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A. C. Mopo3zos

Awnnoranusi. Tunel nzoMopdusMa yIOpsJOYEHHBIX CTPYKTYP (POPMAaJIbHBIX ITOHSITHH
BBIYUCIUMBIX (POPMAJIBHBIX KOHTEKCTOB U3yYalOTCS C TOYKH 3PDEHUs] TEOPUH KOHCTPYK-
TUBHBIX Mojesieil. IlokazaHo, 4TO, HECMOTPSI Ha TO, YTO 3THU CTPYKTYPbI MOI'YT MMETH
MOIITHOCTh KOHTHHYYMAa WJIA B CJIydae, KOrJla 3TU CTPYKTYPhI CI€THBI, MOT'YyT UMETh CKOJIb
YIOJHO BBICOKYIO IAIIepapudMETHYECKYIO CIIOXKHOCTb, OHM B HEKOTOPOM CMBICJIE OYEHb
OJIM3KY K BBIYHC/IMMBIM HOpsiAkaM. JlokasaHbl JOCTATOYHBIE YCIOBHS JJIS TOIO, YTOOLI
9THU HOPSJIKY MMEJIA BBIYUCIUMBIE [IPeJCcTaBeHns. [IpuBe/ieHO IOJIHOE OIMCAaHKe THUIIOB
n3oMopdu3Ma JUCKPETHBIX PEHIETOK MOHATHI. IlocTpoeH psm KOHTpIpHMEpPOB.

KiroueBbie ciioBa: aHajin3 (pOpMaIbHBIX KOHIIEIIUH, BBIYUCIUMBINA (DOPMAJIbHBINA KOH-
TEKCT, BBIYUCIUMOE (POPMAJIBHOE MOHSITHE, PellleTKa MOHSATHUM, BBIYUCIUMAast CTPYKTYpa.

1. BBeaenue

PaboTa HaXOAWTCSA HA TPAHUIE MEXKy TEOPUEH BEITUCIUMOCTH N (POPMATHHBIM
kounenryanpabM anannszoM (FCA). B meit nsyuatorcss pobeMbl, UMEIOIUe B 0C-
HOBHOM TEOPETHKO-BBIYUCIUTEBHYIO IIPUPOMY. 3/1eCh Mbl IPOJIOJIZKAEM H3ydeHHe
BBIUUCJIUMBIX (POPMAJILHBIX KOHTEKCTOB, HadaToe B [1], rme Hac riaBHbiM 0Gpaszom
MHTEPECOBAJN OTJENbHbIE (hOPMAJbLHBIE TIOHATHS W WX ANIPOKCAMAIAN. 3IIECh JKe
pPaCCMaTPUBAIOTCA CTPYKTYPHBIE W AJTOPATMHYIECKAE CBONCTBA pEmeToK (hopMasb-
HBIX HOHSITHUI JJIsl BBIYUCIUMBIX (POPMAJILHBIX KOHTEKCTOB.

OCHOBHBIMU 3aJla9aMU JTAHHON PabOThI ABJSIOTCS HAXOXKJIEHNE JIOCTATOYHBIX
YCJIOBHIA JIJIST CyIeCTBOBAHMs BBLIMUCIUMBIX IIPeJICTaBJICHHI yIIopsiAodenus Ha (op-
MaJIbHBIX TOHATHUSX, & TAKKe HAXOXKICHNE BEPXHIX TPAHUIL Ha TEOPETUKO-PEKYPCUB-
HyIO CJIOKHOCTH PEIIETOK (hOPMAJBHBIX MOHATHNA BBIYHCIAMBIX (DOPMATHHBIX KOH-
TEKCTOB.

Mg npefioiaraeM, 9TO YMTATENb 3HAKOM C OCHOBAMHU TEOPUHU BBIYUCIUMOCTH,
Teopun 0000IEeHHON BhIaucauMocT (¢M. [2-4]) u Teopuy BBIYUCIMMBIX MOJIEJIei
(cm., mampumep, [5]). 3uannsg HeOOXONUMBIX oupeieieHUil U (HDAKTOB U3 TEOPUU
MOJIeJIEH 1 MaTEeMAaTUIECKON JIOTUKH, HEOOXOIMMBIE JI/Is IOHNMAHUST JAHHOH paboThI,
B GOJILIITMHCTBE CIy9IaeB CONEPIKATCA B CTAHAAPTHOM YHUBEPCUTETCKOM KypPCe.

OcHoBuble umen HOPMAIBHOTO KOHIENTYAJbHOTO aHAIN3a CHOPMYIUPOBAHBI
npodeccopom Busiie u B majabHeRIEM CyIIeCTBEHHO PA3BUTHI UM, €r0 YI€HUKAMU 1
KoJiteramu (cum. [6]).

ITeproe ocuoBHOe moHsiTue FCA — 3710 moHsATHE HOPMAALHOZ0 KOHMEKCMA.
IIpeamosnoxkum, 9To y HaC ecTh MHOXKecTBO 00bekToB G (Gegenstinde) u MHOKe-
crBo ceoficts M (Merkmale). B saTom ciryuae MBI MOXKEM PACCMOTPETH €CTECTBEHHOE

Pabora Bbiosinena mpu (GUHAHCOBOR IMOJJIEPXKKE POCCHUICKO-TepMaHckoro rpanta PODU-
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Gunapnoe otHomenne = C G X M, onpeseseHHOe Kak
Z |= y & @ yIoBIETBODSIET Y.

MBI npuX0IUM K CJIETYIOIIEMY OIIPEIETEHUIO.

ONPEJNENEHUE 1 [6]. Jlio6as Tpoitka § = (G, M, |=), toe = C G x M, Ha3bl-
BaeTCsl POPMANLHBM KOHMEKCMOM.

C KazkIbIM MHOKeCTBOM 00beKTOB A C G MBI MOXKEM CBSA3aTh €r0 MeopPulo
Th(A) = {y € M | Vz € Az |- y)}
U C KaXKJIbIM MHOXKeCTBOM cBoiictB B C M — Kjtacc ero mojesei
Mod(B) ={z € G |Vy € B(z =)}

Ecim A C G u B C M, To 6yaem ropoputh, uro napa (A, B) asisercsa gopmans-
HOLM NONAMUEM, ecJii oHOBpeMeHHO A = Mod(B) n B = Th(A). Ecim oo = (A, B) —
dopmasbHOe ToHSITHE, OyIeM rOBOpUTH, YT0 A — skcmenm o u B — unmenm «,
U WCIOJIB30BaTh cieytomue obosHauenus: A = ext(a), B = int(a). Samernm,
YTO IKCTEHT (POPMAJILHOTO MOHATHS OTHOZHAYHO OIIPE/IEJISeT €ro UHTEHT, U Ha060-
por. MHOKeCTBO BCeX (POPMAJIbHBIX MOHATHUH YACTUYHO YIOPSAIOYEHO OTHONIEHIEM
(X0, Y0) < (X1,Y7) & Xy C X5; nocsiesigee, Kak Jerko yCTAHOBUTD, SKBUBAJIEHTHO
ycmoBuio Yy O Y.
Mpr 6y/1eM UCIOJIB30BATH CJIELYIOIINE eCTECTBEHHBIE COKPAIIIEHUS:

A|:B<d:f>Vx€AVyEB(x|:y); a):Bi-f)VyeB(cM:y);

AFb & v e A b).

WsBecTHO, 9TO MyIsi JIFOOOr0 (DOPMAJIBHOIO KOHTEKCTa § MHOXKECTBO BCEX €ro
dopMaTbHBIX MTOHATHIT 00pa3yeT MOJHYIO PEIIETKY, Ha3bIBAEMYIO Peuemkot noH.i-
mut das § n oboznagaemyio depes £ (F). Takke u3BeCTHO, 4TO KaxKas HOJIHAS Pe-
mrerka (L; <) mzomopdua pemmerke nousTuii ¢popmaabaoro Kourekcra §r, = (L, L, <).
Bouee Toro, Bce dbopmanbhble OHATUS U3 £ (F L) UMEOT BULL (cAt, cvz) JISL TIOJIXO/IsI-
LueranL,r;LecAL:{xeL|x§a}Hch:{x€L|agx}. OTu yTBEpPKICHUS
U3BECTHBI 110]T HA3BAHUEM 0CHOGHOU MEOPEMbL (POPMAABHO20 KOHUENMYGAALHOZO GHA-
auza (em. [4]).

Hanmenbmnit 1 HanOOIBIMII 9JIEMEHTHI PEMIETKH OOBIYHO Oy/1yT 0003HATATHCH
cooTBeTCTBeHHO Yepe3 L u T. PopmajbHOE MOHATHE (v HA30BEM HEMPUBUGALHDIM,
ecm o ¢ {T, L}

[TockoJibKy B JaHHO# paboTe MPUBOIUTCS IPUMED, JIUIIAIOIINN HAC HAIEXK bl Ha,
oty uerue 6oJiee WM MeHee HeTPUBUAILHBIX PE3YJIBTATOB 110 BHIYUCIUMBIM PEIeT-
KaM IIOHATHI B PEIIeTOYHOI CUrHATYDE, cozepzKalieil onepaiuu sup(x, y) u inf (z, y),
MbI [PEZIIOYTEM PACCMATPUBATH PENIETKH MOHATHI B curHarype (<) m BMeCTO pe-
IIIETOK MTOHATHIF TOBOPUTH 00 ynopadoueruu nonamud.

Bynem npemmonarath, 9To KasKIbIil 3j/eMeHT MHOXKecTBa (G MMeeT CBOM yHU-
KaJIbHBI HOMep. To ke camoe mpemmnosaraerca n gus M. Ilpeamonaraem, 9ro
MHOKECTBA TAKUX HOMEPOB BBIYUC/IMMO TEPEIUCTAMBI U YTO CYIIECTBYET aJrOPUTM,
KOTODBIH 110 JaHHOMY HOMepY k [iisi oObekTa u HoMepy | mjis cBoiicTBa 3ddekTus-
HO OIIpEJIeJIsSieT, Y/IOBJIETBOPSIET JIM 3TOT OOBEKT JaHHOMY cBoiicTBy. Hac He Gyuer
MHTEpPeCcOoBaTh CJIydail, KOrja OJHO M3 MHOXKECTB OOBEKTOB WJIM CBONCTB KOHEYHO,
[IOCKOJIBKY B 3TOM CJIy4ae peIlleTKa IOHSITHII KOHEYHa W BCe M3ydaeMble HAMU IIPO-
6JiIeMbI TPUBHAJBHBI. bBe3 moTepu OOIMHOCTH MOYKEM MPEIIOJIAraTh, YTO0 MHOYKECTBA
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BCEX BO3MOXKHBIX HOMEPOB JIjIsI OOBEKTOB M CBOMCTB PABHBI MHOXKECTBY HATYPaJib-
HBIX dmces w. Homepa 00bEKTOB 1 CBOMCTB MOTYT MOSABJISATHCS €CTECTBEHHBIM Iy TEM,
HaIIPUMEDP, OHU MOTYT OBITH CJIEICTBUEM CTPYKTYDPBhI OObEKTa WJIA CBOMCTBA, WIIH,
HaIpUMeP, €CJIU Mbl HyMepyeM OObeKThI WU CBOMCTBA IO Mepe UX MOSBJIEHUS, TO
MOKeM IPUCBAMBATHL UM HOMEpa B IOpsJiKe WX IepequncieHus. besyciosHo, chop-
MYJIUPOBAHHDIE 3/I€Ch TIPEJIIIOIOKEHUS MOXKHO 00CY?K/IaTh U TO/IBEPraTh COMHEHUIO,
HO B JIAHHOH PaboOTe MBI X HOCTYIHPYEM.

