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O NOANPOCTPAHCTBE L((z Ay)™) B S™(A%R?)
B. 10. I'ybapen

Amnnoranus. ITycre R* A R* — Bremmee mpoussenenue mpocrpancrtsa R?, mpocrpan-
ctBo V = S™(A2R?) = (REARA)V (REARY) V- - -V (REAR?) — ero m-s cummerpirdeckast
crenenb, Vo = L((x Ay) V---V (z Ay) : z,y € R*). Haiinensr pasmeprocts Vo u aj-
roputM 3bdeKTUBHOrO nocTpoeHns Gasuca Vy (maHHas 3a1ava BOSHUKJIA B BEKTODHOM
romorpadgun [1] Ipu BOCCTAHOBJIEHUY COJICHOMJAJILHON YaCTH CUMMETPUYHOIO TEH30p-
HOT'O II0JIST).

Kuaro4yeBble cjioBa: CHMMeTpUYECKas CTEIeHb IIPOCTPAHCTBA, BHEIIHSS CTEIEeHb IIPO-
CTPaHCTBA.

1. I/IHBapI/IaHTH])Ie " HEeMHBapHMaHTHBbIE€ BEKTOPbI

Iycts {e;, i = 1,..., 4} — 6asuc R*. $lcno, uro dimR* A R* = 6, a mabop
BeKTOpOB {(e1 A e2), (e1 Ae3), (e1 Aeq), (e2 Aes), (e2 Aey), (e3 Aeyq)} Bymer Gasucom
npocrpancrsa R* A R4 Cpasy ke ycinoBumMcs 0603HAUATD JAHHBIE OA3UCHBIC BEK-
topsl R* A R? coorsercrrenno uepes (12),... ,(34). Basuc {(e1 Ae2) V...V (e1 A
ea),(e1 Aea) V... V(e1 Aea) V(e Aes),...,(esNes) V...V (e3 Aes)} B ST (A2RY)
HA30BeM cmandapmivim. 3allMCBIBATHL BEKTOP U3 cTaHgapTHoro 6asuca S™(A2RY)
ByneM cremytommum obpasom: (e; Ae;) V...V (ex Aer) = (i], ... ,kl), a Kaxayo us m
KOMITOHEHT BEKTOpa OyIeM Ha3bIBaTh napoti.

Kaxk usBecrHo [2],

dimV = C3, ;. (1)

Onpesennm Ha GasucHbx BekTopax S™(A%R?Y) cmandapmmyro dopmy sammacu
(k1ly, kola, . .. kmlym) Takyio, aro k; < l;, k; < ki1 mis soboro @ u ecau k; = kiqq,
1o l; < l;11. Cmenennoti bopmoit 3amicn BeKTOpa v HazoseM 3armch (12)%V (13)%2 Vv
(14)% v (23)% v (24)% Vv (34)%, ecytu BEKTOp v COIEPKUT B cBoelt 3amucu mapy (12)
i1 Pa3 M KaxKJylo JPYTyIo Iapy COOTBETCTBEHHOE YUCIO pas (i1 + -« - + ig = m).

PaceMOTpuM BeKTOP v = (i1]1, - - - , imJjm ) cTaBgapTHOTO 623uca S™(A?R*). Co-
ITOCTABUM TTAMDPAM 41, J1, - - - » b, Jm TACTA 1, ..., 2M CIIEIYIONIUM 00PaA30M:

ik —2k—1, jr—2k, k=1,...,m.

Orobpaxenue 7: {1,...,2m} — {1,2,3,4} coBepiiaer 06paTHOE COLOCTABJICHUE.
OrnpenenuMm JieficTBUE MOACTAHOBKA ¢ € So,, HA BEKTOPHI CTAHIAPTHOTO Oa3u-
ca V ciaempyromum oOpasom:

pv) = (g1, - imim)) = (T((1))7((2)), - .., T(p(2m — 1)) 7((2m)))-

Pabora Bemonnena npu dunancosoii nogaep:kke Cosera mo rpantam I[Ipesmmenta PP mo
HOJIEPKKE BEAYIIUX HAyIHBIX mKoa (kox npoexra HIIT-344.2008.1).

(© 2009 T'y6apes B. IO.
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BekTop v crangapTHOTO Oa3mca HA30BEM HEUHBAPUAHIMHDLM, €CITU CYIIECTBYET
[OZICTAHOBKA ¢ € Sa,, Takas, 4TO BEKTOD ¢(v) NPUHAJIEIKUT CTAHIAPTHOMY Oa-
3UCy W OTJINYEH OT v. B 00paTHOM cilydae BEKTOP CTAHJIAPTHOTO 0Oa3mca Ha30BEM
UHBADUAHITVHDBLM.

ITPUMEPHL. 1. Bektop (12,12) nnBapuaHTeH, Tak Kak IO JeHCTBUEM MO/ICTA-
HOBOK (© € Sy, MbI [TOJIy9YNM WA HYJIEBOU BEKTOD, WU £v, UYTO HE YIOBJIECTBOPSIET
YCJIOBUIO HEMHBAPUAHTHOCTH.

2. Bexkrop (12, 34) nennBapuaHTeH, Tak Kak HOJ JEHCTBUEM IIOJCTAHOBKHU (¢ =
(23) mbr mosyunm BekTop (13,24) (B 9TOM IpEMepe T GYET TOKIECTBEHHBIM ).

JIlemma 1 (o kiraccudukanuy HHBAPUAHTHBIX BEKTOPOB). Bekrop v = (171, . . .
yimim) € S™(A’RY) mEBapmaHTeH TOTJ[a W TOBKO TOIA, KOTJA BBITOTHEHO XOTS
6bI OJTHO 3 JIBYX YCJOBHIL:

1) B 3anmcn v HET XOTs GBI O/HOM Pl u3 {1,2,3,4};

2) B KaXKJOit U3 M Iap €CTh OJHA U Ta YK€ IOBTOPSIOIMASICS [UDPA.

HOKABATEJIBLCTBO. IOCTATOYHOCTB. IlycTh BekTOp v mpeicTaBUM B Iep-
BOM Bujie. [IpemosioxkuM, 9To CymecTByeT MOICTAaHOBKA € S, TaKasi, YTO BEKTOP
(T(e(1)7T((2)),...,7(e(2m — 1))7(p(2m))) npuHAITIEKAT CTAHAAPTHOMY 0A3MCY
u oTyimdeH ot v. [leficTBue Jt060M MOJCTAHOBKY ¢ MOYKHO TIPEJICTABUTH KaK KOMIIO-
3UNUIO JleficTBUil TpaHcnosunuii. JleficTBre TPAHCIIO3UIUN ¢ MOYKHO TPAKTOBATH KaK
[IEePeCTaHOBKY ABYX nudp 2m-uabopa (4171 - - - iymjm ) ¥ COCTABJIEHUE U3 [IOJLY YCHHOT'O
HaGopa. BekTopa = ($(i1)B(71), - » Bim)D(im)).

Ho umes B mepBom cirydae Tos1bKO napel Buga (i), (ik), (jk), Heanss nepecra-
BUTH JBe 1udpbl, He mosyuus napy (Il) uaum BekTop +v.

Ecsmn BeKTOp v TIpeICTaBIM BO BTOPOM BHJIE, TO TAKKE MOJT JEHCTBUEM TPAHCIIO-
surmit noyanmM uian v, uaa 0. 3HAYUT, 1 TPU KOMIIO3UIUY JeHCTBUH TPAHCIO3UIHI
6y/leT HHBAPUAHTHOCTD V.

