckiensanum

2)MHaeKe i PACCMATPUBAETCS 10 MOIYJIO M.
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Puc. 10. Cayuait p > 2q.

. — N — !/ -
nMeeM: em» = €i—14q A2 7 = 1,... ,q(nl — 1), ei—lj =g A j = 1,...,q,
! N —
€ = eZJ+q ang j =1,...,p—3qu e”, 3¢tk = e,q(nl—1)+k g k= 1,...,q.
Kak pesynbraT Bcex OTOXKIIECTBICHUH, MOIYIAEM € j = € jing = ' " = € jin(l-1)q
g j = 1,...,ng u, 6o7ee TOro, €1 j = €; 4(ni—1)+; g j = 1,...,q. llockombky

ged(p, q) = 1, Bee pebpa ayr SB;—1, Bi—1A; u A;N ckienBaiorcsa u Mbl OyeM HC-
HOJIb30BATH JUisl HUX o0o3HaveHue x;. CremnosarensHo, g(nl — 2) pebep nyru B;A;
TAKOBBL: ¢ K3EMIUISIPOB T; (1, ¢ K3EMIUIAPOB Tj;2,...,q dK3eMIapos x; (I — 1
pas) u, jajee, ¢ SK3EMIUISIPOB T'j |1, ¢ SK3EMIUISIPOB X; 12, ... ,J IK3EMIUISIPOB ;o
(puc. 10). IMockoubKy Kaxkioe pebpo ; HOABJISETC P pa3 IIOCIEI0BATEIbHO, €ro
KOHIIBI COBIIQIAIOT. DoJiee TOro, Tak Kak KaxK70oe pedpo T; mMeeT KOHIIOM S, Kje-
tounoe pasbuenue C, (K) cocTout u3 onHO BepIIUHBL, N pebep, n obaacTel 1 OIHO-
ro 3-mapa. ITo xpureputo 3eiidepra Cp,(K) qeficTBUTENBHO ABIAETCS 3aMKHYTHIM
OPHEHTHUPYEMBIM 3-MHOT006pa3ueM.

Bosee toro, m1(Cy(K)) momyckaer GaaHCHPOBAHHOE KOIPEACTABJICHUE C II0-
POXKJAIONMMHA L1, ... ,Tn U COOTHOIICHUSIMU, IOJIYyIAEMBIMEA IIPU OOXOJE TDAHMUIL
obmacreit R]. Kax cnencreue, 71(Cy(K)) pasna Gy ((zf. .x%)lx;p) U, 3HAYWT,
usomopdua 11 (X(n, p, ¢,1)).

Hust nokasarenbersa Toro, uro Cn(K) u X(n,p,q,l) nefictBurenbHO romeo-
mopdubl, 3amernM, aro 71 (Cy(K)) MMeeT HETPUBHAIBHBINA IeHTP. Takum oGpa-
zoM, Cy,(K) nubo mpocroe, mmbo sipisiercst cesazHoit cymmoit Cp, (K) = M#M', tie
w1 (M) Tpusnasnba, a M npocroe u 7 (M) = 71 (Cy (K)).

Ecmun X(n,p, q,1) asaserca 6osnbmumM (B cMbicae [26]), To M rtakxke Gosbinoe
muoroobpasue 3eiidbepra (cm. [27]). Hosromy M u 3(n,p, q,l) romeomopdHbl, npu
9TOM uMeroT poj Xeropa 1o kpaiiHeil Mepe n — 2 (em. [28]). Ecoum M’ He romeo-
mopdro S3, To ero pos Xeropa npesocxomut asa u Cy, (K ) numeer pos Xeropa 6oitee,
gem n. Ho 310 HeBO3MOXKHO, mockosbKy C, (K) momyckaer cruterenne Xeropa poja
n [11]. Crenosarensrno, M’ = 83 u C,,(K) = X(n,p, q,1).

Ecmu X(n, p, q,1) He siBisiercst GOABITMM, TO UMEET MECTO OJJHA U3 CJIELYOIIIX
BosMOXKHocTel: (a)n =3, p=2,¢q=1=05Db)n=2,p=2¢=1,1>1;
(c)n=2,p=3,q=1,1=2. Ilockoabky mia ¢ = 1 naunoe pazduenue C, (K)
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Puc. 11. Cayuait p < 2q.

coBnaiaer ¢ pasbuennem P(p, ... ,p;l), npuBeqeHHbIM B [25], pesyabrar ciemyer u3
[25, npemnoxenne 4.1].