[TPUMEPEHI. 1. 3adukcupyem s3bIK IEPBOTO MOPSIKA KOHEYHON CHTHATYPHI.
[Tycrs MHOXKECTBO G OOBEKTOB COCTOUT M3 BCEX KOHEUHBIX MOJEJIEH JjIsl 9TOIO si3bl-
K&, OCHOBHbIE MHOXKECTBa KOTOPBIX SIBJISIFOTCSI IOJMHOXKECTBAMU W, U IIYCTh MHO-
2KecTBOM cBOHCTB M 6yjieT MHOXKECTBO BCEX ITEPBOIOPSIIKOBBIX IIPEJJIOYKEHHI ITO-
ro a3pika. OupezesanM OTHOIIEHHE = KaK OObIYHOE OTHOIIEHHE UCTUHHOCTH, T. €.
M = ¢ oznagaer, 9ro Mozesb M yIA0BIETBOPLAET . MOXKHO OUPEAeIUTh KOJIUPOBa-
HIE 3TUX MOJEJeHl U TMPeJIOKeHN HATYPAJIHHBIMU YUCIAMA TaK, YTOOBI IPU ITOM
OBLIN 33/1efiICTBOBAHbBI BCe HATYPAaJIbHbBIE YNCJIA U 110 JAHHOMY HATYPaJIbHOMY YUCLY
N MOXKHO 3(P(DPEKTUBHO EPEUNCIUTh JUarpaMMy MOJIEIN C STUM HOMEDPOM, a TaKKe
9 HEKTUBHO BBIIUCATDH IPEJIOKEHUE C ITUM HOMEPOM (IIPUMEPBI TAKUX KOJIUPOBa-
HUIT MOXKHO HAWTHU B JIIOOOM DYKOBOJICTBE MO MATEMATUYIECKON JIOTUKE, B KOTOPOM
onpenessiorcs ['énenesnl mymeparuu). MoxkHO yOeauThCs, 9TO 1O JAHHBIM HOMEDY
MOJIeJI U HOMEPY IPEJJIOYKEHNsT MOYXKHO 3 (PEKTUBHO OIPEIE/INTh, YIOBJIETBOPSIET
JIN MOJIEJTb TIPEJIJIOZKEHNIO.

2. B kagectBe apyroro 6ojiee CJI0KHOTO IMIPUMEPA MOXKHO PACCMOTPETH MHOXKE-
ctBO (n X n)-marpul zHag Q ¢ OTHOIIEHHEM =, ONIpeEIeHHbIM Kak «A conpsiKkeHa
B>, 11 GUKCUPOBAHHOIO N < W.

Takum 00pa3oM, MBI TPUXOAUM K CJIEAYIONEMY OIPEIETICHUI0 SblYUCAUMO20
Popmasvro20 KOHMEKCNA.

ONPEAENEHME 2 [1]. Tpoiika § = (G, M, |=) HasbiBaeTCst 8viuucaumvim (coom-
BEMCMBEHHO APUPMEMUECKUM, 2UNEPAPUPMEMUECKUM) HOPMANLHOIM KOHMEK-
cmom, ecam MHOKecTBa G u M — Beramcsnmvele (apudmernueckue, runepapudme-
THUYECKHE) TTOJMHOKECTBA HATYPATBLHBIX TUCes 1 oTHOmeHne = C G'X M Berauncammo
(apudmernueckoe, runepapudMeTuIecKoe).

®DopmasbHOoe TIoHsATHE @ = (A, B) n3 § HazoBeM suiuuciumvim (apudmemunec-
KuM, 2unepapudmemuneckum), ecim 0b6a MHOKecTBa A 1 B (T. €. MHTEHT U 9KCTEHT )
BBITACIAMEI (apudMEeTHIECKHe, TUTIepaprupMeTHIecKue). MHOKECTBO BCEX BBITHIC-
JuMbIX (hbOpMAaJIbHBIX NOHATHI GyZieM 0003HaUaTh uepes Z,.(F).

Yro6bI 110/19epKHY T, 94T0 G 1 M He3aBUCUMBI, T. €. B OOJIBIIUHCTBE CUTYya-
Uil BOBMOYXKHBIE PaBEHCTBA ¢ = M Jjist ¢ € G mu m € M He urpaior abCOTIOTHO
HUKAKOW POJIM B HAIUX PACCMOTPEHUAX, OyIeM 0003HAYATH FJIEMEHTHI ITUX MHO-
2KECTB COOTBETCTBEHHO 4epe3 (o, J1,... A Mg, M1, ..., XOTI UHOTJA OHU U OYIyT
ABHO OTOYKJIECTBJIEHBI C HATYPAJIbHBIMHA TUCIaMM.

MBI ucIoJib3yeM CTaHJIAPTHBIE TIOHITHST TEOPUU BHIYUCTUMOCTH. 3a(DUKCUPYEM
BBIMHCIAMBIE DYHKITNH ¢, { 1 T, KOTUPYIOIINE U PACKOIUPYIOIIIE TaPhl HATY PATbHBIX
qrcesl HATYPAJbHBIMU YUCJIAMU, T. €. (QYHKIUU, YAOBJIETBOPSIOIIAE CJIEITYOIIIM
TOXKJIECTBAM:

c(l(x), () =z, r(c(z,y) =y, Lclz,y)) = .

ﬂOKaS&TeJ'IBCTBO CyIIeCTBOBaHUA TaKUX d)yHKL[I/Iﬁ MOKHO HaliTH HOYTHU BO BCEX yqe6—
HHKaX II0 BBIYUCJIMMOCTH.
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Omnpejieium Hymeparuio [ KOHEUHBIX MHOYKECTB HATYPAJIbHBIX UUCENT CJIeJIyT0-

UM 00pa30M:

S=Dpen=> 2~
keS

CemeiicTBo (S;)i<, KOHEUHBIX MHOXKECTB HA3BIBAETCS CUALHO GOIMUCAUMBIM, €CIIN
CyMIECTBYeT BblumucauMas DyHKIus f Takasi, 9TO BbIIOMHEHO S; = Dj(;) A BCex
i < w. Ecimm S = D,, To n HaswpBaercs undexcom mms S. pyrumu ciooBamm,
CHUJIbHASI BBIYUCINMOCTD ceMercTBa (S;)i<w KOHEIHBIX MHOMKECTB O3HAYAET, UTO 110
JIAHHOMY HOMEPY & < W MbI MOXKeM 3(h(DEKTUBHO TEPEUNCIUTh BCE JIEMEHTHI S;
1 3 HEKTUBHO OMPEJIEINTH MOMEHT B 9TOM II€PEYNC/IEHHH, TIOCTe KOTOPOTO HOBbIE
9JIEMEHTHI yKe HUKOTIa He OyIyT MepedncasThes B S;.

HamomunM, 910 CTPYyKTYpa KOHEYHOTO SI3bIKA HA3BIBACTCS 8bIHUCAUMOT CTNPYK-
mypoti, eCin ee OCHOBHOE MHOYKECTBO — HAYAJIBHBINA CEIMEHT MHOYKECTBA HATYPAJIb-
HBIX YUCEJI U BCE €€ OINEPAINU U MPEJIUKATHI BHITUCTUMBbI.

CewmeiicTBo popMaTBbHBIX TOHATHH (;)icw € Z(F)“ HAB0BEM 6LIHUCAUMDBIM,
ecau cyuiecrByer BorauciaumMas dbyuxius f(i,x) Takad, 910 g Beex i < w dyHK-
must 7(f(i,x)) xapakrepucrindeckas s ext(a;) u £(f(i,x)) xapakTepuCTHICCKast
s int(e;). dpyrumu cioBamu, ceMeficTBO ()i« BBIYUCIIUMO, €CJIU MOXKHO 3-
bexTHBHO OTBEYATH Ha BOIIPOCHL «Z € ext(a;)?» u «x € int(q;)?» PABHOMEPHO /st
BCEX T U 4.

Dopmasbable KOHTEKCTH §o = (Go, Mo, |=0) u §1 = (G1, M1, |=1) Ha3bBaroTCcs
UOMOPPHBIMU, €CITA CYIIeCTBYIOT aBe buekmmu fg : Go — G1 u far + My — My,
COXPAHSIONHE OTHOIIEHNE BBITOJHUMOCTH, T. €. Jjid BceXx ¢ € G u m € M BbI-
HoJiHeHo ¢ =0 m < fa(g) 1 fm(m); B sToM ciywae napa fg, fu HasbBaeTcs
UOMOPPUSMOM MEXKIY Fo U F1-

IIycre §o u §1 — BbIYHCIUMBIE (bOpMajbHbIE KOHTEKCThI. (OHU Ha3BIBAIOT-
CA BHMUCAUMO USOMOPHHBIMU, €CJTH CYIIECTBYET M30MOPMU3M MeXKJy HUMH, 00e
KOMITOHEHTHI f U fj; KOTOPOTO SIBJISIOTCS YACTUIHBIMA BBITHCIUMBIME (DYHKITHSI-
MH. JIerko mpoBepsieTcsi, 9TO BBIYUCIUMBIE H30MOP(MU3MBI COXPAHSIIOT BHIYUCIUMBIE
dopMaIbHbIE TOHATUS U BBHIYACIUMbBIE CeMEACTBA TOHTHIA.

Ecmecmeennan monosozus Ha (POPMATBHBIX MOHSATHAX, KOTOPas B JAJbHEIl-
[IeM Ha3BbIBAETCS MPOCTO Mmonoso2ueti, 6y/IeT UrpaTh BayKHYIO POJIb B HAIIUX Pac-
cMorpenusix. OHa MOpoOXKIaeTCs ceMeficTBOM OTKPHITHIX okpectHOcTel Uy p = {ar €
Z(F) | ACext(a) u B C int(a)}, rie A m B — KoneuHsle mogaMHoxkectBa G u M
COOTBETCTBEHHO. JIErKo BUJIETh, UTO 9Ta TOIOJOTUS COBIIAIAET ¢ TOIoJornel u3 [1],
MOPOXKJIEHHOM CJIEJIYIONUM CeMeiCTBOM OTKPBITBIX OKPECTHOCTE:

Ul po = {0 € Z@) | fo € XSev(y 1 f1 € Xint(a) >

roe X?’ — xapakTepucruieckas pyukius noavmuoxkectsa S 8 W u fo, fi — orobpa-
JKEHIST U3 KOHEIHBIX o MHOKecTB B G B M B MHOXKecTBO {0, 1} coorBercraenno. Ilo
TeopeMe IUIOTHOCTH, J0Ka3aHHOi B [1], okpectHOCTh Uy p HEmycTa TOT/A M TOJIBKO
torga, korma A | B. Hamomunm, uto Touka o € Z(F) Ha3bIBAeTCS U30AUPO-
8aHHOT, eciin MHOYXKEeCTBO {a} OTKPBITO. DTO IKBUBAJEHTHO TOMY, UTO CYIIECTBYET
okpectHocTb Ug, g Takasd, uro {a} = Ua p. V301MpoBaHHBIE TOUKH COOTBETCTBY-
10T (POPMAJIBHBIM TIOHSTUSIM, KOTOPbIE MOTYT OBITH MOJHOCTHIO OXapAKTEPU30BAHBI
KOHEYHBIM YHUCJIOM CBOUCTB B M KOHEYHBIM YHCJIOM MPUMEPOB A.

2. OcHoBHOI1 ajnroputTmMm

3sech OyjieT OnMMCaH KOHKPETHBIN U JIOCTATOYHO IIPOCTON AJIPOPUTM, KOTOPBIi
1o ganHoil nape Koneunosix MHoxkects A C G, B C M rakux, uyro A |= B, crpour
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HEKOTopoe BeruucanMoe opmasbHoe noHATHe o € Uy g, U OyayT JOKa3aHbl HEKO-
TOpBIE €r0 CBOHCTBA. DTOT AJTOPUTM UTPAET MEHTPAJBHYIO POJIb B HAIMUX JAJb-
HENIINX pacCMOTpeHusiX. BBuy 5TOro OyeM Ha3bIBATbH €r0 0CHOGHBIM AA20PUM-
mom. DAKTUUIECKH ITOT AJTOPUTM yKe cojepxkasicst B [1]. Byzaem mpesmosarars,
aro G = {go, g1,...}, M = {mo,m1,...} u g; # gj, m; # m; s Beex i < j < w.
Mpb1 Takzke OyJeM HCIIOJIb30BATh OCHOBHOM aJirOpuT™M B ciydae, Korga G = M = w,
Mo/Ipa3yMeBasi BBIITOJIHEHUE PABEHCTB §; = 4 U My; = & JJisd BeeX i < w. PakTudecku
OCHOBHOII aJITOPUTM CTPOUT J[BE CUJILHO BBIYUCTUMBIE TEMTOYKHA KOHETHBIX MHOXKECTB

AgC A CAC..., ByCB CBhBC...

TaKHne, YTO uxX O6”be,ZLI/IHeHI/IH 06pa3y10T COOTBETCTBEHHO SKCTEHT U MHTCHT BbIYMCJI-
MOTI'O df')OpMaJ'IbHOI"O IIOHATHUA Cr.
Omnucanue OCHOBHOI'O aJjiropurmMma.