HEOBXOAUMOCTSG. Ilpenmoso:kum TpOTUBHOE: CYIIECTBYET XOTS ObI OIMH MH-
BapHAHTHBII BEKTOD v, HE OTBEYAIONTHIT 060UM yCJIOBUAM JeMMbl. Torma B 3amucu v
yaacTByoT Bee 1udpbl 1,2,3,4 u Her 1udphl, cojepKaleiics B KaxKJI0i nape Bek-
TOpA.

Bes orpannuennst obIIHOCTH MOXKHO CUUTATh, UTO napa (12) BXOIUT B 3aICh
BekTopa v. Temeps paccMorpuM mapy, comepxanryio 4. Ecan cymecrsyer napa (34)
B 3aIlMCH ¥, TO TOJ JeHCTBUEM TPAHCIIO3UINN, MEHSIOMEH yKa3aHHbe udpet 2 u 3,
MOJIyIUM BEKTOP, COBIAAIONIHI B M — 2 mapaxX ¢ BEKTOPOM ¥, HO OTJIUYAIONIANACS
napamu (13,24), aro nporusopeunt BeIGOPY v. Torga 3 BXOAUT B Mapbl BEKTOPA U
ToabKo ¢ 1 mam 2. Ecom ects nmapa (13), To npu Hammaun napbl (24) BHOBB HO-
JIyIUM HEMHBAPUAHTHOCTH BEKTOPA v. UTOOBI 3TOT0 HE GbLIO, HEOGXOAUMO, ITOOBI
4 Bxomuia Tonbko B mapsl (14). Ecmm 3 Bxogur B mapsr (23), To mox jeiicTBreM
TpaHcno3unuu, Mersomeil nudpet 2 u 4 B napax (14), (23), Takxke HOJLyIUM HEHH-
BApPHAHTHOCTH ¥. B mTOre MMeeM, 9TO B v BXOJAAT TOJBKO mapsl (12), (13), (14), 1. e.
U UHBAPUAHTEH, U MBI IPUINLIA K TPOTUBOPEYUIO.

Ecou B 3anucu v ecth napa (23), T0, paccyKaasi aHAJOTUIHBIM 00pa30M, TIpPH-
JIEM K TOMY, YTO BO BCEX Tapax ecTh Iudpa 2, a 9T OlsITh TPOTHBOPEYUT BBIOOPY .

3AMEYAHUE 1. B jieMMe 0bLI0 (DaKTUYECKH JIOKA3aHO, YTO JIF000# HEMHBapU-
AHTHBINH BEKTOD XOTs ObI €IMHOXKIBI COIEPKUT B cBoeil 3anucu napet (ij), (k1) mis
HONIAPHO PA3JIUYHbIX 4, j, k,I. Hasosem Bce Tpu mapbl takux BekTopos (12),(34),
(13), (24) u (14), (23) opmozonarviivimu.
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Beenem nonsaTre yenouku HEMHBAPUAHTHOIO BEKTOPA ¥ KaK MHOXKECTBAa, COCTO-
SAIIErO U3 HETO CAMOTO M BCEX BEKTOPOB, MOJYYAEMBIX U3 U JTeHCTBIEM MOJCTAHOBOK,
VIOBJIETBOPSIONINX OIPEIETEHII0 HEMHBAPHAHTHOCTH 9TOTO BEKTOpa. JIerko same-
THTb, 9TO B IEMOYKe KazKJI0r0 HeMHBAPHAHTHOTO BEKTOPA COIEPIKUTCSA He MeHee TpexX
BeKTOpoB. JleiicTBUTeIbHO, HAXOS B BEKTOPE U OJHY OPTOrOHAJILHYIO Mapy, MOXKHO
HOJIyYUTh U3 Hee JeficTBUEeM TPaHCIO3UIMII W JBe apyrue. K mpumepy, Helodka
HerHBapuanTHOro Bekropa (12,12,34) — sro muoxkecrso {(12,12,34),(12,13,24),
(12,14,23)}.

Teopewma 1 (o BekTopax crangaprHoro 6asuca). Bce unBapuanrble 6a3ucHbie
BexTopbr S™(A2R*) BxoaaT B Vy, a Bece HemHBapHAHTHDBIC BEKTODBI HE BXOJAT B Vj.

HOKABATEJBLCTBO. Ilycrs BekTop v naBapuanTen. [lo mpenpiayrieit temme OH
VZIOBJIETBOPSET XOTS ObI OTHOMY U3 YCJIOBUI JIEMMBI, T. €. JINOO y HErO HET B 3aIUCH
onHoit 1 peI, JTUO0 ecTh 1ndpa, comaepsKaIasics B Kaxka0# ero nape. Paccmorpum
BTOPOIt ciydaii. IlycTb Jjisi OIIpeeIeHHOCTH BEKTOP U COJEPXKUT B KaxK oM mape 1,
T. e. v = (12)" v (13)7 v (14)%,

Pacemorpum (e1 A (e2 + aes + fes))™ = (e1 A ea + aer A es + Ber A eg)™.
O6osnaunm depe3 € Boipazkenue (e1 A ea + ey A es). Torma, packpbiBas CKOOKH,
TOJTY UM

m
(e1 Nea+aep Aeg+ Ber Aeg)™ = Z Cl B'(e1 Aes) V()™ € V.
=0

Otrbpocum caydait ¢ = 0, TaK KaK COOTBETCTBYIOIIIIT BEKTOP JiexkuT B V. Beibupast
moouepeHo B = 1,...,m npu GpUKCUPOBAHHOM (v, OYyIEeM UMETh

m
ZCfn 1% (61 Aeg)' V()™ = ay € W,
i—1

> Ch 2 (erNea)' V()T = az € Vi,
1=1

i=1
Ipunumas (€1 A eq)’ V (€)™~ 3a HemsBecTHbIE, IPHUJIEM K JIMHEHHOM cucTeme u3
M ypaBHEHUIT C 1M HEU3BECTHLIMHU. 1IpH IIOJCYETE ONPENEINTENSA 3TOH CHCTEMBI U3
KazKJI0ro cTosbia cieayer soinectu CP | 1 TOTIa MOSydUM ONpeieuTes Banmep-
MOHJI2, KOTOPBII OTJIMYEH OT HyJs. J3HAYAT, MBIl MOYKEM JIMHEHHO BBLIPA3UTH BCE
(e1 A eq)' V (€)™ uepes BEKTOPBI POCTPAHCTBA Vp, TEM CAMBIM OHU CAMHU JIEIKAT
B 9TOM npocTpancTBe. Takum o6pasoM, /s moboro o umeeM (e1 Aeyq)® V (e1 A eg +
ae; Ae3)" "t € V.

Baduxcupyem i u packpoem (e1 A es + aep A e3)™ ¢ mocie0BaTebHO IPH (r =
1,...,m—i. Ioyaum aHATIOTHIHYIO CHCTeMy ¢ Hem3BecTHBIME (e1Aeq)V (€1 Aeg)tV
(e1 A e3)™ ™"t u memyseBbIM ompejiesuTeIeM. Perias ee, OKOHUATEIBHO TOJTYInM,
aro (e1 Aeq)V(e1 Aea)tV (er Aeg)™ =t € Vg aist mobbix i, t. SlcHo, aTo noKazaHHOe
6e3 U3MEHEHUI IEPEHOCUTCS Ha, 00U CJIydail BEKTOPOB, KOTOPbIE COJEPIKAT B CBOEI
3aIiCh He BCEe IUQPHI.