(ii) Iycrs p < 2¢. o n. (ii) semmbr 1 K (p —q,2q — p, ¢(nl — 2), p — q) aBasierca
(1,1)-y3mom B L(|nlq — p|,q). Teunepn npemamnosnoxum, uro K noryckaer n-JucTHOE
CTPOro IWKJINIecKoe passersienHoe Hakpeitue Cp(K), ompenensiemoe w(a) = 1
u w(y) = 1. B srom cayuae C,(K) siBasercss muoroobpasuem lansymn D(p —
4,29 — p,q(nl — 2),n,p — q,1). Omupezensiromasi ero auarpamMma Xeropa poja 1,
HIMEIOIIas MUKIMIECKYI0 CAMMETPHUIO OPAIKA 1, IPUBEACHA Ha PUC. 8, TIe a = p—¢,
b=2q—p, c=q(nl —2), r=p—q, u okpyxkuocrb C} g0/KHa ObITH IPUKJIEEHA K
oxpyxnocru Cj' | aast i = 1,... ,n B COOTBETCTBUH C HAPAMETPOM CKDPYYHBAHUIA 7.
BHOBB mpejmovuTHTENbHEE OOPATUTHCS K JBOMICTBEHHOMY pasbuennto (cM. puc. 9).
Tenepsb KaKIplii MEPUINAH COCTABJIECH U3 P pebep, a nMeHHo p—q u3 S B B;, 2¢—p u3
BB A;up—qu3z A; B N. Bonee Toro, ayra, coenunsomas B; 1 ¢ A;, cocTaBjieHa
n3 q(nl — 2) pebep. dust momyuenns C,(K) obmacts R)_, npukienBaercs K RY
TakuM 06pazoM, uro touka N u3 R]_, oroxmecTBigercs ¢ Toukoit B;_1 n3 RY.

CosepIieHHO aHAJIOTHYHO ¢ 1I. (1) JIErKO BUJIETH, UTO CKJIEMBAHUE TPUBOIUT K
kyrerouHoMy pasbuenuto Cp, (K), cocrosineMy u3 o7iHOI BepumMHbI, N pebep, n obia-
creit n ogHOrO 3-mapa (cMm. 2-octos Ha puc. 11). Hostomy 71 (X(n, p, q,1)) usomopd-
Ha 1 (Cr(K)) u 3(n,p,q,1) romeomopduo Cp,(K), KOrJa OHO ABIACTCA GOJIBIINAM.
Enuncreentoe Bo3HHKamIee mMajoe MHOroodpasme 3eithepra COOTBETCTBYET CIIy-
qato n = ¢ = | = 2, p = 3. Jljg mosyvYeHus pesyabTaTa JOCTATOTHO JTOKA3ATh,
aro D = D(1,1,4,2,1,1) siBisiercst 2-TMCTHBIM HAKPBITAEM S3, pa3sBeTBIIEHHBIM HaJI
y3aom Montecunoca m(—1;1/2,2/3,2/3) (em. [29, ru. 12]). duarpamma Xero-
pa poma mBa mist D mpusemena ma puc. 12, rme okpy:kHOCTH C)] (COOTBETCTBEHHO
CY) momkHa GBITH OpUKJIeeHa K OKpy2KHOCTH CY (coorBercTBenno Cf') TakumM obpa-
30M, YTO OJMHAKOBO IIOMEYECHHDBIE BEPIIMHBI OTOXKICCTBIAIOTCA. [IpuMeHenne K 3Toit
muarpamme agropurma Takaxamm [30] (kak m3o0pazkeHO Ha puc. 13) MOKa3BIBAET,
4TO MHOroobpasue I sBJIsieTcsl 2-JIMCTHBIM Pa3BeTBJICHHLIM HaKpbITHeM yaia K,
IIPEICTaBIEHHOTO 3-MOCTOBOII AuarpaMmoii Ha puc. 14. 13 3Toil quarpaMMbl JIerko
HAXOIWUTCS KOIpecTaBienne BupTunrepa byHIaMeHTAILHON IPYIIILI TOMOTHEHAS
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K K:

(S —K) = (z,y, 2 | yz tezy oy e ey 2T e ey ez ey T e ey ).
[Tosmaom Asekcanepa jyiss K MoXKeT ObIThH IOJIYYEH CTAHJIAPTHBIM IIPUMEHEHUEM
muddepennmanbroro ncuncienns Poxca (em. [29, rir. 9]), u Mbr umeem Ak (t) =
1 — 4t + 52 — 4¢3 + t*. TlociaenoBaTeIbHOCTBIO TIpeobpasoBanmii Peitnemeiicrepa,
TIPUBEJIEHHON Ha puc. 15-17, y3en K mpuBoguTcd K AuarpaMme ¢ 9 JTBOWHBIMU TOY-
kamu Ha puc. 17. Ilockonbky y3en 81 u3 tabaumsl Posidcena siBiasercs enHCTBEH-
HBIM y370M mopsaaka < 9 ¢ mommmaoMoM Asekcammepa 1 — 4t + 5t2 — 413 + t* (em.
[31, Taba. 3]), To K u ectb y3ea 821. Tak Kak 821 siBaisiercst y3aom MoHTecHHOCA
m(—1;1/2,2/3,2/3) (cm. [31, Tabu. 2|, rae UCHOIL3YIOTCS CIIEKa OTJIMYAIOIIHECs
0003HaYEHNS ), YTBEPKICHUE JIOKAZAHO.