HIAr 0. TIlosaraem Ag = @, By = @.
IITAr t + 1. Ilosaraem
A U{g}, ecmm gy = B U B,

Api1 = A
" B IIDOTUBHOM CJIy4ae,
B Bt U {mt}, ecm At+1 UA ': my,
t+1 =
By B IPOTUBHOM CJIyUae.

Onucanne OCHOBHOI'O aJITOpUTMa 3aKOHYCHO.

HCHO,‘ITOAogAlQAQQ...,BogBlQBQQ....
Ionaraem A* = |J Ay u B* = |J B:.

t<w t<w
Ecim Mpl Haunem IIOCTpOEHUE C KaKOM-TO ,ILPYFOfI IIapbl MHO2KECTB, CKazKeM,

C, D, TO COOTBETCTBYIOIIE MHOXKECTBA, OIpPee/IsieMble B XOJI€ ITOCTPOEHHUsI, DYy T
Tak)e obosHauaTbest yepes Cy, Dy u C*) D*.

JlokazkeM HEKOTOpbIE CBOWCTBA OCHOBHOIO aJITOPUTMA.

SamMeTnM, 9TO y MPOU3BOJBHOIO ¢, t < w, UMEETCsl JIUIIb OJINH IMAHC MOMACTD
B A*. A uwmenno, na mare t + 1 ajmement g; gobasisieTcs K A* mpu ycioBum, 9TO
OH IPOXOJUT HPOBEPKY ¢: = By U B, u ecim ¢; He monasn B A* Ha tmare ¢t + 1, To y
HEro B JaJIbHelIIeM HeT BO3MOXKHOCTH 1onacTb B A*. CuMMeTpuYHOe yTBEpKIEHIEe
BBINIOJIHEHO U it B*: Ha mmare ¢ + 1 sjlemenT my nonagaer B B*, ecyi oH 11poxoant
npoBepky As11UA = my, u eciiu my ve nonasio B B* na mare t+1, To y Hero 6oJibIie
He OyjieT MaHcoB okazarhes B B*. Takum obpaszom, muOXKecTBa A; 1 By OTHOCTHIO
cdhopmupoBansl K Kouity miara ¢+ 1. Tlosromy cemeiictBa (At)icy 1 (Bi)i<y CUIBHO
BBIYUCJIAMBI.

Ilpengnoxenne 1. Muoxkecrsa A* u B* obuaanaror cpoiicrBamu A C A* u
B C B*.

JIOKABATEJIbCTBO. B camowm jzesie, npemosioxum, 9to g; € A. Hano ybeaursb-
cs1, 9T0 g¢ momajier B A* Ha mare ¢t + 1. Jljist Toro 4robsl monacts B A, sjemeHT
gt JOJKEH YIOBJIETBOPATH ycaosuio ¢g; = By U B. Ilockonbky g: € Au A | B,
umeeM ¢; = B. Ecim g¢ = By U B He BBIIOJHEHO, TO CyIIECTBYET JjeMeHT t' < ¢
Takoit, uro my € B u giffmy . TlockosbKy asemenT my npunajjexur B*) on
YCIIEITHO TIPOXOAUT HpoBepKy A: U A |= my 1, B 4aCTHOCTH, BBINOJIHEHO gt = My
[IPOTUBOPEYHE.

[Iycre Tenieps my € B. Hajio npoBeputh, 94T0 m; nonajgaer B B* Ha mare ¢+ 1.
Do sKkBUBaIEHTHO yciaoBuio Ay U A |= my. Tlpesmnonoum npoTuBHOE, 8 UMEHHO,
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9TO 3TO yTBEpXKJeHue JoxkHO. Torga Beuny A |= B u my € B cymecrsyer t' < t
Takoe, 9ro gy € A1 u gy fEmy. Orciona caenyer, uro gy = By UB u, B yacTHoCTH,
gv | my; nporusopeune. [

Ilpengsoxxenune 2. Pesysprarhl paboThl OCHOBHOI'O aJI'OPHUTMA YJIOBJIETBOPSI-
for ycaopusam (A*, B*) € Z.(F), (A*,B*) € Ua,p, u cymecrByer 3¢peKTHBHAS
PpaBHOMEpHasl MPOIeypa JJisi OTBETOB Ha BOHPOCHl «r € A*7?» m «x € B*7» mo
HHIEeKCaM KOHEYHbIX MHOXKecTB A n B.

JIOKABATEJIbCTBO. BcromumM, 9TO IIPOU3BOJILHBIN 3j1eMeHT g € G inbo oKa-
3piBaercd B A* na mare t + 1, mubo yKe HUKOra Ty/a He Tonaiaer. AHaJormIHoe
YTBEPKIEHNE BBIMIOJIHEHO TaKXKe U yid B*. DTo 10Ka3bpBaeT PABHOMEPHOCTb.

Hanmo mposeputs, aT0

A"={geGlgEDB"}, (1)
B*={meG| A" Em). 2)

Hoxaxem Britodenue (C) B (1). Bo3bMeM HpON3BOJIBHBINA 9JIEMEHT g = g¢ €
A*. VI3 onmcaHus OCHOBHOTO aJTOPUTMa CJeyeT, 9To g: = B UB u g € Apy1.
B uacrrocrn, g¢ |= Bi. Eciu HeKOTODPBI# HOBBIH ssieMeHT My, t' > t, BHOCIEACTBAN
Gyner nobassen Kk B* wa mare ¢’ +1 > ¢+ 1, To moayunm Ay 1 U A |= my. Takum
obpazom, g € Apy1 C Ay | my, OTKyma ciemyer, 9ro g; = my. 3HAYMT,
9= gt =B

JoxaxkeMm riaoderne () B (1). Bo3bMeM mpon3BOJIBHBII 3JIEMEHT ¢ = ¢¢ U3
npasoii gactu (1). Umeem g, = B*. Ilo npemoxennio 1 B C B*. CiezoBaresbHo,
g+ E Bt U B. Otciona BeITEKaeT, 910 g; Oymer nepeunciero B A* na mare ¢+ 1, T e.
g=g: € A"

Hoxkaxem Brimodernne (C) B (2). Bo3bMeM HPON3BOIBHBIN JIEMEHT M = My €
B*. U3 onucanus OCHOBHOI'O aJropurMa cieayetr, 910 Ay 1UA |=myumy € Byip. B
qactHOCTH, At i1 = M. Ecam HEKOTOPBI HOBBIH 9J1eMeHT gy, t' > t, mepedncssiercst
B A* ma mare t' +1 > ¢t + 1, To monyunm gy |= By U B. anee, m; € Byy1 C By,
OTKyZa BeIBOIUM gy = my. Orciona A* | my.

HoxkaxeMm Briodenue (D) B (2). BosbMeM IPON3BOJIBHBIN JIEMEHT M = 1My
n3 mpaBoit actu (2). Umeem A* = my. Ilo npemnoxennio 1 A C A*. Orciona
Ap1UA C A* 1oe. Ap1UA | my, mmy Gyaer niepeunciier B B*, 1.e. m = m; € B*.

ITockonbky (A*, B*) € Z.(F), upeqyoxenue 1 Bieder (A*, B*) € Uy» p«. O

Ipennoxenue 3. IIpennosoxum, uro A, A" C G, B,B' C M, A | B,
A E B uwACA, B C B. Ilycrb HOHATHE ( SIBJSIETCS PE3YIBTATOM HCIIOJ-
HEHHsI OCHOBHOT'O aJropuTMa Ha nape A, B u noHatume o SBISETCS PE3YJIbTATOM
HCIOJIHeHHsT OCHOBHOIo ajropurma Ha nape A', B'. Torma a < /.

JIOKABATEJIBCTBO. [Hokaxkem 1o uamykuuu, yro Ay C A} u By C B, s Bcex
t < w, oTKyma u Oymer ciaeaoBaTh Tpedyemoe.

Js t = 0 Bce 3TM MHOXKECTBa IIyCThI, U YCJIOBUE BBIIOJIHSICTCSI.

Ipeamonoxum, aro Ay C A, u By C B;.

Bormosmaum mar ¢t + 1 u mocmorpum, gto mpomsoiifer. I[Ipenmosmoxxum, 9ro ¢
nepeuucisierca B Ay 1 Ha mare ¢ + 1. 9ro oznauaer, uro ¢t = By U B. TlockoabKy
B; C BiuB'C B,umeem t |= B{UB’, 1. e. t Taxxe nonazer B A; | Ha mare ¢ + 1.
IMosromy Ai1 € Ay U {t} € AjU{t} = A} . Ecom t ne momemmaercst B A1 Ha
mare t + 1, 10 Ay = Ay € A} C A} . B moGom ciayuae BoimoHeno Ay C A .

UcnomauM Tereps ocTaBIIyiocs dacTsb mara t + 1. Ecin ¢ momenmaercs B By | 4
ma mare t +1, To t = Aj | UA". Ilpunumasg Bo Banmanue srmodenns Ay 1 C Af
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uAC A monyunm t |= Arp1 U A. Orcrona caenyer, uro ¢ moMernaercst B By Ha
mare t+ 1. Tem campiv By | = BiU{t} C B;U{t} = B;,1. Ecim t ne nomemaercs B
Bj | mamaret+1,10 B | = B; C B; C Bt 1. B mobowm ciyuae By, | C By1. O

IIpennoxenue 4. Ilycrs momsitme o = (A*, B*) — pesy/jbrar OpHUMEHEHUS
ocHoBHoOro ajropurMma K nape (A, B), A= B. Ilycrb AC A’ C A* u BC B’ C B*.
Tora pe3ysbrarT BbUIOJIHEHUS OCHOBHOIO ajropurMa s napbt (A’ B') Gyaer rem
ke cambiM, T. e. (A')* = A* u (B')* = B*.

JOKABATEJIbCTBO. JlocTaTrovHO JI0Ka3aTh 110 UHIYKIUH, 9TO A; = A; uB; =
B! ns Beex @ < w.

st & = 0 910 caemyer u3 onpenenenns rmara 0.

[IpeamosoKumM, 9TO yCJOBHA BBIIOTHEHBI st ¢ = t. Jlokaxkem, aro A;11 =
Al u By = By, . Tlo uaaykimm 5T0 1acT HaM JOKA3ATEIbCTBO YTBEPIK/ICHHSI.

Ipenmosoxkum, uTo ¢y nepeunciaserca B A* na mare ¢t + 1. B uwacThocTH, 310
o3HaYaeT, 4T0 ¢g¢ € A* u, TakuMm obpasoM, ¢g; = B*. Vcnoswsys ycmosns B, =
B; C B* (1o upemioxenuto 1) u B’ C B*, nony4aem g; = B; U B’, u TeM cambIM gy
nomanaer B (A')* ma mare t+1. C mpyroii ctopomsr, ecim g; monager & (A')* ma mrare
t+1, 1o g: = B;UB’, orkyzma nonyanm g |= By U B, 910, B CBOIO 0Yepe/h, 03HAYAET,
uto g; Gyser nepeuncieno B A*. Orcroia cieayer, 9To Ha mare t + 1 sj1eMeHT gy
Oyaer nepedncsien B A* Torma u TOJIBKO TOr/A, KOrda o Oyzuer nepeuuncied B (A')*,
T. €. At+1 = A;Jrl.

JaJiee, MBI JIOJKHBI JIOKa3aTh, 9T0 Bt = Bj | 1. OTO OyIeT crelaHo TeM XKe
CIIOCOBOM C HCIIO/Ib30BAHIEM y2Ke JIOKa3aHHOro pasencrsa Ay 1 — A}, ;. Ilpemmo-
JIOXKUM, UTO My Tepeuncisiercs B B* ua mare ¢t + 1. Torma A* = my. Tlockoabky

b= Ay € A*m A C A mveem A} U A" | my, Tem cambim my Gyzer
nepeuucyeno B (B')* wa mare ¢t + 1. C Apyroil CTOPOHBI, IPEIIIOIOKAM, ITO 1
nonazgaer B (B')* ma mare t + 1. Jro ozmaugaer, aro (A")* |= my. Orcroma cremyer,
aro, B wacrHoctH, A} U A" = my. Ilpuanmas B pacuer pasercrsa A; | — Ay u
A C A, nonmyuaem, aro Ay, UA |= my, T. e. my monazier B B* Ha mare ¢+ 1. Takum
obpa3zoM, my OO0 OHOBPEMEHHO JT00ABJISIETCS, JINOO OHOBPEMEHHO He JT00aBJISIETCS
K MHO)KecTBaM B; u Bi. Ilockonbky By = B}, umeem By 1 = Bi ;. O

3. PerynspHble OHSTUSI U UX CBOICTBA

OMNPEAEJNEHUE 3. Ilycts § — Bbramc/mMblil (pOpMasibHBIN KOHTEKCT. [loHsTHE
a € Z(F) HasbBAETC PE2YAAPHLIM, €CIH OHO MOXKET OBITH MOCTPOEHO OCHOBHBIM
AJINOPUTMOM U3 HEKOTOPOii mapbl A, B KOHEYHBIX MHOXKECTB Takux, 410 A C ext(a),

B Cint(a) u A E B.