Ecyn BeKTOp v yIOBIETBOPSET IIEPBOMY YCJIOBHUIO JIEMMbI, TO (DOPMa €0 3aINCH
o crenensim Boirsaaut kak (i5)” V (ik)* V (jk)'. Ho sTor ciywaii jerko comures
K TOJIbKO 9TO JOKA3aHHOMY IIPH PACCMOTPEHUN:

((es +aej) A(ej + Per))™ = (e; Nej + Be; N ek + afle; Aeg)™.
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Qukcupysi 5 1 3aMeHsIsI (ei/\ej—&—ﬁei/\ek) qepes €, MOCJIE PENIeHNs] COOTBETCTBYIONIE
cucreMsl norydaeM (e; Aej + Be; A ek)i V(e; A ek)’”_i € Vo st miobwix 4. [locTymast
aHAJIOTUYHO C 3, OKOHYATEJIbHO JIOKayKeM Tpebyemoe.

[IycTe BekTOp v HeMHBapuanTeH. Torma 1mo 3aMevanuio K jieMMe 1 B 3aIucu 3To-
T'0 BEKTOPA €CTh XOTs ObI OJJHA OPTOrOHAIbHAS Tapa. 1lycTb 171 onpeneIeHHOCTH 9TO
Oyaer napa (12), (34), u3 nanpuefinero OyJaeT siCHA UCTUHHOCTD YTBEPXKICHUS IS
Jr06oH opTOroHANbHOM aphl. IIpencraBum BEKTOD v B BUJE (U1, .. ., Um—2, 12, 34).

IIpeamonoxum ot poruBHOTO, uTo v € Vjy. Torma

n n m

4 4
. (i A iNm ) i i
v = E Az Ay )™ = A E age; | A g Be;
i=1 i=1 j=1 j=1
Packpoem ckobku 1 0603HaINM 1Uepe3 w; KOIDMUINEHT, COOTBETCTBYIONIN TIape u;
(B cayuae m = 2 mosoxkuM w; = 1 s Beex ¢). Torma

n
v= Z CXi(wi ... wim—2) (35 — abBt) (b8 — a4yB8) (ur, . . ., Um—2,12, 34),
i=1
rae C € N. OGosraunM 4epes p; npoussegenne CA;(wy ... wm—2), & Uepe3 u;j; —
BEKTOD (U1, . - ., Um—2, 14, jk). Cobupas ciaraembie 1o Kaxk10My Ga3MCHOMY BEKTODY,
nMeeM

> mi((afas BB + asaiBi85) — (af@lBaBl + asasBiBi)) =1 (10 ussa), (2)
1=1

> pi((afab BBy + abalBify) — (afalByBs + ajabBiB)) =0 (10 usza), (3)
=1

n
i i piai i i ning i i nig i ioipi))
E Ni((a10425354 + a3a4B162) - (%0435254 + 0420445153)) =0 (10 u423). (4)
=1
Boraurast n3 Broporo ypaBHeHUsT TPEThE, MOy IUM JIEBYIO YaCTh, PABHYIO JIEBOI da-
CTHU I1epBOT'O ypaBHeHI/ISI7 a CIIpaBa HO.HyLII/IM 0 TeM CaMbIM OJ/THO U TO K€ BbIpazKeHHUe
osiHOBpeMeHHO pasHsiercst u 0, u 1; mpoTusopeune. 3uauur, v ¢ Vj.

3AMEYAHUE 2. YTBepKIEHNE TeOPEMbI BEPHO /It MPOu3BOIbHOTO 1 > 1 B R™
st mpoctpancTa V = S™(AZR™).

3AMEYAHUE 3. Ilpun = 2 u n = 3 u3 onpejiejieHusl IOJIyIaeM, YTO BCE BEKTO-
PBI cTaHZapTHOTO Oasuca V WHBApUAHTHBI. 3HAYWUT, B 9THX ciaydasx Vo =V, u npu
n = 2 oyner dim Vy = 1, a mpu n = 3 umeem dim V) = %2(””2)

Haiiiem KoJimuecTBO MHBAPpUAHTHBIX BEKTOPOB. IlycTb 111 — KOJMYIECTBO BEKTO-
POB, YOBJIETBOPSIIONIUX IIEPBOMY YCJIOBUIO JIEMMBI 1, & Ny — KOJHMIECTBO BEKTOPOB,
VJIOBJIETBOPSIOIINX TOJIHKO BTOPOMY U3 JBYX ycjaoBuit jsieMMbl 1. Ecim mocrponts
S™(A?R3) ma xaxk10it Tpoitke u3 dernipex mubp {1,2,3,4}, To ny = 4% —
6 = 2m? +6m — 2 (Tax KaK MBI IBaK/Ibl IOCUYATAIHN GA3UCHBIE BeKTOPBI BUa (i5)™).
A ny HaxXOIUM KaK pelleHue ypaBHEHUs i1 + 4o + i3 = m B HATYypPaJIbHBIX YHCJaX,

sHauut, ng — 4C2,_; = 2m? — 6m + 4. OKoHYATEIBLHO
I(m) = 4m? +2 (5)

€CTh KOJIMIECTBO HHBAPUAHTHBIX BEKTOPOB V. DT0O MOKET CJIYKHUThb IPyOOit OIeHKOMH
pasmepHocTH Vp, T. e. dim Vp > 4m? + 2.
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2. BepxHsis orieHKa pa3zMepHocTu Vj

Haitnem N (m) — KOJIMYIECTBO IENOYEK HEMHBAPUAHTHBIX BEKTOPOB B IIPOCTPAH-
cree S™(A’R?). BameTnm, 9TO Kaxmast MEMOYKa OHOZHATHO OMPEIETAeTCs KOJH-
YeCTBOM BXOXK/eHUH udp B KaxKJIblii U3 ee BEKTOPOB, T. €. HabopoMm {k1, ko, k3, k4 },
rye k; 0603HAUAET KOJUIECTBO BXOXKIeHUN 1udpsl 4. [losToOMy B JaibHeReM 1ot
ernoukoi Oynem moHuMaTh u Habop (k;).

Koumnaecrso pazmuanbix Habopos (k;), rae k; € N, naitnem u3s ycsosuit: (a) ki +
k2+k3+k4:2m, (6) kz <m.

Yeqosumo (a) BaerBopsier A = C3 = Em=D)@m=3)(m=1) porropos. K

CJI0BHIO (&) YAOBJIETBOPSIE =C5,_1 = 3 ekTopoB. Ko-
JITYECTBO BEKTOPOB, YJOBJIETBOPSIONIUX YCIOBUIO (&), HO HE YIOBJIETBOPAIONIIX YCJIO-
Buio (6), ectb cymma B = 4(C2%_, + C%_, + --- + C3) HaTypaJbHBIX permeHuii

ypasuennit suna k; +k; +k; = m, ..., 3. Torma nmeem
m—2 m—2 m—2
—1)(2m—4
B=2Y (m-Km—k-1) =23 (m-k)?-2 Y (m—k) = M ZHEM )
k=1 k=1 k=1

Borunrag B u3 A, maxoaum kojmdecTBo HA00pOB (k;), yIOBIETBOPSIONUX 06OUM
YCJIOBHUSIM, T. €. KOJUYIECTBO IEMOYEK B IPOCTPAHCTBE V paBHSETCH
2m3

7
N(m):T—2m2+?m—1. (6)

HaiiieM KOJIMYeCTBO BEKTOPOB B Kaxk10ii enouke. Beesem jyist nenoukn (k;) auciaa
kE=min{k;}, k=m —max{k;}, ko= min{k, k}. (7)

Pacemorpum BMecTe ¢ HadanbHOM 1enoukoit o = (k;) cummempuueckyro ETOUKy

d = (ko, ko, ko, ko).