Ormerum, 9T0 TeopeMa 3 YTOUHSET U PACIIUDSET Pe3yJbTarhl [32, Teopema 4.2;
33, Teopema 5.1]|. JToKa3aTeabCTBO TEOPEMBI 3 JIAET TAKIKE CJIEYIONNI Pe3yIIbTaT.

CuaencrBue 4. Muoroo6pasue 3etipepra X (n,p, q,l) sBasercs MHOroo6pasn-
em Jlausymu D(q, q(nl—2),p—2q,n,p—q,0), ecu p > 2q, u muoroobpasuem lauByiu
D(p—q,2¢ —p,q(nl —2),n,p —q,1), ecom p < 2g.

3AMEYAHHUE. Ilockombky X (n,p,p — 1,1) = X(n — 1,p,p — 1,p), a10 MHO-
roobpasne OJHOBPEMEHHO SIBJISETCA N-JIACTHBIM CTPOTO IMAKJITIECKAM HAKPBITHEM
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JmH30BOro npocrpadcrea L(pn — p — n,p — 1), passersienunim Hag (1, 1)-y31a0m
K(l,p—2,(p—1)(n—2),1), u (n — 1)-JIMCTHBIM CTPOrO IUKJINICCKIM HAKDPBITHEM
smmH30BorO ipocrpancTBa L(p(pn —p — n),p — 1), passersiennbiM Hag, (1, 1)-y3m0M
K(l,p—2,(p — 1)(np —p—2),1) upu p > 2. Bousee Toro, mHOorootpasue Hoii-
supra M, = X(n,2,1,1) = X(n — 1,2,1,2) 0JHOBPEMEHHO ABJSETCS N-JIUCTHBIM
CTPOrO IUKJIMIECKUM HAKDPBITHEM JIMH30BOro npocrpancrsa L(n — 2,1), pa3sers-
gerabiM Hag (1, 1)-y3mom K (1,n—2,0,1), u (n — 1)-JMCTHBIM CTPOrO IUKJIXIECKAM
HAKPBITHEM JIMH30BOr0 npocTpancTsa L(2n—4, 1), passersiaenabiv Ha (1, 1)-y3mom
K(1,2n—4,0,1).

10.

JINTEPATYPA

. Bandieri P., Kim A. C., Mulazzani M. On the cyclic coverings of the knot 52 // Proc. Edinb.

Math. Soc. 1999. V. 42, N 3. P. 575-587.

. Cavicchioli A., Hegenbarth F., Kim A. C. A geometric study of Sieradsky groups // Algebra

Collog. 1998. V. 5, N 2. P. 203-217.

. Cavicchioli A., Hegenbarth F., Kim A. C. On cyclic branched coverings of torus knots // J.

Geom. 1999. V. 64, N 1-2. P. 55-66.

. Cavicchioli A., Hegenbarth F., Repovs D. On manifold spines and cyclic presentations of

groups // Knot theory. Proc. of the mini-semester, Warsaw, Poland, July 13-August 17,
1995. Warszawa: Polish Acad. Sci., Instit. Math., Banach Cent. Publ. 1998. V. 42. P. 49-56.

. Helling H., Kim A. C., Mennicke J. L. A geometric study of Fibonacci groups // J. Lie Theory.

1998. V. 8, N 1. P. 1-23.

. Kim A. C. On the Fibonacci group and related topics // Contemp. Math. 1995. V. 184.

P. 231-235. (Second Intern. Conf. on Algebra. Barnaul, 1991).

. KimA. C., Kim Y., Vesnin A. On a class of cyclically presented groups // Proc. Intern. Conf.,

Groups-Korea ’98. Berlin; New York: Walter de Gruyter, 2000. P. 211-220.

. Kim G., Kim Y., Vesnin A. The knot 52 and cyclically presented groups // J. Korean Math.

Soc. 1998. V. 35, N 4. P. 961-980.

. Maclachlan C.;, Reid A. W. Generalised Fibonacci manifolds // Transform. Groups. 1997.