O603HaYMM MHOXKECTBO BCEX PEryJsPHBIX NOHATHI u3 § depes3 Z,.(§). U3 mo-
CTPOEHUS CJIEYET, ITO BCAKOE PEryISAPHOE MOHATHE BBITUCIIMO.

Pasymeercsi, cBOICTBO PEryJIsipHOCTUA HOHSTHI CyIIECTBEHHO 3aBUCHT OT KOH-
KPETHOI'O BBIYUC/IMMOIO IIPEJCTaBJIeHNs (POPMAJIHLHOIO KOHTEKCTa U JIayKe OT KOH-
KPETHOT'O BBIYUCIUMOTO Mepedncienns Muoxects G u M.

[Tokazkem, YTO B HEKOTOPOM CMBICJIE BCAKOE HETPUBUAIBHOE BBIIUC/INMOE TIOHSI-
THE MOYKET OKa3aThCs Pery/sipHbIM. JIJIisi 5TOro orpaHuYuMCsl PACCMOTPEHUEM TaK
HA3BIBAEMBIX UYUAUHIPUYECKUT POpmarvrpir Konmexcmos. 11ozxke Mbl yBHIUM, 9TO
OrpaHUYeHNe PACCMOTPEHUI Ha, 3TOT KJIACC He BJIMSET Ha Pe3yJIbTaThl O BBIYUCTIMBIX
MIPE/ICTABJIEHUSIX YIOPSIOIECHUN HA TOHITHAX.

OnpEAENEHUE 4. Ilycrs § = (w,w, =) — BhraucauMbiil HbOpMaIbHBIA KOH-
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rekcT. Oupesiesinm GOpMaIbHBINA KOHTEKCT ¢ CIeayomuM 00pa3oM:

5= (w,w, %), rtme zE‘ysl(z)ELy).

DToT hOpMATHHBIN KOHTEKCT §° Ha30BeM yuaundpudurayueli KonTekcra §. Ecan
dopMaJIbHBIN KOHTEKCT § BBIYUCIMMO H30MOP(deH (HOpMaJIbHOMY KOHTEKCTY BUJIA
()¢, To GysieM HA3BIBATH €0 YUAUHOPUHECKUM HOPMANLHOIM KOHMEKCIOM.

e apudnkanus GopMaIbHOIO KOHTEKCTa MOYKET PACCMATPUBATHCS KAK 3a-
MEHa KaXKJIOH ero TOYKM OECKOHEYUHBIM MHOYKECTBOM €€ KOIIHiA.

Ciieyromue CBOMCTBa JIETKO [IPOBEPSIFOTCS, U MBI OCTAaBJISIEM UX IIPOBEPKY YH-
TaTeJIIo.

IIpennoxenue 5. 1. CymecrByer ecrecrBeHublii uzomoppusm ()¢ mexkiy
Z(F) u Z(F°), 3agaBacMblii paBeHCTBOM

({A, B))¢ = (¢(A X w); ¢(B x w)).

BoJiee Toro, a € § BbIYUCIHIMO TOIa U TOJIBKO TOLZA, Koraa af € §¢ BBIYUCIUMO, U
ceMeiicTBO ()<, BBIYUCIUMO TOIJIA U TOJBKO TOIJA, KOIJA BHITUCIUMO CEMEHCTBO
C
(ai ) i<w’
2. Ecmn § = (G, M, ) — nquiunapudeckuii (popMasibHbL KOHTEKCT, TO JJIT BCEX
x € G cymecTByeT 6eCKOHEIHO MHOIO T’ Takux, 9TO JIs Beex b € M BbIIoJIHEHO

zEbe ' b

3. Ecmn § = (G, M, =) — nmmsgpuieckuii (popMaibHbI KOHTEKCT, TO IS
Beex A C G uy C M cymecrByer 6€CKOHEIHO MHOTO ' TaKuX, 9TO JJI Beex a € A
BBITTOJTHEHO

aFysalEy.

Takum 06pa3oM, eci HAC UHTEPECYIOT BHIYUCIUMBbIE TTPEJCTABICHUS YIIOPSIIO-
YeHnl HA MOHATHASAX U BBIYUCIUMBIE CEMENCTBa (DOPMAJIBHBIX IOHATAN, TO MBI MOYKEM
OTPAHUYIUTHCHA M3y IE€HUEM IMUIMHIPUIECKAX (POPMAIBHBIX KOHTEKCTOB.

IIpennoxkenmne 6. Ilycrs § — HUIHHAPHICCKUI BEIYHCIUMBIE (POPMAJILHBII
KOHTEKCT U o = (A, B) — ero Beraucumoe popMaJsibHOe IOHATHE Takoe, 9T0 ext(a)
# @ u int(a) # @. Torza cymmecTByIoT Takme BLITHCIHMBIE mepednciaenns G =
{9;|i<w}uM={m)|i<w} mooxecrs G u M cOOTBETCTBEHHO, ITO OCHOBHOH
aJIroOpUTM, IPHMeHEHHDIH K nape &, &, CTPOUT IOHITHE (.

JIOKABATEJIbCTBO. IIpeamosmo:kum, 9T0 MOCTPOEHBI KOHETHBIE TIOCTEI0BATE -
HOCTH (g))ict ¥ (M})i<t TAK, UTO €CIM HMCIOJHEHBI IIEPBBIE ¢ [IAN0OB OCHOBHOIO AJl-
rOpUTMa JJIs Iapbl &, & Ha HOCIeA0BATEALHOCTAX (g))i<t U (M))i<t, TO IOIyIEHBL
MHOXKecTBa Ay u By Takme, 9To

Ay = ext(a)N{g, | i<t} (3)
B = int(a) N {m} | i < t}. (4)

3ameTnM, 9TO 9T YCJIOBHs TPUBUAJBHO BBIIIOJHEHBI Ha, IIYCThIX [OCIEI0BATEN b
HOCTSX TIpK ¢ = 0, T. . HAIlle IPeJIIOJIOYKEeHNe BBIIOJHEHO s t = 0.

ITycrb g — 2yeMeHT BUja g; ¢ MEHEMAJIBHBIM | < w Takoii, uro g & {g} | i < t},
1 IIyCTH M — JEMEHT BH/Ia M) ¢ MEHUMAJBHBIM [ < w Takoil, uro m ¢ {m} | i < t}.
3/1ecb MOXKET BO3HUKHYTH HECKOJIBKO CJIyYaeB.

Cay4uail 1: g € ext(a), m € int(«).
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B sTom cayuae nojaraem ¢g; = g u m} = m. Ha ciemyromeM mare oCHOBHOM
/ U _ /
AJTOPUTM Ha IOCJIEJ0BATEIBHOCTAX (§))ictt1 U (M})ictt1 MEPEUUCTUT g = g; B
9KCTEHT W 1M = M) B UHTEHT MOHATHUS (.

Cay4yail 2: g € ext(a), m ¢ int(«).

Hawm Tpebyercss 106aBUTh ¢ B 3KCTEHT U NPEIOXPAHUTD 1M OT MONAJAHUA B HH-
TeAT. UTOOBI TapAHTUPOBATHL ITO, HAM MOXKET IIOTPEGOBATHCA JOOABJICHUE HOBBIX
9JIeMEHTOB B A; u B By, Ipexie 4eM UMeTh JeJI0 € g | M.

IMockombky m ¢ int(a), cymecrByer g* € ext(w) makoit, aro g*[~m. Bosee
TOrO, MO HPEJJIOKEHNIO 5 MBI MOXKEM BBIOPATH TaKOH 3JIEMEHT ¢* BHE MHOXKECTBA
A; U {g}. Bosbmem B kauecrBe ¢g* asement g; € ext(w) rakoii, uro gilEm, g; ¢
A;U{g} u HOMED [ sIBJIIETCS MUHAMAJILHO BOBMOXKHBIM. IlycTh m™ Gyaer ssiemMeHTOM

. VA / —
my € int(a)\ (B;U{m}) ¢ munumasao Bo3moxubM [. lomaraem g; = g, g;,1 = g,
my; = m*, my,; = m. HemocpeacTBeHHas IPOBEPKA IIOKA3BIBAET, YTO Ha IIEPBBIX
t + 2 marax Ha KOHEYHBIX IOCJIEI0BATEIBHOCTAX (gl)ictr2 M (M})icti2 OCHOBHOM
AJITOPUTM BBIJACT KOHEYHBbIC MHOXKECTBA Ay o U By 2, YIOBIETBOPSIONINE yCIOBHAM
(3) u (4) oyst t + 2.

Cny4yAll 3: g ¢ ext(a), m € int(a). DTOT cIydail paccMATPUBACTCS AHATIO-
UYHO CIydaio 2. A uMmeHHO, HalieM ¢* = ¢; ¢ MUHUMAJbLHBIM HOMEPOM | Tax, 4To
g* € ext(a) u g* ¢ A; U{g}; nociie sToro Haifjem m* = m; ¢ MUHIMAJIBbHBIM HOME-
pom [ Tak, uro m* € int(a), m* ¢ By U {m} u glFm*. Honoxum g; = g*, gi,1 = 9,
my = m*, mj, ;| = m. Kak u panee, HeIOCpeJICTBEHHAS IIPOBEPKA [OKA3BIBACT, ITO
OCJIE TIEPBBIX ¢+ 2 IaroB Ha KOHEUHBIX [OCJIEI0BATEIBHOCTSX (g )icit2 B (M) )icito
OCHOBHOII aJITOPATM IIOCTPOUT KOHEYHBIE MHOXKECTBA Ayio U Byio, YIOBIETBOPSIIO-
mye yeaosusM (3) u (4) s t + 2.

CnyuAll 4: g ¢ ext(a), m ¢ int(«).

Haiinem ssieMeHT g* = g; ¢ MUHUMAJIBHBIM HOMEpPOM [ Takoit, uro g; ¢ A; U {g},
g1 € ext(a) u gilm; 3areMm Haiijem sj1eMeHT M* = M ¢ MUHUMAJILHBIM HOMEPOM [

. VAN ) / _ [
TaK, 4To6bl My ¢ BiU{m}, m; € int(a) u glFmy. Honoxum g; = g*, g;, 1 — g, M} —
m*, my ; = m. Ocraercs IpoBepuTh, ITO ycaoBusd (3) u (4) OUATH BBEIIOIHATCS
nocJie mepBbIX ¢+ 2 maros. IlocTpoeHne 3aKOHIEHO.

Crioco6 BbIGOpa ¢ U M Ha KayKJOM IIare rapaHTUPYeT, YTO Mbl IIOCTPOMM IIOJI-
HOE IepeducyieHue Beex ajieMeHToB G u M cooTBeTcTBeHHO, 1 yciaoBus (3) u (4)
rapaHTUPYIOT PEryJIApHOCTb HOHATUA (v, €CIU OyaeM HCIO/Ib30BATh OCTPOCHHBIE
nepevuncaeHns. [

Crenyromas TeopeMa MOKA3bIBAET, IYTO PETYISAPHBIE TOHITHA UMEIOT O9€Hb XO-
poIie CBONCTBA: OHU MOTYT OBITh PABHOMEDPHO 3(PHEKTUBHO MEPEINUCTEHBI TAKUM
06pazoM, ITO MbI cMOKeM 3(PHEKTUBHO PACIIO3HABATH MOPSIOK HA HUX.

Teopema 1. 1. ITycrs § = (G, M, |=) — Bbrunc/immbrii popMabHbIH KOHTEKCT.
Torma muoXxkecTBO %, (F) BCEX pEryssipHBIX HOHSITHI JIOIMYCKACT BBIYHCIHMYIO HY-
Mepanuo v w — Zp(F) Takyro, 9ro mo JroGbIM JBYM HOMEPAM M H N MOXKHO
scppexTuBHO y3HATH, BepHO JiH, uTo V(m) < v(n).