JIemma 2. Mexny Bekropamu nenodek o = (k;) u & = (ko, ko, ko, ko) cyme-
CTBYeT B3aHMHO OJJHO3HAYHOE COOTBETCTBUE.

JTOKABATEJBCTBO. Ilycts t = %Zkzl Ecmu t = 2kg, TO yTBEpXKICHUE OYe-
Buguo. [losTomy Oymem cumrats, uro t > 2kg. [1aBHas mpes 3axiodaercs B mpe-
CTaBJIEHUU TTPOU3BOJILHOTO BEKTOpPA U € 0 B BUJE U = Uy V W, TIE Uy € §, & W —
HHBAPHAHTHLI BEKTOD crammapTHoro 6asmca ST~k (A2R*) (o6uas nnpapuanTHast
YACTh METOYKA 0).

(a) ComocTaBuM KaxK/I0My BEKTOPY ¢ € § OJIHO3HAYHO BEKTOD Uy, € 0.

CIy4Anl 1: kg = l;, 3HAUHT, k; < m — ky. be3 orpanndenust oOITHOCTH IIPEJIIIO-
JokuM, aTo ko = k1. Torma pacemorpum Habop uucen (0, ko — ko, ks — ko, ka — ko) =
(K}, kb, kb, ki) w mocTponm BexTop w crammaprrOTo G6azmca S'T2k0(A2R?), komme-
CTBO BXOXK/JICHHH ITUMPHI ¢ B 3aIMCb KOTOPOTO PABHAETCS kj. DTO MOMKHO CIEIATb,
TaK KakK

1
kQ:kzi—kogm—%O:aZkz;,

u He BozHuUKHET napbl Buga (I1).

CaYUAll 2: ko = k. Be3 orpanndenns OBIIHOCTH IIPEIIIONOKIM, 9TO ki —
m — ko. Torma paccmorpum naGop umcen (k1 — ko, ke — ko, ks — ko, ka — ko) =
(ky, kb, k4, kb)) m mocrponm BekTop w cranpaprHoro G6asmca StT2k0 (A2R?Y), konmye-
CTBO BXOXKJeHUIT nudpsl { B 3alMCh KOTOPOro paBHsAETCs k. DTO MOKHO CIEJIATh,
TaK Kak

1
kggk’lzklfkosz%o:iz}cg,
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U He BO3HUKHET napsl Buja (I1).

OTHOBHATHOCTH TIOCTPOEHUS CJIEYET U3 MHBAPUAHTHOCTH BEKTOPA W, W MBI O
HO3HAYHO HAXOJMM BEKTOD Uy = u V w € 0.

(6) O6paTHO, COMOCTABUM KaXKJIOMY BEKTODY U € 0 OJHO3HATHO BEKTOD U, € 0,
LPEJICTABJIAS BEKTOP ¥ B BUIE U = Uy V W. EJIMHCTBEHHOCTD TAKOTO MPE/ICTABICHUST
OyJIeT CJ1eJI0BATh U3 WHBAPUAHTHOCTU BEKTOPA W.

Cayyan 1: ky = l;:, guaant, k; < m — ko. Ilpemmomoxkum, uro kp = k.
PaccMoTpiM TIaphl, BXOAANIMe B 3amich v u comepxamme 1: (12)1, (13)7, (14)k,
rae i +j +k = ko. ITokaxem, 9TO B 3aImCh v BXOAAT TakzKe maphl (34)%, (24)7,
(23)%, m3 aTOrO GyMIET CIIENIOBATH CYITECTBOBAHIE HCKOMOTO PAa3JIOMKEeHHUsT BEKTOPA 0.
ITpeIo/I0KMM OT IPOTUBHOTO, YTO YUC/IO0 0 < § €CTh KOJUIECTBO BXOXKJIEHUIT MTapb
(34) B sammcn v. Torma ecm v = (12)% Vv (13)7 Vv (14)% v (23)2 v (24)° v (34)°, To

ke=t14+a+b>0+a+b=m— ko,

YTO IPOTHBOPEYNBO. AHAJIOTUYHO JIOKA3BIBAETCS U JIUIs OCTaNbHBIX Tap (13) u (14).

CaVYAll 2: ko = k. Bes orpanutdennst oOIHOCTH IIPEIIOIOKAM, 9TO ky =
m — ko. Ilyers w = (14)F1—Fo v (24)k1=ko v/ (34)ks=ko — ympapwanTHBIl BexTOp
crangaprHoro 6asmca S 250 (AZR?) (tax kax ky + kg + k3 —3ko = t—2kg). Jloxaxewm,
qT0 U = Uy V W, TAE U, € §. g 3TOro J0CTaTOYHO MOKA3aTh, UTO BCE TP
BEKTODPA W BXOJ4T B v. JleiicrBurenbHo, paccMoTpuM napsl (14), BXodiye B 3a1uch
BekTOpa v. Tak Kak ki > ko, ks = m — kg, To tudpst 1 u 4 06s13aTETHHO BCTPETATCS
He MeHee, 4eM B k1 + k4 — m = k1 — ko nmapax. JlokasaTesibCTBO JIJISI OCTABIINAXCSI
ap aHaJOTUYHOE.

IIycre v = (Liy, ..., Ligy,d1l1, .-+, Jkolky) — BEKTOD CHMMETPUYECKON IIETIOU-
ku (ko, ko, ko, ko). Hazosem Bug (1iy, ..., lig,) kpamxot dopmoii 3anmen BeKTOpA v.
fcHo, 94TO BEKTOP CUMMETPHUYECKON TETIOYKU OJIHO3HATHO OIIPEIeISIeTCsl CBOei KpaT-
koit popmoit. KomnaecTBo BEKTOPOB TAKOTO BUIA PABHO
(ko +1)(ko +2) kg, 3ko

+22 1

dim S™(A*R?) = 5 5 5

SHEi.‘ﬂII/IT7 B HpOI/IBBOﬂbHOﬁ IEeII0o4YKe 0 — (k/’l) KOJINYEeCTBO BEKTOPOB paBHAETCA

k2 3k
n(o):70+70+1, (8)

rie ko vHaxopurest us (7).

HaszoBeM jiBa BekTOpa OJHOI HENOYKU 63AUMHO 0OPAMUMBLMU, €CJTH OHU OT-
JIMIAIOTCS POBHO JBYMsI (OPTOTOHAJIBHBIME) IapaMu. Hampumep, BEKTOPBI OJHOM
nenouku (12,12,34,34) u (12,14,23,34) B3auMHO 00PATHMBI, TAK KAK OTJIAYAIOT-
cst mapamu 12,34 u 14,23. dcho, uro msa BekTopa omuoii nemnouku (k;) B3auMHO
00paTUMBI TOTJA W TOJBKO TOTJA, KOT/IA COOTBETCTBYIOIINE MM BEKTOPBI IMEMOYKA
(ko, ko, ko, ko) B3aMMHO OGPATHUMBI.