V.2, N 2. P. 165-182.
Becuun A. FO., Kum A. Y. JIpo6ubie rpynnsl Pubonauan u Muoroobpasusi // Cub. mar. KypH.
1998. T. 39, Ne 4. C. 765-775.



Mmuoroo6paszust 3eticbepra u (1,1)-y3uer 39

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

Mulazzani M. Cyclic presentations of groups and cyclic branched coverings of (1, 1)-knots //
Bull. Korean Math. Soc. 2003. V. 40, N 1. P. 101-108.

Cattabriga A., Mulazzani M. Strongly-cyclic branched coverings of (1,1)-knots and cyclic
presentation of groups // Math. Proc. Camb. Philos. Soc. 2003. V. 135, N 1. P. 137-146.
Cattabriga A., Mulazzani M. (1,1)-Knots via the mapping class group of the twice punctured
torus // Adv. Geom. 2004. V. 4, N 2. P. 263-277.

Dunwoody M. J. Cyclic presentations and 3-manifolds // Proc. Intern. Conf., Groups-Korea’94,
Berlin; New York: Walter de Gruyter, 1995. P. 47-55.

Grasselli L., Mulazzani M. Genus one 1-bridge knots and Dunwoody manifolds // Forum
Math. 2001. V. 13, N 3. P. 379-397.

Cattabriga A., Mulazzani M. All strongly-cyclic branched coverings of (1, 1)-knots are Dun-
woody manifolds // J. London Math. Soc. 2004. V. 70, N 2. P. 512-528.

Johnson D. L. Topics in the theory of group presentations Cambridge: Cambridge Univ.
Press, 1980. (London Math. Soc. Lect. Note Ser.; V. 42).

Cattabriga A., Mulazzani M. Representations of (1,1)-knots // Fund. Math. 2005. V. 188.
P. 45-57.

Singer J. Three-dimensional manifolds and their Heegaard diagrams // Trans. Amer. Math.
Soc. 1933. V. 35, N 1. P. 88-111.

Seifert H., Threlfall W. Seifert and Threlfall: a textbook of topology // New York; London:
Acad. Press, 1980. (Pure Appl. Math.; 89).

Neuwirth L. An algorithm for the construction of 3-manifolds from 2-complexes // Proc.
Camb. Philos. Soc. 1968. V. 64. P. 603-613.

Cavicchioli A. Neuwirth manifolds and colourings of graphs // Aequationes Math. 1992. V. 44,
N 2-3. P. 168-187.

Grasselli L., Piccarreta S. Crystallizations of generalized Neuwirth manifolds // Forum Math.
1997. V. 9, N 6. P. 669-685.

Szczepanski A., Vesnin A. Generalized Neuwirth groups and Seifert fibered manifolds //
Algebra Colloqg. 2000. V. 7, N 3. P. 295-303.

Ruini B., Spaggiari F., Vesnin A. On spines of Seifert fibered manifolds // Aequationes Math.
2003. V. 65, N 1-2. P. 40-60.

Orlik P. Seifert manifolds. Berlin; New York: Springer-Verl., 1972. (Lecture Notes in Math.;
V. 291).

Casson A., Jungreis D. Convergence groups and Seifert fibered 3-manifolds // Invent. Math.
1994. V. 118, N 3. P. 441-456.

Boileau M., Zieschang H. Heegaard genus of closed orientable Seifert 3-manifolds // Invent.
Math. 1984. V. 76, N 3. P. 455-468.

Burde G., Zieschang H. Knots. De Gruyter Studies in Mathematics, 5. Berlin: Walter de
Gruyter, 1985.

Takahashi M. Two knots with the same 2-fold branched covering space // Yokohama Math.
J. 1977. V. 25, N 1. P. 91-99.

Kawauchi A. A survey of knot theory. Basel: Birkhauser-Verl., 1996.

Cavicchioli A., Repovs D., Spaggiari F. Topological properties of cyclically presented groups //
J. Knot Theory Ramifications. 2003. V. 12, N 2. P. 243-268.

Spaggiari F. The combinatorics of some Tetrahedron manifolds // Discrete Math. 2005. V. 300,
N 1-3. P. 163-179.

Cmamuvs nocmynuaa 9 anpeas 2007 e.

Luigi Grasselli (I'paccesn Jlynnzxu)

Department of Sciences and Methods for Engineering, University of Modena and Reggio
Emilia, 42100 Reggio Emilia, Italy

grasselli.luigi@unimore.it

Michele Mulazzani (Mynannann Mukese)

Department of Mathematics, University of Bologna, 1-40127 Bologna, Italy, and C.I.LR.A.M.,
Bologna, Italy

mulazza@dm.unibo.it