2. Ilycre § = (G, M, =) — Bbrancsmmplii (popMasIibHbLE KOHTEKCT U BCE 3JIEMEH-
1e1 £ (F), 3a uckmodenuneM, MoxKer 6biTh, 1 u T, m3o/mpoBanbl. Torja HeKoTOpOe
cemeiictBo Beex opmanbabix noasruii mexay L (§) \ {L, T} u Z(F) nomyckaer
BBIYHCJIAMYIO HyMepaiuio v : w — Z(§) Takyro, 9o 1o Jro0bM JAHHBIM HOMepaM
m u n MOXKHO 3¢pdexkTuBHO orBeuaTh Ha Bonpockl v(m) < v(n). B wacrHOCTH, B
9TOM CJIyvae Bce HeTpHBHAJBbHBIE HOHsATHs 13 £ (§) Beruncaumbl u ¥ (§F) nzomopdra
BBIYUCIAMOMY TODSIIKY.
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JIOKABATEJ/IBCTBO TEOPEMBI. 3aduKcupyeM HyMepalyio [i MHOXKECTBa BCEX
nap (A, B), obpazoBannbix KoHeunbiMu MuOXKecTBaMu A C G, B C M u ynosjerso-
patonux yeiaosuio A = B, Takyio, 4To 110 IPOU3BOJILHOMY HOMEPY 1 MOXKHO 3 dek-
TUBHO HATH WHJIEKCHI KOHEUHBIX MHOXKeCTB A n B Takux, uro u(n) = (A4, B), u o
[POU3BOJIBHBIM MHJIEKCAM KOHEYHBIX MHOXKeCTB A u B Takux, uro A = B, MOXHO
sddekTuBHO HANTH HEKOTOPOE N Takoe, uto w(n) = (A, B).

Oupeiesium HyMepanuio v ciepytomum o6pazom: v(n) — 1o hopMaibHOe 110-
HATHE, KOTOPOE CTPOUTCS OCHOBHBIM AJTOPUTMOM Ha mape f(n).

3 cBOMCTB OCHOBHOTO &JITOPATMA, CJIEYET, ITO IO JAHHOMY 1 < W MOXKHO 3(-
bekTHBHO HAWTH ATTOPUTMBI JIJIsI PACIIO3HABAHNS 9KCTeHTa 1 nHTeHTa V(n). OTcona
CJIEJIYET, YTO HyMEPAIUS I BLIYUCIUMA.

ITposepum, 9T0 B yca0BusAX 1. 2 06pa3 v CoAEPKUT Bee sseMeHTsl -Z (F), Kpome,
6eiTe MOoKeT, T u L. B camom jene, mockoabKy Kaxkaast Touka u3 £ () \ {1, T}
M30JIMpOBaHa, Kaxkaoe dopmaabHoe nonarre o € £ (F) \ {L, T} aBusercs eaun-
CTBEHHBIM 3JIEMEHTOM B HEKOTOPOil okpecrHocTH Buia Ua g, T. e. {a} = U p.
ITo npemioxkernto 2 ocHOBHOM ajroputm u3 napsl (A, B) nmocrpour vam «. Tenepn
BeIGepeM k Tak, uro u(k) = (A, B). Vmeem v(k) = a.

Heobxomumo moHATH, KaK MpoBepuThb cBoitcTBo v(m) < v(n).

Cravasta 110 33JaHHBIM [TPOU3BOJIBHBIM M, N € w 3(PHEKTUBHO HAXOIUM AP
(A™ B™) u (A", B") takue, uro u(m) = (A™ ,B™) u u(n) = (A", B™). 3arem

UCIIOJIHSIEM OCHOBHOM aJITOPUTM, OXKUJIasi HAUMEHBINH mar t* Takoii, ITo
(A™ C A) A (B™ C BR) A (A" C AL) A (B™ C BL).
Taxoii mar Haii/leTcs 110 MpeJIIoKeHnIo 1.
W3 onpeenennst OCHOBHOTO aJITOPUTMA CJIEMLYET, 9TO i Beex t < t* BbIIOJIHE-
HbI YCJIOBUA
te ( AM)"<te AL, te(B™)" o teBY,
te (A" ete AL, te(B")" & te BL.
Ecin kak MEHEMYM OZHO M3 BKJIIOUEHMUIA

B C AL, BpDBE (5)
m

JIOXKHO, TO KAK MUHUMYM OIHO u3 Bkjodenwii (A™)* C (A™)*, (B™)* D (A™)*

TAaKIKe OKAXKeTCs JIOXKHBIM, T. e. v(m) £ v(n).

Ecin o6a Brmouenus (5) Bepubl, T0 1o upeoxenuto 3 (A™)* C (A")* u
(B™)* D (A™)*, orkyma v(m) < v(n).

Takum 06pazoM, -Z,.(§) A0IyCKaeT BHIYUCIUMYIO HYMEPAIMIO ¥, OTHOCUTEILHO
KOTOPO#i MbI MOzKeM 3(PMEKTUBHO PEIIaTh, BepHO Jii, 9To ¥(m) < v(n).

Bamernm,aro eciu Bee Toukd u3 .2 (F) \ {L, T} nsomuposansl, T0

ZE\{L T C Z(3) € Z3)

Hauee, cemeiictBo %, (F) uMeeT BBIYMCIUMOE TIpecTaBieHne. VICHonb3yst TO, 9TO
1 u T gBASAIOTCS COOTBETCTBEHHO HAMMEHBIINM U HAMOOJBIINM dsieMeHTamu -7 (§),
MBI MOYKEM JIETKO DACIIMPHUTH 3TO BBIUUCINMOE MPEJCTABJIEHHUE 10 BBIYUCINMOTO
IIpe/ICTaBIeHns Beero mopsizika .2 (F). O

B nokazarenbcTBe TeopeMbl 1 MBI OITPEIE/IIIN BEIYUCTAMYTO HyMEPAaInio ¥ MHO-
KeCTBa §. DBymem Ha3bIBaTh TaKyio HYMEPAIHWIO CMaHIGPMHOT HYMEPAUUET NOHA-
mud.

HanuM moHOe onmcaHre BCeX BO3MOXKHBIX TUIIOB M30MOP(dU3Ma, PEleToK Io-
HATUH BBIMUCIUMBIX (POPMAJIBHBIX KOHTEKCTOB, ¥ KOTOPBIX BCE HETPUBUAJIBHBIE TIO-
HATHAS U30JIMPOBAHBI.
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CaencrBue 1. Ilycrs (L; <) — ynopsimouennoe MHOXecTBo. Torma caenyro-
IIye yCJIOBUS 9KBUBAJICHTHDI:

(1) (L; <) uzoMoppHO yHOPSIIOYEHHIO PEINETKH ITOHATHH HEKOTOPOI'O BBIYHCJIH-
MOro ¢popMaJIbHOTO KOHTEKCTa, y KOTOPOI'O BCe HeTPUBHUAJIbHBIC ITOHITHS H30JIHPO-
BaHbI,

(2) (L; <) — nosiHast penieTka U UMEET BBITUCIUMOE TIPEJICTaBICHHIE.

JIOKA3ATEJBCTBO. (1) = (2). Criemyer u3 TeopeMbl 1 U OCHOBHO# TEOpEMBI
FCA.

(2) = (1). Bamerum, uro eciu (L;<) — BbIYHCINMAs IOJHAs DPEIIETKA, TO
(L; L; <) — Boraucanmblit bopmaibabiiit kourekcer. [lo ocuosroit Teopeme FCA ero
pemmerka moHsaTHH n3oMopdHa (L; <) u Bee ero dbopMasbHble TOHSATHS UMEIOT BH/T
ag = {z | 2 < al,{x | a < a}). JIwoboe Takoe dbopManbHOe NOHITHE (i SIBJIsI-
eTCsl eIMHCTBEHHBIM 3JIEMEHTOM B OKpecTHOCTH Ulq} (q}, T- €. BCe TOUKH B .Z(§)
n3oaupoBanbl. [

Caencreue 2. Ilycrs § — BbruucuMblil popMasIbHbIH KOHTEKCT H BBIIOJIHEHO
XOTs1 6bI OJTHO U3 JBYX YCJIOBHI:

(1) gz Besikoro « € G mHOMK)ecTBO Th(x) = {y | © |= y} KoHEUHO;

(2) s Besakoro y € M muoxkecrBo Mod(y) = {x | z |= y} komeuno.
Torza kazkoe HerpupHaabHoe opMabaoe nousarue u3 £ (§) peraucanmo u £ (F)
H30MOPGHO HEKOTOPOMY BBITHCIHMOMY IIODSIIKY.

JIOKA3ATEJBCTBO. [okaxkem, uto npu yeaosusix (1), (2) xaxaoe HeTpuBU-
aJIbHOE TIOHSTHE M30JIMPOBaHO. Pesynbrar OyieT BhITEKaTh U3 CJIEACTBHS 1.

IIpenmonozkum, 4ro muas Begkoro © € G mmoxkectso Th(z) = {y | z | y}
koneuso. IIycts a = (A, B) — HerpusnasbHoe nousitue u3 .2 (§). Torma

B = Th(A) = () Th(=).
€A
Bosbmem npoussosbaoe a € A. Vimeem B C Th(a). OTciona mo mepBoHAYATBHOMY
IPEJIIONOKEHHIO TIosTydaeM, uTo B koneuno. s kaxmoro b € Th(a) \ B BbiGe-
pem s7emenT o' € A Tak, uro o' [£b. BribpaHHBIE 3JeMEHTHI BMeCTe ¢ @ 00pa3yoT
kKoHeuHnoe mMuoxkectso Ag C A Takoe, 94To

B =Tn(4p) = () Th(=).
xEAQ

[Tokazkem, uT0 OKpecTHOCTD U4, B) COJIEPKUT €JIMHCTBEHHBII 31eMeHT . flcno,aro
a € Ua,,By- lpeamonoxum, aro nekoropoe (3 npunaunexut U 4, py- 1o onpese-
sennto okpectHoctn umeeM B C int(3). ITokaxkem priodenne int(S8) C B. Ilycrb
b € int(B). IMockombky Ao C ext(f), mmeem Ay = b, orxyna b € Th(4y) = B.
Taxkum obpasomM, int(5) = B = int(«), u, 3Haunt, o = 5.

JIoKa3aTeIbCTBO OCTABIIETOCA YTBEPKICHUA TPOBOANTCA AHAJIOTHYIHO. [

Tenephb JT0KarkKeM HEKOTODPBIE PE3YIbTaThl O B3AUMOOTHOIIEHAN MEYKJy MHOKE-
CTBAMH BCEX PETy/IAPHBIX (POPMAILHBIX MOHATHI U BeeX (pOPMAaIbHBIX HOHATHIA.

HanmoMHnM cireyronee CTaHIAPTHOE ONPEeIeHIe 3 TEOPUU MO,

ONnPEAEJNEHUE 5. Eciu 2 — nogcrpykrypa crpykrypst B (2 < 9B), o 6ynem
ropoputh, uro 2 sBisiercs 1-nodcmpyxmypot 6 B, eciu A u B yIOBIETBOPSIOT
OJIHUM U TeM ke J-popMmysiaMm ¢ mapamerpamu u3 A. 1o dpakTt OyjgeM 0003HaAYIATH
Tepe3 A <; B.

Cienyromiasi TeopeMa IOKA3bIBAET, YTO YIIOPsIOYeHNs Ha (POPMAJIbHBIX IIOHSI-
TUSAX BBIYUCIUMBIX (DOPMAJIBHBIX KOHTEKCTOB B HEKOTOPOM CMBIC/IE OY€HDb OJIM3KN
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K BBIYUCJIUMBIM CTPYKTypaM, & UMEHHO, OHH BCETrJia COJEPKAT BBIYUCIUMBINA < |-
TOJIIIOPAI0K C XOPOIINMH CTPYKTYPHBIMHU U HyMePaIMOHHBIMU CBOMCTBaMH.

Teopema 2. /[L1s KaxKI0ro BEIYHCIIMOTO (hOPMAJIBHOTO KOHTEKCTa § BBIITOJI-
werno Z-(F) <1 Z(F).