ITycrs O(v) — MHOXKECTBO BCEX BEKTOPOB, B3AUMHO 00paTUMbIX ¢ v. HecsaokHO
[IPOBEPUTH, YTO JJIsl JII0O0I0 HEMHBAPUAHTHOIO BeKTOpa v MHOxKecTBO O(v) comep-

KuT wian 2, win 4, nuian 6 BekropoB. O6osHaunMm depe3 L(o) = L(u; : u; € o)
AUHETHYI0 060A0%KY TIETTOUKH 0.
IIpencrasum BekTOpel Teniouku o = (ko, ko, ko, ko) B BUze cBsI3HOTO Tpada,

B KOTOPOM BEpINUHAME OY/IyT CIYKUTH BEKTOPHI MEMOYKH, a pedpa Oy/IyT COeIMHATD
BEPINUHBI, COOTBETCTBYIOININE B3aNMHO OOPATHMBIM BEKTOPaM (JIBa BEKTOPA OJTHOMN
METOYKYU OyIyT B3aMMHO OOPATUMBIMH TOTJA U TOJBKO TOTJA, KOTJA WX KPATKUE
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dopmbl oTaMUaOTCsT pOBHO Ha onHy mapy). Hampumep, quist kg = 1 u kg = 2 310
OymyT ciremytornue rpadbr:

(12) (12,12)

(13,13)  (13,14)  (14,14)

$cno, aro st nupousBosbHON Nienouku ¢ = (k;), mig KoTopoil kg HAXOAUTCS 1O
(7), BBU/LY CyIIECTBOBAHMSI B3ANMHO OJTHO3HATHOTO COOTBETCTBHSI MEK/Ty BEKTOPAMHU
TIETIOYEK 0 U ¢, COXPAHSIOINIETO OTHOIEHNE B3aNMHOIT 00PATUMOCTH, MOXKHO TTOCTPO-
UTb AHAJOTUIHBIN rpad, B KOTOPOM BEPITUHAMU OY/IYT CIYKATH BEKTOPHI IEMTOYKH,
a pebpa OyIyT COeqUHSATH BEPIIMHHBI, COOTBETCTBYIONINE B3AMMHO OOPATAMBIM BEK-
TOpaM.

W3 mocrpoenust rpada OymeM Bcerga moydarsb rpad-TPeyroJbHUK C OHOTHUII-
HBIM CTpoeHmeM, obo3HaunM ero yepes G(o). Hus nenouku (ko, ko, ko, ko) BbIIETIIM
ko + 1 «3Taxeit» ¢ aomepamu 0, ..., ky. Ha i-m sTaxke 6yayT Bce BEKTOPHI, COJIEP-
JKalye B cBoeil 3amucu i pa3 napy (12), ux 4ucsio Gymer yBeauduBaThLC C KK IbIM
9TasKOM OT «BepxHeif» Bepmmabl (12)%0 10 HymTeBoro sraska ma eqummIy (<«BBEpXy>»
Oyaer 1 BekTop, ..., «BHU3Y» Oymer ko + 1 BekTopon). Ha ozmom ke araxe ciesa
HAIpaBo OyeT MeHsIThcsl KoimdecTo napsl (13) ¢ (kg — 4) g0 Hyds.

HaszoBem mpems cmopornamu (2padia) MHOYKECTBA BEKTOPOB IENIOUKH, He COJIep-
2Kalme B CBOeil 3aImcu COOTBETCTBEHHO mapbl 12,13 u 14, mau cooTBETCTBYIOIINE
9TUM BeKTOpaM BepiiuHbl rpada. /okakeM CIeayontyo BCIOMOTaTeIbHYIO JIEMMY.

Jlemma 3. Ecim v € Vo N L(o), TO HEHY/IEBbIM KOMIIOHEHTAM U II0 BEKTODAM
IIEIIOYKH 0 COOTBETCTBYET CBSI3HBIH MOATPad, comepKalnuil JIsT KaxKJJ0i 03 CTOPOH
XOTsT OBI OJTHY U3 €€ BEpIIUH.

JIOKA3ATEJIBCTBO. Pacemorpum cayyait o = (ko, ko, ko, ko), Ji71st oB1mero ciy-
vas J10Ka3aTeabcTBO anajgorumynoe. Ilycrs noarpad G’ rpada G(o) cocrour us
TeX BEPHIMH, KOTOPBIM COOTBETCTBYIOT BEKTOPHI, IO KOTOPBIM U MMEET HEHYJIEBYIO
KOMIIOHEeHTy. Be3 orpaHmdeHnst OGIIHOCTH PACCMOTPHUM <«HUKHIOIO» CTOPOHY, T. €.
BEKTOPBI TIETIOYKY, He cojepkaimue B csoeil 3ammcu (12). IlycTh, OT MPOTUBHOTO,
noarpad G’ He COJEpPKNUT BEpIINH, JexKalluX Ha HUXKHell CTOpOHe, TO HaiileM aTaxK
¢ MUHAMAJIBHBIM HOMepoM k > 0, BepmuHy KoToporo cogepkut G'. IlycTsh BepmmHa
a € G’ nexur Ha k-M dTaxKe.

Torna BEIGEPEM s BEKTOPA U234, COOTBETCTBYIOMIErO BEPITUHE ¢, U UMEIOIIEro
kpatkyto dopmy (12)% V (13) v (14)!, BeKTODBI U324 W U423, UMEIONTHE CJIEIYIOIHE
kpatkne dopmbr: (12)F~1 v (13)11 v (14)t, (12)F—1 v (13)! v (14)*F1. Bee atu pn

n

BEKTODA [ONAPHO B3auMHO obpaTuMbl. Tak kak v € Vp, umeem v = > A;(x; Ay;)™.

i=1
AwmanormaHo TOMY, UTO JEJATA B XOJE JOKA3ATENHCTBA TEOPEMBI 1, [Z)a,CKpoeM B IIpa-
BOI 9acTh CKOOKM W cOGEpeM CJIaraeMble TI0 JIAHHBIM BeKTOpaM. lloqyamm mpoTu-
Bopeuusbie hopmyibl (2)—(4). AHasoruuHOe JOKA3aTEILCTBO JJis JIBYX OCTABIIUXCS
«JICBOII» U «IIpaBOIi» CTOPOH.

Ecan rpad HecBA3HBIHA, TO OH UMeeT XOTs Obl JBe KOMIOHEHTHI CBSI3HOCTH, IO/
rpacdul G n G. Kak daxruueckn JoKa3aHO, KaxKIblil U3 HUX JOJIZKEH COJIep:KaThb
JUIST KaxKJI0i U3 CTOPOH XOTs ObI OJHY U3 €€ BEPIIUH. 1€M CaMBIM BBHJLY CBS3HO-
¢t Kaxk1oro u3 rpados G MoyvaeM, 9TO OHM IEPECEKAIOTCST; IIPOTHBOPETINE ¢ MX
BBIGOpOM. 3HaunT, rpad G’ CBA3HBIIL
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Teopema 2 (o BepxwHeii onenke pasmeproctu Vo). Iyers o = (ki, ko, k3, k4),
a ko naitzeno mo opmyie (7). Torza

dim(Vo N L(o)) < ko + 1. 9)

JIOKABATEJIBCTBO. CHavaja uzyuum ciaydait nenouku 6 = (ko, ko, ko, ko), 1uis
ciyuaast 0 = (ki, ko, k3, k4) JOKa3aTebcTBO OyIET AHAJIOTUIHBIM. PaccMoTpuM 1mpo-
crparcto U = L(u; : u; € 6,(12) € ;). Ipeanosoxum, aro U N Vy # 0, Torma
cymiecTByeT HenyseBoit Bektop v € U N Vy. Ho ecnm v € V), To 1o mipenpiaymeit
JIeMMe OH JIOJI?KeH UMeTh HeHyJIeByI0 KOMIIOHEHTY Ha HUKHeil CTOpOHe, TeM CaMbIM
noJy4yaeM uporusopedne ¢ TeM, yro v € U. Snaunt, UNVy = 0, u dim(Vo N L(0)) <
dim L(§) — dimU = ko + 1.