JOKABATEJILCTBO TEOPEMBI. JlocTaTo9Ho HOKa3aTh, YTO JJIs JIFOOBIX 3JIe-
MEHTOB (1, . . ., Ay € L (§) 1 00bIX B, ..., 0y € ZL(F) cywecrsytor 3,...,0, €
%, (§) Takue, uro 0TOGPAKEHNE

o —a, i=1,...,m, B~ 3,j:1,...,n, (6)

ABJIAeTCA I/ISOI\/IOpCl)I/ISMOIVI MeK/1y CTPYKTypaMn

<{a17"'7O[Tn7517"'75n};§> n <{041,...,O[m,5i,...,5;};§>.

[IpeamomoxKumM, 9T0 KaxKJI0€ MOHSITHE (v; TIOCTPOEHO OCHOBHBIM aJITOPUTMOM U3 TIaPhI
muOXKecTB A;, B;, i = 1,...,m. O6osnaunm S = {a1,...,Qm,P1,...,0n}. CHavgana
3adukcupyem tyg < w Takue, ITO

1) mas Beex vo,71 € S ecam vy # 1, TO cymecrByer t < to Takoe, 94ro —(t €
ext(y) <> t € ext(y1)) V —(t € int(yy) < ¢ € int(y)),

2) to GourbIe JEOGOTO IeMeHTa MHOKeCTB A; u By, i = 1,...,m.

Jlasnee, 3aMeTHM, 9TO IO OMPEIEIEHIIO0 (DOPMATHLHOTO TOHSTHSI,

1) mas kaxkmgoro v € S m Kaxjoro t < to Takoro, uro t ¢ ext(vy), Halimercs
t' € int(vy) Takoe, uro tjEt’ (cBumerens s t ¢ ext(7y)),

2) Juis Kaxkza0ro v € S | KaxkJ0ro ¢ < to Takoro, 4ro t ¢ int(vy), cymecrByer
t' € ext(7y) Takoe, uro t'l/At (cBumerens mug t ¢ int(y)).

Huist kaxkoro v € S u Kax10ro t < to Takoro, uro t ¢ ext(y) mwm t ¢ int(y),
3aduKcupyeM 1o oHoMYy cBueTe 0. [IycTh t1 > ty — HaTypabHOE YnCyIo, OOJIbITIee
BCEX TaKUX CBUJETEJEH.

Janee myist KpaTKOCTH OyJIeM UCIIOIB30BATH OOMENPUHATOE B TEOPUH MHOYKECTB
MMOHUMAHUE MPOU3BOJIBHOTO HATYPAJLHOTO YHMCIa ¢ KaK KOHEYHOTO ODAWHAJA, T. €.
KaK MHOXKECTBa BCEX HATYPAJbHBIX UUCes, MEeHbIUX t, a uMenHo t = {t' | t/ < t},
TAK UTO WMCIIOJIh30BAHHbBIE HIUYKE BbIparkeHUs Tuna ext(y) Nty OyayT MMerh BIIOJHE
MOHATHBIA CMBICJI.

Ecii MBI 3aIlyCTHM OCHOBHOIT aJIrOpPUTM Ha mapax ext(y) Ny, int(y) Nty s
Bcex v € S, To 1o npeyiokennio 4 pesysaprar ero paborbl Ha napax ext(a;) N iy,
int(ag) Nty g @ = 1,...,m Gyner cuoBa ;. Ilycrs B — pe3ynbraT npuMeHeHns
OCHOBHOI'O aJIropurMa K mape ext(/3;) Nti,int(8;) Nty mua seex j = 1,...,n. Ilo
IPEJJIONKEHNIO 3 U BBIOOPY to U t1 oTobpaxkenue (6) Gymer TpebyeMbiM n30MOphU3-
MOM MKy KOHEIHBIMU CTPYKTYpaMu. JleficTBuTeIbHO, ec/in HEKOTOphIE Y 1 0 U3 S
HE PaBHBI, TO 3Ta CUTYAIls Y?KE 3aKPEIJIeHa B HAYAJbLHBIX KOHEYHBIX MHOYKECTBAX,
a ecau BHadaJse ObLIO v < 0, TaK TO K€ CaMoe OYJIET BBITOJHEHO JI Pe3ysbTa-
TOB pabOThI OCHOBHOTO AJIFOPUTMA, 3AIYIIEHHOIO ¢ UX HAYAJbHBIX YacTeil, u Oyjer
COXPAHEHO B MPOoIecce TOCTpoeHust. [

CaencrBue 3. Ilycrs § = (G, M; |=) — Berancanmblit popMasbHBIN KOHTEKCT.
Torpa 3-reopust kaxxnoi crpykrypsi (£ (F),a), rae a = ax, . . ., am € 2 (F), coBua-
Jgaer ¢ I-reopueri crpykrypsi (Z,.(§),a), KOTOpas ABJISAETCS BBHIYUCIUMO TIEPEUHC-
sMoit, mockobKy {(%,(§), <) uzomopgHa BbIYHCIUMOI CTDYKTYPE.

Boutee Toro, ecin § — BIMHCIHMBII (pOpMaJIbHBIH KOHTEKCT U V — CTaHAapTHAS
HyMepaIltsl 3JIeMEHTOB MHOXKecTBa %L, (§), TO aJropuTsM, nepedauc ol 3-Teopuro
crpykrypbl (£ (F),v(m1),...,v(my)), Haxomurcs paBHOMEPHO (HhGHEKTUBHO 1O THC-
JaM My, ..., M € w.
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Caencreue 4. Ilycre § — BbruucauMbiii (popMasibHbIE KOHTEKCT. Torma Jijist
JI060ro ero BBIYHCUMOro moHsTust « 3-reopusi crpykrypbl (£ (F), @) Bbramcanmo
1IepedncImMa.

JIOKABATENBCTBO. 18 HeTpUBHANLHBLIX MOHSTHI yTBep:KJeHHEe BLITeKaeT
HEIIOCPEJICTBEHHO U3 CJIEJACTBUA 3 BMECTE C IPEJIOKEHUAMH 5 U 6.

ITycrs o — rpuBnanbuoe dhopmanbHoe nousarue, 1. e. « € {T, L}, Urober g0-
Ka3aTh YTBEPKJICHUE JIJI TPUBHAILHBIX (POPMAIBHBIX MOHATHI, HAM HyKHO HAlTH
BBIYUCAUMBIH (DOPMAJIBHBIN KOHTEKCT § Takoii, uro crpykrypa -Z(§) nzomopdna
Z(F') n msomopdusiii o6pas o € £ (F') snemMenTa v BBIYACAUM U UMeEeT CBOHCTBA
ext(a/) # @ u int(o/) # @. CHauana paccMOTPMM HOBBIE 3jieMeHTH ¢ ¢ G u
m ¢ M u nonoxum §* = (GU {g}, M U {m}; "), rne

=2 Ul{g) x (M U {m})]U[(G U {g}) x {m}].

Henocpencreennast MpoOBepKa MOKA3BIBAET, YTO CYMIECTBYET H30MOP(OU3M MEXKTy
Z(F) n ZL(F*), cOXpaHAIONMA BBIUACIUMBIE HOHATHSI, IPUH STOM HAMOOJBIINHA U
HAMMEHBINHI 9j1eMeHTHl B . (F*) UMEIOT HelyCThle 9KCTEHTHI 1 HHTeHTHI. OcTaeTcs
B3sTh B KauecTse § IMHAPUGDUKAIMIO §* 1 CHOBA IIPUMEHUTD CJIE/ICTBHE 3 BMECTE
¢ npeoxKenusymu 5 u 6. [

CuencrBue 5. Ilycre § — Berumcanmblii popmasisHblii KoaTeker. Torma ecin
mousitae o € . (§) conepxkurcs B konedunom MHOXkectBe S C .Z(F), onpenensemom
3-popmyaoii ¢ napamerpamu u3z %£,.(§), To a € £,.(§F) u noHsITHE (v BHIYHCIHMO.

JTOKABATEMBCTBO. Ilyers a € .Z(F) n F-bopmyra ¢(z, B) ¢ mapamerpamu 3
u3 %, (§) rakosa, uro £ (§) E ¢(a, B) u MuOXKeCTBO, OLIpeeigeMoe IToi (hOopMyJION,
COIEPKUT B TOTHOCTH 17 3JIEMEHTOE. Torma

m

ZE) E Tz .. Az, /\cp(:ci,é)/\ /\ x £ zj |,

i=1 1<i<j<m

OTKyZla IO TeopeMe 2 BBhITEKAeT, 9To TO ke Bepuo u Ha 7. (F). IlockonabKy MHOKe-
cTBO, onpeesisiemoe hopmyioit o(x, 8) B %, (F), ABIAETCS TOIMHOKECTBOM MHOKE-
CTBa, OLpeJesseMoro 31oii dbopmysoii B Z(§), mosydaem, 9T0 BCE JIEMEHTHI 10
CJIEJIHErO IPUHAJJIEXKAT MHOKeCTBY -Z,.(§). B wacrHocTn, TakoBo u nougarue «. [

W3 cnencreusa 5 nosyuaem

CaencrBue 6. Ilycrb § — BeraucauMbIi popMajbHbBIH KOHTEKCT. IlycTh Besi-
Koe HeTpHuBHAJbHOE HmoHsTHE & € L (F) comep:kurcsi B KOHEYHOM MHOXKecTBe S C
Z(F), onpenensemom 3-popmyinoii ¢ mapamerpavu u3 %, (§). Torma L (F)\{T, L}
C %.(8) u, rakum obpasom, yropsinodenne £ (§F) uMeerT BBIYHCIUMOE IIPEJCTABIIC
HHE.

4. HekoTopsie npuMepsbl

Criesyroriiee yTBEpK/IeHUE TTOKA3BIBAET, UYTO B OBIIEM CJIydae HEBO3MOXKHO (1,
MOXKET OBbITh, HE UMEET CMBICJA) PACIHIUPSITEH PEBbIIYIIe PE3yIbTATHI HA BBIUUC-
JMMBblEe DEIIeTKU B CUTHATYPe, COo/iepzKalllie TeOPeTUKO-MHOXKECTBEHHbBIE Ollepallin
B34THSA TOYHBIX HUXKHEN U BepXHeEU rpaHeil.
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IIpengioxkenue 7. CyimecTByer BBITUCIUMBII YacTHIHBI TOpsaoK (L; <), 06-
pas3yromuii MOJHY0 PEIMIETKY, HO He H30MOP(HBIH HUKAKOH BBITHCIUMOH DEIIETKE B
curnarype (inf, sup).

JIOKABATEJIBCTBO. Ilycts R,, — pemierka, nu3obpakeHHast Ha puc. 1.

[

Puc. 1. Pemerka R,.

BadukrcupyeM HEKOTOPOE BBIYHCJIUMO IEPEYNCINMOE, HO HE BBIYUCIUMOE MHO-
xectBo A C w. Pemerka L Gymer cocTodTh U3 HAMOOJBIIETO dJIEMEHTa |, Hau-
MEHBIIEro deMenTa | ¥ JyIst Kaxka0ro n < w OyJeT comepKaThb pparMeHT MeXK 1y
HUMWY, TIOKA3aHHBIA HA PUC. 2. ZICHO, YTO 9TO MOJIHAS PEIeTKa W 9TO OHA WMEeT
BBIUKCJINMOE [IPEJICTABJIEHUE.

[Ipeamomokum, ITO y HAC €CTH BHIYUCIUMOE TIPEI-

T T cTaBJieHne 3Tol pemerku B curHarype (inf, sup). To-

raa Mbl MOXKEM 3(P(PEKTUBHO IEPEUHCIISATh BCe HEYIIO-

an PANOYEHHBIE TAPBI €y, fr, UCIOJIb3YS CIEIYIOIMee UX

CBOIICTBO: OHUM HECPABHUMBI MEXKIy 0001, 001a1ai0T

dn i dy, BEpXHEH T'PaHbIO, CTPOTO MEHbINEH |, W KaxKiaasd u3

En fn €n fn HEX COIEP>KUTCA B KadeCTBEe HauMEHBbIIEI'O 3JIEMEHTa
9n B €U JIJIMHBI KAK MUHUMYM 6.

IaJtee, 110 JaHHOI Ape €, f, MOKHO 3P heKTUB-

s 1 HO BOCCTAHOBUTBH HOMED 7, U3ydasi CTPYKTYPY JIEMEH-

TOB HaJ HUMH. JlOCTATOYHO PACIIO3HATH CTPYKTYPY

R,,, 9TO OCYIIIECTBIAETCS OMHO3HATHO, TIOCKOJIBKY, KAK

HETPYJIHO yoenuThes, R, u R, He BIOXKHUMBI JPYT B

JIpyra upu m # n.