3. MeTtoa nuHeapu3alumu

ITo onpenerenmio v = (xAy)™ € Vo ana mobbix o,y € RY. Coseprmn sameny x
Ha T + at. Ilpu nmozcranoBKe BMECTO T 9TOrO BBIPAXKEHUsI B BEKTOP U MOJIY IUM

m—1

v=((x+at) Ny)" = Z Cla'(xhy)™ "V (tAy) €V
i=1

Iycrs (z +t) Ay #0, . e. (z+1) # Ay, mas Beex A € R. dcHo, 9T0 MBI MOXKEM
BBIOPATh CKOJIb YTOJHO MHOTO Ko3(ddurmentos « takux, aro (z + at) Ay # 0.
Torna, BeIOnpas 1mocsaem0BaTENbHO M — 2 pa3 3TH KOIDPUIMEHTHI (v Pa3INIHBIMH,
AHAJIOTUIHO TOMY, KaK JIeJIAJIH B TeopeMe 1, BBIBOIUM, ITO

(A" IV (EAY) €V amai—1,...,m— 1.

Sadukcupyewm crernens i u ¢ieaeM momo0Hyo 3aMeHy & Ha x+vz. [IponenbiBast
Te XKe JefCTBUS M PACCYZKJIEHUS, UTO U BBIIIE, IOy IIM

(A" IV (@AY V(zAY)Y €Vy mmai—1,....om—1,j=1,....m—i—1.
Ha ocnoBe sT0OTO asropurmMa JOKaXKeM CJIEIYIONTYIO JIEMMY.

Jdemma 4. Vo = L((x1 Ay) V...V (xm AY) : 24,y € RY).

JIOKA3ATEJBCTBO. ITokaxkem, ato (1 Ay)V (22 Ay) V-V (zm Ay) € V)
k
JUTst JOOBIX T,y TAKWX, 9TO » . x; # Ay (rme Gepercst cyMMUpOBaHme 1Mo BeeM k,
i=1
MOMAPHO He KOJINHEAPHBIM ;).
Cayuqait k = 1 tpusnasen. Ilpu k = 2 yrBepKIeHne NOKA3aHO BBIIIIE.
k
ITpu k > 2 paccmorpum Bce k CyMM, IOJYYEHHBIX U3 CYMMbBI »  Z; BbIYUTa-
i=1
HHEM CJIAraeMoro ;. fcHo, 4To Bce OHU He MOI'YT OBITH KOJUIMHEADHBI Y, TaK Kak
MHaYe CyMMHUPOBAHNE BCEX TAKUX CYMM IIPUBEJIO OBl K KOJUTMHEAPHOCTH BCE CYMMBbI
k
> 2, 9TO IPOTUBOPEUUT YCIOBUIO.
i=1
k
Torpma BeIGEpEM CyMMy S = . x; — &;, He KOJIMHeapHyo y. Paccmorpum
i—1
((s + ax;) Ny)™ € Vo, 3ab6bIBast IPO BCE OCTAJBHBIC Z;. DTO €CTh ciaydail k = 2, u,
3HAYUT, MBI TOKA3AJIH, UTO U3 YCIOBHUS S+ ; 7 Ay momyduM (s Ay)" "V (z; Ay)' €

Vo. ®uxcupyem i W, TPOJOJIKAA aHAJOTHIHO ¢ BeKTOpoM (s A y)™ ¢ ¢ yxe k — 1
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k
PA3/IMIHBIME BXOK/IEHUSIMH, [OIAPHO He KOJIJIMHEAPHBIX T, U YCIOBUEM Y T;—T; 7
=1
Ay, momyunm (1 Ay) V (z2a Ay) V-V (Tm Ay) € V.
k

BameTnM, 9TO M MW YCIOBUA Y, x; = Ay OyAeT BepHO 3akimodenue (x1 Ay) V
i=1
(2 Ay) V-V (Tm ANYy) € V.
Heficteuresnbro, pacemorpuM Bee (z; A y). Ecim XoTst GBI 1711 OZHOTO BEKTO-

pa T 3TO HyﬂeBOﬁ BEKTOP, TO B 3aKJ/JIIOYECHUU JIEMMDbI IIOJIYyYUM MCTHUHHOE BKJIIOYE-
k

aue 0 € Vy. Ecm Bce 1; He KOJUIMHEADHBI Y, TO IPH Y. T; = AY PACCMOTPUM
i=1

BMeCTO x1 BeKTOp 2) = 2x1. CyMMa BEKTOPOB I, X2,..., Ty He KOJUIMHEApHA Y,

T. €. BBIIOJHEHO YCJIOBUE JOKA3AHHOTO yTBEPXKJEHUSA. 3aMeHa ) = 2xp Jaer

(1 Ay)V (z2 AYy) V-V (zm Ay) € V.
Tem campim iostydaem, uto Vo O L((x1 Ay) V-V (zm Ay) | 2i,y € RY) u BBUIY
SICHOCTH OGPATHOTO BKJIIOYEHUs] — PABEHCTBO YKA3AHHBIX IIPOCTPAHCTB.

3AMEYAHUE 4. JloKa3aTeabCTBO JIEMMbI MOXKET OBITH IEPEHECEHO U Ha OOTIHii
caydait R™ : Vo = L((x1 Ay) V-V (xm AY) : x4,y € R™).

SAMEYAHUE 5. Ecin v = (21 Ay)V(22Ay) V-V (Tm AY), TO IIPU MOICTAHOBKE
BMECTO BEKTODOB I, iy X BBIPDAXKEHUIT Yepes €1, €z, €3, €4 HOoIyInM (IIpu 0TOpachBa-
HUU UHBAPUAHTHBIX BEKTOPOB) CyMMY HEMHBADUAHTHBIX BEKTODPOB, BOOOIIE IrOBODSI,
U3 Pa3HBIX [ENOYeK, KOTOpasi JeXKAT B Vp.

BBumy Toro, 9ro MbI MOYXKeM BBIOMPATH CKOJIBKO YIOIHO MHOTO PA3JIMIHBIX KO-
3 HUIUEHTOB (v IIPU BEKTOPE €; U3 PA3JIOXKEHUI X;, Y, MOKHO Pa3/Ie/IUTh BEKTOP v,
[IPEJICTABJISIIOIIII CyMMY HEMHBAPUAHTHBIX BEKTOPOB, HA, CYMMBI C BEKTOPaMU, KOTO-
PhIE COJIEPKAT OJIMHAKOBOE KOJIMYECTBO BXOXKieHuil 1udp 1,2, 3,4, njin ¢ BeKTOpaMmu
u3 oxuoli nemnouku. Vuaue rosopsi, ob6o3nauus uepe3 Pr(v,o) cyMMbl Bcex BEKTO-
poB (B34TBIMU € COOTBETCTBYIOIMMU KO3 dunuenramu) u3 v, KOTOPbIE JeKaT B
nenouke o, noiyunm, uro Pr(v, o) € Vp.