Eciin crpykrypa L obiajaer aJropuTMOM JIJisi BBIYUCIEHUS TOYHBIX HUMKHUX
rpaHeii, T0 MOXKHO 3(pPEeKTUBHO paciio3HaBaTh 4jieHcTBO B A. B camom gese, mo-
CTATOYHO MEPEIUCTUTH HAPBI €y, fr, BOCCTAHOBATH COOTBETCTBYIOIIEE T W IIOTOM
HCIIOJIBL30BATh CBOACTBO, uTo N € A sKkBuBasienTHO yciosuio inf{e,, f,} # L. O

Puc. 2. ®parmentsr L.
CneBa —upun € A,

cupaBa — npu n & A.

Crenyromas TeopeMa 0YepPUIMBAET 00JIACTH BO3MOXKHBIX CJIO2KHOCTEI PEIIeTOK
TTOHSTHUH BBIYUCIUMBIX (POPMATHHBIX KOHTEKCTOB, & 320/ {HO U ITOKA3bIBACT HETPUBH-
aJIbHOCTH HEKOTOPBIX IIPEJIBLIYIIUX PE3YIHTATOB.

Teopema 3. 1. Ilycrs § — Bbraucaumblii popmasibabiii KoHTEKCT. FEcam ero
penterka nousTuil ¥ (F) uMeer MOIHOCTD MEHee, 4eM KOHTHHYYM, TO OHa He 6o.iee,
yeM CYeTHa W H30MOp(HaA HEKOTOPOH rUrepapuhpMeTHIeCKOH pelleTke.

2. Jlist Ka>k10ro peKypCHBHOI'O ODJHHAJIA (v CYI[ECTBYET BBIYHCJIUMBIH bop-
MaJIbHBII KOHTEKCT, PEIIeTKa MOHSITHEH KOTOPOI'o HMEET CJEAYIOIee CBOHCTBO: JIJIsl
Bcex H C w sra pemerka uveer H-Bbraucmmoe HpejcTaBieHHe TOLAa H TOJBKO
TOI7A, KOIyia ThIOPHHTOBa cTenens H Gobime mmr pasma 00,
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JIOKA3ATEJILCTBO TEOPEMBI. II. 1 6bu1 wactudro ynoMsiHyT B [1]. OH cie-
JLyeT U3 TeOpeMbl O COBEPIIeHHOM MHOXkKecTBe (cM. [2,4]).

JokazkeM 11. 2. 3adbuKcupyeM HeKOTopoe Bhraucaumoe Jepeso 1 C w<¥, nmero-
ee B TOYHOCTH OJIHY BBIYUCIUMYIO OECKOHEYHYIO BETBb, IPUYEM THIOPHUHIOBA CTe-
1eHs 910it Bersu pasma 0(%). Takue nepesbs cymecTsyior (eM. [3,4]). Mbr npeacras-
JisieM cebe 9TO JIEPEBO «PACTYIIUM BHHU3» YIOPSIIOYEHHBIM MHOYXKECTBOM, T. €. €CJIH
a,B €T, 10 a < 3 5KBUBAJIEHTHO YTBEPKIEHUIO: «[3 SBJISIETCS HAYAIbHBIM CEI'MEH-
TOoM ». Ham HEOOXOIMMO IIOMETUTH JyTH 3TOrO JepeBa HATYPAJbHBIMU UUCIAMHM.
IMosromy Mex iy Kaxkapivmu AByMs sjementamu (ki, ..., kp) u (k1,... kn, kni1) u3
T BCTaBUM JONOJHUTEIBHYIO CTPYKTYDPY Re(n ., . ,), Oupenenennyo paunee. IIper-
MIOJIATAEM, ITO HAWOOJIBINNIA SJIEMEHT BCTABJIAEMON CTPYKTYPBI OTOXKIECTBIISETCS C
(k1,...,kn), a Haumenbmuit — ¢ (k1,...,ky, ky1). Homydum BeraucauMbIil mopsi-
JIOK, KOTOPbI# 6y1em obosnadaTs depe3 L. Ilycts L* — obpaTHbBI K HEMY TTOPSIIOK.
Bozbmem Berancianmyio konmioo L*, me mepecekatornyocs ¢ L. Ecou [ € L*, To ero
m3oMOopdHBIit 06pa3 B L obozmaumm depes [*, m eciim [ € L, To ero m3oMopdHbIi
obpas B L* Takxke obozHaunM depes [*. Pacmupum obbeguHenne mopsaakos Ha L u
L* no ynopsmodenus na L U L* no mpasuiy: ecim a € L* u b € L, to a < b Torna u
TOJIBKO TOTJIA, KOTJa a* 1 b cpaBHUMBI (9TO SKBUBAJIEHTHO YCJIOBHIO CDABHUMOCTH G
u b*). MHOXKECTBO 3JIEMEHTOB, COOTBETCTBYIONMX KAKOU-M00 O/HOM 106aBICHHOM
CTpyKType I, OyaeM Ha3bIBaTh 064acmbio. 3aMeTHM, 9UTO KajKJble JIBe 00JIacTH
MOTYyT UMeTh He 0oJjiee OmHON OOImell TOYKM W 9TO JIIOOOH 3JEeMEHT COMEPXKUTCS B
HEKOTOPOi 061acTu.

Pacecmorpum Bhrauciaumbiii bopmasbabiil Koureker £ = (L U L* L U L*, <).
JIerko BUIETH, YTO €C/IiM SKCTEHT WU UHTEHT (POPMAIBHOTO TOHSTHSA (X COIEPIKUT
[Iapy 3JIEMEHTOB, PACIIOJIOXKEHHBIX Ha HECOBMECTHBIX BeTBAX 1 wju T™ u B OJHOIA
u Toi XKe yactu L miam L*) TO 3TO NOHsITHE U30JIUPOBAHO U MMEET BU]L (cAL,cvz) JUTsE
nogxozsimero a € LU L*. ExuacTBeHHOE HeMm30mpoBanHoe « umeet Bug (¢, (*), rie
¢ C L* coorBercTByeT MakcuMasibHo BeTBu 1’ u (¥ — ee uzomopduomy obpasy B L.
Cy1recTByeT B TOYHOCTH OJTHO HOHSITHE, S9KCTEHT U UHTEHT KOTOPOTO OECKOHEYHBI, a
VMEHHO MOHSTHE, COOTBETCTBYIOIIEe OECKOHETHOM BeTBU 1.

Hawm nonagoburcs ciaemyromas KOMONHATOPHAS JIEMMA.

Jlemma 1. ITycte A — noacrpykrypa B £ (§), nzoMmopcHas crpyKType BUaa
R; 6e3 mamboJibiriero u HauMeHbIIEro 3jemenToB. Torna Bce snemenTsr A sexar B
OJIHOH M TOI Ke 00J1aCTH U 3aII0JIHSIIOT BCIO 00J1aCTh, 33 HCKJIIOYeHUEM HaHOOJIBIIEro
U HAMMEHBIIET'0 JIEMEHTOB.

JIOKABATEJIbCTBO JIEMMBI. U3 Toro, 4ro A — MOAMHOYKECTBO HEKOTOPOIi 06-
JIacTH, yXKe cjejyer, 9To A coBmajaer ¢ 9Toit obsacThio 6€3 HanbOIBIIEro U HAU-
MEHBITIETO 3JIEMEHTOB, TTOCKOJNBKY CTPYKTYPHI [i; W R; He BKIaIBIBAIOTCA JIPYT B
Apyra 1upu i 7 j.

Pacemorpum curyarnuio, Korga xorst ObI Ba PA3JMYIHBIX dJIeMeHTa a u b u3
A conmepxkaTcst B OJHON U TOH ke obyiactu. PaccMOTpUM HECKOJIBKO BO3MOXKHBIX
CITyIaeB.

CJIYUAR 1: a — ofwH M3 MUHUMAJBHBIX, a b — OIUH M3 MAKCHUMAJILHBIX JJIe-
MeHTOB A.

Quement b Gombire HekoToporo a’ € A, a’' # a, u ecnu a’ He NEXKUT B TOI Ke
camoii obsiacTu, To @’ < a, 9T0 HeBo3MOKHO. CTaJo GBITh, BCe OCTAaIbHBIE 3JIeMEHTHI
u3 A snexar B TOil »Ke caMoit o6macTH. AHAJOTUYHO yCTAHABINBAEM, UTO U BCE
MaKCHUMAJIbHBIE 3JIEMEHTBI A JIeXKaT B 9TOl »Ke 001acTH.
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CHIYYAR 2: a u b — MakcuMaIbLHLIE 3JIeMEeHThI B A.

Ecyin xorst ObI OWH M3 MUHUMAJIBHBIX 3JIEMEHTOB A He COJIEp:KUTCSI B TOU Ke
00JIacTu, TO OH PACIIOJIOXKEH HIKE ee, OTKyna ¢ < a,b. 3HaduT, Bce oCTaJIbHBIE
MUHUMAJbHBIE 3JIEMEHTHI JIesKAT B 9Toi obmactn. Unave ¢, ¢ < a,b pnsa pasmma-
HBIX MUHHMAJBHBIX 3JIEMEHTOB ¢ U ¢, uTo HepoaMoxkHo. OTciofa ciemyeT, 9To n
€ MeHbIIE BCeX OCTAJbHBIX MUHUMAJIBHBIX 3JIEMEHTOB; IIPOTUBOpEYNE. AHAJIOMUYIHO
JIOKA3BbIBAETCS, YTO BCE MAKCUMAJIbHBIE 9JIEMEHTHI JIEXKAT B 3TO 00JIACTH.

CHY4YAR 3: a 1 b — MuHMMAJILHBIE 3JIeMEHTHI B A.
PaCCl\lanI/IBaeTCH aHaJIOI'MYHO.

SHaYuT, OCTaeTCs WCKJIIOYUTH JIUIIL CJIy4aii, Korjga Bce sjeMeHTbl A jiexxar
B pasiau4HbX objacrax, T. €. kKorja A Biaoxena B T U T* U {s}, rue s — exun-
CTBEHHOE Hem30JIMpoBaHHOe (hopMabHOE MOoHATHE. J[jIs 9TOro mokakem, 4To TyIa
HEJIb3s BJIOXKUTD Ja2Ke CTPYKTYPY, HanmoMmuHamomyo 6yksy N. B camom mese, ecaun
9Ty CTPYKTYPY COCTABJISIIOT 3JIEMEHTBI @, b, ¢ u d, IpuYeM 3JIEMEHTHI ¢ U C B Heii
MUHUMAJIbHBL, b 1 d MakCUMaJIbHBI U ¢ < b, TO, KaK JIEIKO BUJETh, C JIOJI?KEH pac-
MoJIaraThCd B HUKHEIN 1OJIOBUHKE, a b — B Bepxueil. [Ipum stom u3 ¢ < b cienyer,
qaro ¢* u b cpaBaumbl B T'. PaccmaTrpuBas Bce cIydan nx B3aMMHOTO PACIOJIOXKEHNS,
MOJTy9MM, 9TO JTHOO0 @ OYJeT CpaBHUMO C ¢, b0 d Oymer cpaBHUMO C b; IPOTHBOPE-
qne. [

Eciin paccmaTpuBaemasi perierka MOHSITHN uMeeT H-BbIYUCIIMOE IIpeJiCTaBIe-
HUe, TO IO JieMMe 1 MOYKHO HCIIOJIB30BaTh ITO IMOHATHE I 9P OEKTUBHOINO BOCCTa-
HOBJIEHHsI 9TOl BeTBHU jepeBa 1, mepebupast Bce KOHEUHbIE CTPYKTYPBI R, n30Mopd-
HO BJIO2KMMbBIE B MHTEHT TOrO MMOHATHUS, M U3BJEKAsI COOTBETCTBYIONTYIO MHMOPMA-
IO W3 WHIEKCOB j. 3HaumT, ThiopuHrosa cremens 0% cpomures k H. C apyroit
CTOPOHBI, JIETKO BUJIETh, UTO, UCIOJIB3Ysi OECKOHEUHYIO BETBb jiepeBa 1’ B KadecTBe
opakyJia, Mbl MOXKeM 3(P(EKTUBHO IOCTPOUTH BBIYUCIUMYIO U30MOPQHYIO KOIIUIO
st Z(F), Tak Kak I 9TOro Hy:kHO s106aBuTh K (L U L*, <) Beero b oguH
SJIEMEHT, PACIIOJOXKEHHBII MEXK Ty 3JIEMEHTAMHI OECKOHEYTHO BETBU U JJIEMEHTAMU €€
n3oMopdHO# Kormu. [

Teopema 4. CymecTByeT BEITHCIUMBIH (hOPMAaIbHBIE KOHTEKCT §, ¥ KOTOPOTO
BCE€ HOHSITUSI BRIYUCIUMBI, HO pemerka £ (§) He uMeeT BbIYUCIUMBIX H30MODHBIX
IIpeaCTaBICHHI.

JIOKA3ATEJILCTBO TEOPEMBI. HamoMHIM HEKOTOpbIE TOHATHS U3 TEOPHU BbI-
qucaumocTr. 1lyers S — MHOKecTBO DYHKIMA 13 w B w. Beramcanmast GyHKIUs
F(n,x) HasbiBaeTcs ee sviuucaumols nymepayued, ecmm S = {F(n,x) | n < w}.

Xoporo n3Becren GakT, ITO CeMeHCTBO BCEX BEIYUCIUMBIX (DYHKIMH U3 W B W He
HMeeT BBIYHUCIIMOI HyMepanuy (JJOCTATOYHO B35Th 1 TaKoe, 9o F(n,z) = F(x, )+
1, u B34TH T = N).

JIemma 2. Cymectsyer BeraucnMo nepegucamoe gepeso T C w<Y 6e3 MuHH-
MaJIbHBIX 3JIEMEHTOB, Y KOTOPOI'O BCe OECKOHEUHBIE BETBH BBIYHCIHMBI, HO KOTOPOE
He UMeeT BBIYHCJIUMON HyMEPAIHH BCeX OECKOHEUYHbBIX BETBEI.

JIOKABATEJIBCTBO. Mgl cHOBa mpejmoJaraeM, 9To ajgemMeHTbl 10 C w<* ymo-

daf .
psIOYeHbI OTHOITEHNEM a < b < b — HaYaJbHBI CErMEHT a. 3/1eCh MBI 0003HATAEM
KOHKATEHAIIUIO IIPOU3BOJIbHBIX KOHEUHBIX IIEII0YeK ¢ U b HATypaJIbHBIX JHCEJ Yepe3
a® b, a 0™ sBasiercst cokpamenneM s nenouku 0. ..0. Iycrs s, (x) — yHuUBEp-

n pas3
caJibHasl YaCTUYHAS BhIYucauMas byHKIMs 1j1s Kiacca Beex dbyHnkimil u3 w B {0, 1},
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T. €. 9TO YACTUIHAS BBIIUCANUMAsT DYHKIWS, U JIUIs KAXKI0M YACTUIHOM BBIYMCIUMOM
dbysxun f(z) Hafigercs n < w TaKoe, YTO JJIA BCEX X 3HAUEHUs ¢, (x) u f(x) mmbo
OJTHOBPEMEHHO OIIPEJIeJIEHbI U PaBHBI, b0 00a He omperesnensl. CylecTBoBaHmE
TaKON (QYHKIMH — OJTHO U3 OCHOBOIIOJIATAIONINX YTBEPXKIEHUN B TEOPUM BBIYUCIIA-
moctu [5]. Ecam f @ w — w, To onpenenum onepayuto cosuza (-)” must pyHKIM
f:w — w paBencrBoM [~ () £ flz+1).

IIycTn

T ={(n,5,(0),...,56,(k=1))B0™ | m,n, k < wA3,(0),...,30,(k—1) € dom(sz,)}.

Hockombky T pyist Kaxka0r0 @ € T’ comepKuT 3emMenT aH0, oHa He UMeeT MUHUMAJIb-
HBIX 3j1eMeHToB. OTCIofa CIeIyeT, YTo KaxKasd MaKCuMaJjbHas BeTBb 1 HeCKOHedHA
1 UMeeT OJINH U3 cieaytomux BuioB: {(n, s,(0),...,30,(k — 1)) | k < w} mas vHeko-
TOPOTO N < W, €CIU >, BCIomy onpezesnena, wiu {(n, »,(0),..., 3, (k — 1)) & 0™ |
k,m < w}. Takum o6pa3om, ceMeficTBO BCex MaKCUMAJbHBIX BeTBeil T nmeer ciesy-
fomee cpoiicTBo: {€~ | & — Bbruncammas Bereb T} = {f : w — w | f BBUMCINMA}.
Buauut, eciu F(n,z) — Boraucimmas DyHKIUS TaKasl, 970 MHOKECTBO BCeX GECKO-
HeuHbIX BeTBeil T' coBuanaer ¢ {F(n,z) | n < w}, TO MOXKHO OLPEIETUTH BBIIUCIIA-
MYIO HYMEPAIUIO BCEX BCIOJY OMPEJIETCHHBIX BBIUUCIUMBIX (DYHKIMNA U3 W B W KaK
{F~(n,2) | n <w}={F(n,z+1)| n < w}, uro HeBo3MOKHO. [J

Badurcupyem nepeunciaumoe jepeso 1', kak B jgemme 2. Ilycrs € : T — w —
HEKOTOPOE 3(DPEKTUBHOE KOJAUPOBAHUE 3IeMEHTOB 1’ Takoe, 9To 1Mo Januomy a € T
MOXKHO 3D HEKTUBHO BBIYUCIUTD €r0 KOZ, U 10 gaHHoMy m = £(a) MOxKHO hdek-
TUBHO BOCCTAHOBUTH MOCJIEIOBATEIHHOCTD d.

IIpeobpasyem T' B HOBOe ymopsigodenHoe MHOXKecTBO Vi, ¢ = 0,1, BcTaBias
MEXKJIy KayKJIbIMH IIOCJIEIOBATEIbHBIMU dJIeMeHTaMu @, ¢ B k € T KOHedHbIN Topsi-
JOK Re(c(c(a),k),0), ONPEJIGICHHbIN HaMK paHee, NPUYeM Tak, YTOObI HaubO/IbIIMil
SIeMEHT Ry (c(e(a),k),0) COBIAJAT C @, a HANMEHBIIUI 3JeMEHT COBIaal ¢ a @ k.
Bosbmem 1Be memepecekaromuecss m3omopdube xkommu Vy um Vi.  dcwo, uro oba
9TUX HOpsigka Bbraucaumbl. Ilycrs (V4)* — mopsiok, obparnbiii Kk Vi, umeromuii
TO JKe CaMoe OCHOBHOE MHOYKECTBO Vi. DJIEMEHTBI, COOTBETCTBYIONNE HANOOIBINNM
9JIEMEHTAM BCTABJIEHHBIX TAKUM OOPA30M KOHEUYHBIX IIOPSJIKOB, €CTECTBEHHO COOT-
BercTBYIOT 2yieMerTaM 1. HazoBem Takume 3jieMeHTBI HOpmasvHbMu. BEcmm a —
HOpMaJIbHBIH deMentT u3 Vo umu (V1)*, To ero uzomopdubiit 06pas B ApyroM MHO-
xkecrse (V1)* wiu V) coorBercTBenHo obo3navaercs depes a*. Paccmorpum mopsiiok
<mua L = VyU(V4)*, KoTOpBIil OIpeiesisieTcst CaeayomumM o6pa3oM: ecain a u b npu-
HAJJIE’KAT OJHOBPEMEHHO ojiHOMy u3 MHOxkecTB Vo mimm (V1)*, To oHM HaxomsiTCs
B TOM K€ OTHOIIEHUHU IIOPsiJIKa, KAK M B 9TUX MHOXKecTBax. Kcim ke a € Vy u

b € (V1)* — HOpMaJbHbIE 3JIEMEHTHI, TO TosaraeM b < a & e CPABHUMO C @ B
V5. BosbMeM B KadecTBe HOpsijiKa < TPAH3UTUBHOE 3aMbLIKAHHE OTHOIIEHUS, OIpe-
JIEJIEHAOTO K HACTOSIMEMY MOMEHTY. ¢ICHO, 9TO yHopsimouenHoe MHOKecTBO (L, <)
JIOITyCKaeT eCTeCTBeHHOe BBIYMCIUMOe IIpeCTaBIeHHe.

Pacemorpum dopmasbhbiiit kKorteker § = (L, L, <). MoKHO HEnocpecTBeHHO
IIPOBEPUTH, 9TO Bece (POPMaJIbHBIE IIOHATHS § UMEIOT OJMH U3 CJICAYIONINX BUIOB:
(a,a), (A(C),B({)) mnst mekoropoii Geckoneunoit sersu ¢ gepesa T, rae A(C) =
U{a | a* € ¢}, B(¢) = U{a | a € ¢}. Orciona mo memme 1 momyuaenm, 410 Bee
ssieMeHThI % (§) BBIUUCIUMBI.

Bamernm, 9TO It CTPYKTYPHI £ (F) TakKe CrpasemmBa jemma 1.

IIpeamosnoxkum renepb, uro Z(F) umeer n3oMopdHOEe BBIYUCINMOE PEJICTAB-
nerne &
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JIemma 3. CymecrByer achhbekTuBHas mporeaypa, KOTopas 110 JaHHOMY G €
&' mepedncsgeT HEKOTOPOE MAKCAMAJIBHOE JIAHEHHO YIOPIAOYCHHOE MOIMHOKECTBO
L, B .Y Takoe, 9ro a € L.

JOKABATEJILCTBO JIEMMBI. Cuauasa nepeduncanm a B L,. locmemoBareasuo
paccMaTpUBaeM BCE 3JIEMEHTHI U3 £’ W €CJIM HOBBIH 3JIEMEHT BMECTE ¢ KOHETHBIM
MHO2KECTBOM y2K€ ITEPEIUCICHHBIX K 9TOMY MOMEHTY 3JIEMEHTOB 00pa3yIoT JINHEHHO
YIIOPSIIOYEHHOE MHOXKECTBO, TO TaKKe IIePEedncC/isieM 3TOT 3jieMeHT B L,. [

Kaxmoe MuaOXKeCcTBO Lo, a € %', CONEpKUT B TOYHOCTU OJHY OECKOHETHYIO
BeTBb JiepeBa T', 1 Kak/ias OecKOHe'UHas BETBb ( JiepeBa 1 TOIMaaeT B HEKOTOPOE
MHOXKECTBO Lg; 9TO CIIyYNTCsl KAK MUHMMYM, KOTJIa G — €JIMHCTBEHHBIN 3JIEMEHT B
&', pactiosioKeHHbIH MeXK Ty n30MOophHBIMA 06pasaMu MHOXKecTB ( u (¥ = {z* | x €
(B Y.

Hazosem snement crpykrypst R, 6HYympeHHuM, €CIU OH OTIMIAETCS OT €€
HanOOJIBIEr0 M HAWMEHBIEro 3eMeHTOB. OupenesinM BBIYUCIUMYIO HYMEDAIIIO
BCEX BBIYUC/IMMBIX BCIOJLy OIIPEJIeJIEHHBIX (DYHKIUI M3 W B W CJIEAYIONIUM 00Pa3oM:

d
F(a,z) =y <:f> cyIecTByer NoACTpyKTypa B £, nzomopdnas R,,, nMeromas o6mmit
BHYTPEHHUH 351eMeHT ¢ Lo, npuaem m = ¢(c(e(b @ x),y),0). Homyuennoe nporuso-
pedne T0Ka3bIBAeT TEOPEMY.

Baarogaproctu. Asrop 6usarogapen npodeccopy Kapiy Dpuxy Bosbdbdy
3a 3aMeYaTesIbHYI0 pabouyo arMocdepy, KOTOPYI0 OH 0DecIieun/i BO BpeMsi BH3UTA
aBTopa B lapMirrackuit Texaudecknii yauBepcuteT B HosiOpe—mexabpe 2006 1., rie
u ObLIa TOJIydeHa OOJIbIllas YaCTh ITUX PE3YJbTATOB, a TAKXKE BCEM yJIACTHUKAM
mexxayHapogaoro npoekta POOU-DFG 3a mose3nbie 3aMedannss U 0OCYKICHUS.
ABTOp TakKe 6JIArOAAPUT AHOHUMHOT'O PEIEH3EHTa 38 IIEHHBIE 3aMEYaHMS.
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