ITpomosizKuM MeTOoI, JIMHeapU3aly, coBepliasd B BeKTope v = (x1 Ay) V -+ V
k
(xmAY) € Vo (st (z;Ay) # 0) 3ameny y Ha y+at. ObosnaunM tepe3 \/ (a;) BekTOp
j=1
(a1) V...V (ax). Torma upu packpbITuu CKOOOK, aHAJOIMYHO CJEJAHHOMY BBIIIIE,
MOZKHO JIOOUTBCSI TOTO, YTO <«BEKTOPHBIM» KO3(D(MUIMEHT IIpU KasKJO0H CTeIeHu «

Oymer JjiexkaTh B Vp, T. €. TIpu amk Oyer

k m
> V@.ry ) @ist e
1<iy,..,ig<m s=1 Jj=1¢{is}

Hanpumep, npu m = 2 noxyanm (x1 Ay) V (22 At) + (x1 At) V (z2 Ay) € V.
Kaxk u BbINIe, MOXKHO MOKA3aTh, 9ITO JIJISI TOJBKO UTO MOJYYEHHBIX BEKTOPOB v
(IIpeaCTaBIISIONINX CyMMBI IIPOCTBIX BekTopoB) Pr(v, o) € V.
4. PazmepHocTtb V)

Tenepb MBI I'OTOBBI JIaTh OTBET Ha BOIIPOC O PaSMEPHOCTU ITPOCTPAHCTBaA ‘/0

Teopema 3 (o pasmeproctu V). Hmeer MecTto paBeHCTBO

dimVp = C3, 5 — C5 . (10)
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JIOKABATEJIBCTBO. [l Hadasa paccCMOTPHUM IPOU3BOJIBHYIO MEMOYKY 0 =
(ki) u cooTBeTCTBYIONLYIO €if cuMMerpudeckyio 1enodky & = (ko, ko, ko, ko). Iloka-
sxeM, uro dim (Vy N L(0)) = ko + 1. BosmoxuLI 1Ba BapuanTa.

CIIy4All 1: kg = k. Bes OrpaHUYeHUsT OOITHOCTHU IPEIOJI0KUM, 9T0 k1 = k.
[lycTh 0bmas MHBAPHAHTHAS TACTh Tenouxn mveeT Bum u' = (23)1V (24)7 v (34)*.
ITocrponm BekTOps! Buia (1 AY) V...V (xm AY) € Vo

Uy = (61 A (62 + 63))]% vV (62 AN (62 + 63))i vV (764 A (62 + 63))j+k+k0
= (12 + 13)%0 v (23)" v (24 + 34)7 Tk ko,

ugy, = (€1 A (e3 4+ €4))™ V (e3 A (e3 + e4))F V (ex A (e3 + e4)) TR0
= (13 4+ 14)%0 v (34)% v (23 + 24)" I ko,

IMosnoxkum vg = Pr(ug, o) u vg, = Pr(ug,, o), TOrga Ipu PACKPHITHNA CKOBOK IOJTYy-
YUM CyMMBI BEKTOPOB, JIE?KAIIX COOTBETCTBEHHO HAa, JIEBOI CTOPOHE rpada IeIoYKH
JUTsl vg W HA HUXKHEH CTOPOHE ISl VUg,, TIPAIeM BCe KO3(hD(MUINEHTH PA3IOKEHUST
[0 CTOPOHAM OY/IyT HOJOKAUTENBHBIMA. TeM CaMbIM BEKTODHBI Vg, Uk, JIEXKAT B IIPO-
crpancrse Vp N L(o).

Ecmm kg = 1, To MBI y»Ke HaILIM UCKOMBIe ko -+ 1 JIMHEHO He3aBUCUMBIX BEK-
Topos v; € Vo N L(o), n o Teopeme 2 moayanm, aro dim(Vo N L(o)) = ko + 1. TIpn
ko > 1 aHAJIOrMYHO BEKTOPY g IIOCTPOUM BEKTOPBI

G = (12 4+ 13)%0 v (23)7F1 v (24 + 34)T TR0t c Vo =1, ko — 1.

CoBepiiuM 3aMeHy y — ¥y + z B BEKTOpax i, Ijie y = eo + ez, 2 = e4. llo
IIOCTPOEHUIO

T, - - .,IL‘kO - €1,
Tho41y+++9yLhot+i—t — €2,
Thoti—tt1ls--+yTitjtkt2kg — —€4

nx; Az =0mnupui>ky+i—t. Yepes u; 0603HAYUM BEKTOD, Oy IAIOIIIHCS IpH ¢

HocJIe yKa3aHHOM 3aMeHbl. Toraa u; ecTh cyMMa BEKTOPOB, UMEIOIINX B CBOEi 3aIIuch
nape! (14)°V (24)17%, rae s = 0, ..., t. OKOHYATE/LHO BEKTOD Uy UMEET CJIeLy ot
BIJI;

t
up = Cp Cirr (124 13)%70 v (14)° v (23)77° v (24)'7° v (24 + 34)7 TR Hho~t,
s=0

s t—s s

ryie koacbdpumment Cf C7) ceasan ¢ Cf pasiuvHBIME BapHaHTaMy BbIOOpa s map
S S

u3 ko map ajia xKommonents (14)° u Cf,, pasnmuHbIME BapuaHTaMu BeIbopa ¢ — s

nap us i + t nap jyist Komnonents (24)17%. Cornacno paz. 3
vy = Pr(u, o) € Vb.
IIpn pacKpbITUE CKOOOK TIOIYIHM CYMMY BEKTOPOB HEMOYKH O C MOJOKATETbHBIMA
koaddunmentamn AP:
t q(s)
ve= Y Y AP(12)P v (13)R07PT0 v (14)° v (23)° v (24)F0 P70 v (34)P v

s=0 p=0
rie 0 < s < t (BBUIY TOTO, UTO t — MaKCUMAJbHAS BOSMOYKHAS CTEIIEHb BXOXKJIEHUS
napet (14)) u 0 < p < ¢(s) = min{ko — 5,5 + ko — t} (310 orpammvenne B cuIy
Toro, 9to ¢(s) + k — MaxcumaJsbHas BOSMOXKHAsI CTElleHb BXOXKI€HUS TTaphbl (34) mpu
dbukcupoBantoMm s).
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CIVUAll 2: ko — k u ko < k. Bes OrpaHUYIEHUsT OONTHOCTH TIPEJTIOIOKUM,
aro k1 = m — kg. IlycTp ofmas mHBapMaHTHAS 9ACTh HMEHNOYKH HMeeT BUZ, u —
(12)* v (13)7 v (14)*. Toctponm Bextopst Buma (1 Ay) V-V (2, Ay) € Vo

Uy = (61 A (61 —+ 64))k \Y (762 A\ (61 + 64))i+k0 \Y (763 N (61 + 64))j+k0
= (14)% v (12 — 24)" ko v/ (13 — 34)7 ko,

ug, = (e1 A (e1 + 62))k0 V(—es A (e1 + 62))j+k0 V (—eqs A (e + 62))k+k0
= (12)" v (13 + 23) R0 v (14 + 24)k ko,

IMosnoxum vg = Pr(ug, o) u vg, = Pr(uk,,0), TOrga 1pu packpbITUA CKOOOK Oy~
YUM CyMMBI BEKTOPOB, JIesKallliX COOTBETCTBEHHO Ha, JIeBOii cTOpoHe rpada IernouKn
JUIsl Vg W HA HYDKHEH CTOPOHE JUIS Vk,. lIpm 3ToM Bee KO3bOUIMEHTH pasiiokKe-
HUsI BEKTODA Uk, TOJOKUTENbHBI, & KOIMDMUIMEHTHI PA3JIOKEHHUST BEKTOPA Uy OIHOTO
3HAKA, JUIS ONIPEJIETIEHHOCTH BBIOEPEM B CIIyYae OTPUIATENBHOCTH KO3(DMUIMEHTOB
9TOro pasioxenusa vy = — Pr(ug,0). Tem caMbiM BEKTODBI Vg, Uk, J€KAT B IIPO-
crpancree Vo N L(o).

Ecmm kg = 1, To MBI y»Ke HaILM UCKOMBIe ko -+ 1 JIMHEHO He3aBUCUMBIX BEK-
topos v; € Vo N L(c), n o Teopeme 2 moayanm, aro dim(Vo N L(o)) = ko + 1. TIpn
ko > 1 aHAJIOTMYHO BEKTODY Uj, HOCTPOUM BEKTODBI

G = (12)70 v (13 £ 23)7 Tho=t v (14 1 24)F ko € Vi ¢ =1,... kg — 1.

CoBepminM 3aMeHy Yy +— Yy + az B BEKTOpax f{, Te y = e1 + ez, 2 = €3.
Yepes u; 0603HAYHM BEKTOp, HOJIyHaloImiica mpu o mocse yKa3aHHON 3aMeHbl.

Toryia u; ecTh CyMMa BEKTOPOB, MMEIONMUX B cBoeil samucu mapbi (13)17% v (34)*

(s=0,...,t):
Z Cp e CLoP(12)779 v (13)75 v (13 + 23)7 TRo =t v (34)° v (14 + 24)F o=

e Koaduiment Ck ,Ciy casan ¢ C7, pasImuMHBIME BapHaHTaMH BbIOOpa T —

§ map m3 1 + t map ,Z[J'IH komnouerTsl (13)'7% n Cf |k, PA3MHIHLIME BapHaHTaMU

BBIGOpA $ Tap u3 k + ko nap s komoHeHTsl (34)°. Vmeem vy = Pr(ug, o) € V).
IIpu packpbITun CKOOOK MOIYYIUM CYMMY BEKTOPOB IEIIOYKU 0 C TOJOXKUTE -

HbIMHU KO3 durmentamu AP:

tals)

=30 A(12)7 v (13)F TP v (14)P v (23)P v (24)F07P 70 v (34)° v

s=0 p

Q

Il
o

rme 0 <s<t (BBI/I,ZLy TOrO, 4TO { — MaKCHMaJbHasd BO3MOXKHAas CTENECHb BXOXKJICHUS
mapet (12)) u 0 < p < ¢(s) = min{ko — 5,5 + ko — t} (310 OrpammveHne B cuIy
TOro, 4ro ¢(8) — MaKCHMaJbHAasi BOSMOYKHAS CTelleHb BXOXKJEHWsl apbl (23) mpu
dbukcuposantoMm s).

W B mepBoM, M BO BTOPOM CJIydasiX ITOJyYE€HHBIE BEKTODBI U; JieKaT B Vy N
L(o), ux xonmuaectso pasHsiercst ko + 1, n OHM JIMHEHHO HE3aBMCHMBI, TAK KaK MX
KOMIIOHEHTBI 110 TIPaBOii CTOPOHE TaK:Ke JIMHeHHo He3aBucuMbl. Tem cambim dim (VN
L(o)) = ko + 1.

Teneps maitmem dim Vy. Ilycrs p = [%] IIpencrasum dim V) kak

+ zp: Cho (ko + 1) = I(m) + N(m) + zp: Crs ko, (11)

ko=1 ko=1
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rie Cj, — Kommdectso nenouek (ko, ko, ko, ko) mast ko < p. Berancaum cymmy S =

(a) IIycre m = 2l. st m = 2 yTBEPXK/EHUE T€OPEMBI IIPOBEPSIETCS U3 YCJIO-
Bus dim(Vp N L(0)) = ko + 1, nosromy paccmarpusaem m > 4. Ormennm 1enouky
(ko, ko, ko, ko) mns ko = %, B cymme u3 (11) eit Oyaer cooTsBercTBOBATH %5 BeK-
topos. Temeps juisa npomssosbnoit nenouxu (ko, ko, ko, ko) mpu ko < % maiinem
t = m — 2kp — KosM4ecTBO Iap 00IIeil MHBapHaHTHOM yacTh 1enodku, u Cl, ecTb
bakTHIeCKH KOJMMUeCTBO MHBAPHAHTHBIX BEKTOPOB B mpoctpancTie S{(AZR?), . e.

I(t) = 4t* + 2. B urore

m*  m?

p—1
S = 4(m — 2ko)? + 2)k = — - —.
> (4m — 2k)* + Do+ p = T — T
ko—1
(6) yctes m = 2 + 1. Tlomaraem, aro m > 3. Amnanormuno maxommm Cp,
U BBIYHUCIAEM S

m—1

2 4 2
— A(m — 2ko)? + kg — . T
S k§1((m 0)” + 2)ko = 75 — 7

—

Cymmupyst 910 3Hauenne ¢ N(m) u I(m), mosydaem yTBEPKIEHUE TEOPEMBI.

B xome mokazarenbcTBa TEOPEMBI 3 MBI HEIIOCPEICTBEHHO Haxomuan basuc Vy N
L(o) ana npoussoabhoii nenouku o = (ko, ko, ko, ko). Eciau B3ars obbenunenue
BCEX MHBAPUAHTHBIX BEKTOPOB IIPOCTPAHCTBA V U Bcex 6a3MCOB TAKUX II€pecedeHnit
(mo BCcem TemouKaMm, coorBercTByromuM renouke (ko, ko, ko, ko), 1 0O BceM TaKuM

ko, aro 1 < kg < [%} ), To moyunm 6azuc Vj.

3AMEYAHUE 6. K coxkajieHuro, KOJUYECTBO HEHYJIEBBIX KOMIIOHEHT 0a3UCHBIX
BEKTOPOB IIPOCTPAHCTBa V[), HE SIBJIAIONINXCsI WHBAPUAHTHBIMU, B PA3JIOXKEHUU IIO
CTAHIAPTHOMY 0a3ucy BeIUKO. BO3MOXKHO, ecTh 00J/iee SKOHOMUIHBIHN 1 y100HbIiI Oa-
3uc Vj, HO 110 JleMMe 3 B CHJTy CBA3HOCTHU HOArpada, COOTBETCTBYIOIIETO BEKTOPY Vs,
¥ TOTO, 9TO OH COJIEPXKUT XOTsI ObI OJ[HY BEPIIUHY KaXKJI0# CTOPOHBI, TIOJydaeM, ITO
OH COJIEPKUT He MeHee ko + 1 HeHyJIeBBIX KOMIIOHEHT [0 BeKTOpaM Ienouku o = (ko)
(Tak Kak cymMMa paccrostHuii Jr060it BepmuHbl rpada Mernoukn J0 TpeX CTOPOH He
menee ko).

Astop Beipazkaer 6siarogapuocts B. A. [TlapadyTauaoBy 3a IOCTAHOBKY 3a/1a-
an u A. TI. [loxkunaeBy, Mo pyKOBOJACTBOM KOTOPOTO BBITIOJHEHA PAbOTA.
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